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Extending the applicability of modified
Newton-HSS method for solving systems
of nonlinear equations
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Abstract. We present the semilocal convergence of a modified Newton-HSS
method to approximate a solution of a nonlinear equation. Earlier studies show
convergence under only Lipschitz conditions limiting the applicability of this
method. The convergence in this study is shown under generalized Lipschitz-
type conditions and restricted convergence domains. Hence, the applicability of
the method is expanded. Moreover, numerical examples are also provided to show
that our results can be applied to solve equations in cases where earlier study
cannot be applied. Furthermore, in the cases where both old and new results are
applicable, the latter provides a larger domain of convergence and tighter error
bounds on the distances involved.
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1. Introduction

Let F': D C C" — C™ be Gateaux-differentiable and D be an open set. Let also
2o € D be a point at which F’(x) is continuous and positive definite. Suppose that

F'(z) = H(x) + S(),
where . .
H(z) = 3 (F'(@) + F'(z)") and S(z) = 3 (F/(x) - F'(2)")

are the Hermitian and Skew-Hermitian parts of the Jacobian matrix F’(zx), respec-
tively. Many problems can be formulated like the equation

F(z) =0, (1.1)



258 Janak Raj Sharma, Ioannis K. Argyros and Deepak Kumar

using Mathematical Modelling [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22]. The solution z, of equation (1.1) can rarely be found in an explicit
form. That is why most solution methods of equation (1.1) are usually iterative. In
particular, Hermitian and Skew-Hermitian Splitting (HSS) methods have been shown
to be very efficient in solving large sparse non-Hermitian positive definite systems of
linear equations [10, 11, 17, 22].
Let us consider the algorithm of modified Newton-HSS method [11, 12].

Algorithm of modified Newton-HSS method:

1. Let 29 € D be an initial point, @ and tol positive constants and let {lj}, {ms}
be two positive integer sequences.
2. For k=0,1,-- until ||F(zg)|| < tol||F(zx)| do:
2.1. Set dk,O = hk70 = 0.
2.2. For 1 =0,1,...,lx_1, apply algorithm HSS to the linear system
(al + H(xy))dy q 1 = (o = S(ax))dieg — F(x),
(af + S(zx))dri+1 = (ol — H(zy))dy 1 — Flak)
and obtain dy g, such that ||F(zg) + F(zg)di, |l < nxl|F(x)] for some
ne € [0,1).
2.3. Set
Yk = Tk + dig,, -
2.4. Compute F(yg).
2.5. For m=0,1,...,mg_1, apply algorithm HSS to the linear system
(al + H(xp))hgmyr = (@l = S(zk))hem — F(yr),

(al + S(zk))hiemir = (af — H(zk))dy, 1 — Fak)
and obtain Ay ,,, such that
1F (i) + F' (@) by | < 70| F (i) |- for some 7 € [0, 1)
2.6. Set
Tht1 = Yk + Phmy -
The algorithm can also be written as
yi = wp — (I = T(e; ) ) F' () "' F (),
Tpe1 = yp — (I — T(o )™ ) F' (2) Fyg), (1.2)

where

T(a;x) = (al + S(2)) " (af — H(x))(al + H(x)) *(al — S(z)).
From now on we assume that

max{supnx, supii} =n < L.
The local and semilocal convergence analysis of method (1.2) was given in [22] using
Lipschitz continuity conditions on F. Later, we extended the local convergence of
method (1.2) using generalized Lipschitz continuity conditions [8].
In the present study, we show that the results in [22] can be improved. Using
generalized Lipschitz-type conditions we present a new semilocal convergence analysis
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with advantages (A):
(a) Larger convergence domain.
(b) More precise error estimates on ||z(*) — z,||.
(¢) The new results can be used in cases where the old ones in [22] cannot be used to
solve equation (1.1).

The advantages (A) are obtained under the same computational cost as in [22].
Hence, the applicability of modified Newton-HSS method is expanded.

The rest of the paper is organized as follows: Section 2 contains the semilocal
convergence analysis of the modified Newton-HSS method. The numerical examples
are presented in the concluding section 3.

2. Semilocal Convergence

The following hypotheses shall be used in the semilocal convergence analysis
(H):
(H1) Let &g € C™. There exist 51 > 0, B2 > 0, v > 0 and g > 0 such that
[H (o)l < Br, 1S(xo)ll < B2y [1F'(x0) | <, [IF (o) < .
(H2) There exist v; : [0, +00) = R, va : [0, +00) — R, continuous and nondecreasing
functions with v1(0) = v2(0) = 0 such that for each z,y € D
1H (z) — H(zo)|| < vi(]a = zol])
and
15(z) = S(wo)|| < va(llz — zol]).
Define functions w and v by w(t) = wy(t) + wa(t) and v(t) = v (t) + va(¢).
Let ro = sup{t > 0 : yv(t) < 1}
and set
DO =Dn U(Io, To).

(H3) There exist w; : [0, +00) = R, ws : [0, +00) — R, continuous and nondecreasing
functions with w;(0) = w2(0) = 0 such that for each z,y € Dy

[H (z) — H(y)|| < wi(]|z —yl])
and
1S(@) = Sl < wa(l|z —yl).

We need the following auxiliary results for the semilocal convergence analysis that
follows.
Lemma 2.1 Under the (H) hypotheses, the following items hold for each x,y € Dy:

1F"(z) = F' ()|l < w(llz =yl (2.1)
I1F"(z) = F'(zo) || < v(ll = yl), (2.2)
IF" (@) < v(llz = yll) + Br + B2, (2:3)

IF'(@) — F(y) — F'(y)(z — )| < / w(llz — y€)de]lz — v (2.4)
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and
Y

@) = T e ==l

Proof. By hypothesis (H3) and F'(z) = H(x) + S(x), we have that
[F'(z) = F'(y)|| = [[(H(z) — H(y)) + (S(z) = S(y))]
< ||H(z) = Hy)|l + [|5(z) = S(y)|l
<wi(flz —yll) + wa(llz — yl| = w(llz —yl)
and by (HQ)
[F"(z) = F'(2o)|| < |[H(2) — H(zo)|| + [|S(x) — S(zo)||
< vi(llz — o)) + va(llz — 2o
= v(|lz — zol[),

which show (2.1) and (2.2), respectively.

Then, we get by (H;) and (H3)
1" (@)l = |(F" (x) = F(w0)) + F'(zo)]|
< |[F' () = F' (o)l + [[H (o) [ + S (o)l
< v(llz = zoll) + B1 + Ba,
which shows that (2.3). Using (H3) we obtain that

1F(2) = Fy) = F'(y)(x — y)ll = II/O Flly+tx —y) = F'(y))di(z —y)||

1
< / w(l|z — yl€)de]|x — yé,

which shows (2.4). By (H1), (Hz) and (2.2), we get in turn that for = € Dy :
1E" (o) M| F' () = F' (o) | < v(ll = woll) < yv(ro) < 1. (2.6)

It follows from (2.6) and the Banach lemma on invertible operators [4] that F’(z)~!

exists so that (2.5) is satisfied. O
It is convenient for the semilocal convergence analysis that follows to introduce

some sequences, parameters and functions.

Let tg = 0 and sg = 2yp. Define scalars sequences {tx}, {si} for each k =0,1,... by

th1 = Sk + % [(1 + 77)7/0 w((sk — tx)§)dE +n(1 — Vv(tk))} (sk —tr)

sk =t + %W [(1 +77)7/0 w((tk — sk-1)§)dE +n(1 — W(t))} (tk = sk—1). (2.7)

Moreover, define functions ¢ and h, on the interval [0,79) by

(1+ 77)7/0 w(2ypg)d§ + n(1 —yv(t))
1 —~o(t)

q(t) =
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and
hq(t) = q(t) — 1.
We have that hy(0) =7 —1 < 0 and hy(t) — +o0 as t — r( . It follows from the

intermediate value theorem that function h, has zeros in the interval (0,rp). Denote
by 7, the smallest such zero. Then, we have that for each ¢ € [0,r,)

0<q(t) < 1. (2.8)

Lemma 2.2 Suppose that equation

t(1—p(t)) — (2w+ (1 +77)7/0 w(2w§)d£+n) =0, (2.9)

has zeros in interval (0,r,), where p(t) = ¢*(t). Denote by r the smallest such zero.
Then, sequences {tr}, {sk} generated by (2.7) are nondecreasing, bounded from above
by rq and converge to their unique least upper bound r* which satisfies

0<r*<r<r,. (2.10)

Proof. Equation (2.9) can be written as
1 —to

T " (2.11)

since by (2.7)

1
t1=2ypu+ (1+ 77)7/ w(2ypT)dT +1
0

and 7 solves (2.9). It follows from the definition of sequences {t;}, {sx}, functions wy,
wa, v1, v and (2.8) that

0<tg<sp <t <57 <+ <ty <5 S <y
thro — Sk1 = q(r) (k41 — the1) < (1) (Skg1 — k) = p(r) (trsr — i),

Skt1 — te1 < q(r) (teg1 — sk) < p(r)(sk — tr),

S0
tere = ther < p(r)(tesr — te) < p(r)* (8 — to)
and
thpo <terr +p(r)" (8 —to) <t +p(r)* (81— to) + p(r)*F (8 — to)
<o <t p(r)(t —to) + -+ p(r)P Tt — to)
t1 —to k42 t1 —to
<—(1—p(r < ——— =T
1_p(r)( (r)""7) = p(r)
Therefore, sequences {t}, {sr} converge to r* which satisfies (2.10). O

Next, we present the semilocal convergence analysis of the modified Newton-HSS
method.
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Theorem 2.1. Suppose that the hypotheses (H) and hypotheses of Lemma 2.2 hold.
Define 7 = min{r;",r*}, where 7] is defined in ([8], Theorem 2.1) and r* is given in
Lemma 2.2. Let v = min{m,, .}, m, = liminfx_, comy, I, = liminfy_,.lx. Moreover,
suppose

u >

{MJ (2.12)

where the symbol |.] denotes the smallest integer not less than the corresponding real
number, 7 € (0,5%) and

0 :=0(a;z0) = || T(a;zo| < 1. (2.13)

Then, the sequence {z}} generated by the modified Newton-HSS method is well de-
fined, remains in U(z,7) for each k = 0,1,2,... and converges to a solution z, of
equation F'(z) = 0.

Proof. Notice that we showed in ([8], Theorem 2.1) that for each x € U(zy, 7)
IT(c;2)|| < (r+1)8 < 1. (2.14)
The following statements shall be shown using mathematical induction:

|z — o] < ti — to,

e ]
ke — 2kl < sk — t, (2.15)
IF @l < T b = ),

[Zk+1 — Ykl < thsr — sk
We have in turn that
llzo — 20l = 0 < to — to,
2yp 1 —v(to)

1Pl < < s = 8 (),

lyo — @oll < 11— T(e; o) |[[| F' (o)~ ||| F (o)
< (L+60%)yp < 2yp = so = so — to,

1E o)l < I1F'(yo) = F(xo) — F'(x0)(yo — o)l + [ F'(w0) + F' (o) (yo — o) |

< / w(llyo — zoll€)d€llyo — woll + 7l F (o)
1 _
< / w((s0 — t0))dE(s0 — to) + 1 < M<tl ~s),
et = yoll < 1 = T(as o)™ |1 (o)~ I F (wo)
<1+ 77)71 — () (t1 — so) = t1 — so,

(1 +m)
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so (2.15) holds for k = 0. Suppose that (2.15) holds for all nonnegative integers less
than k. We get in turn that

lzr — 2ol < llzk — yr—1ll + lyp—1 — Te—1ll + |zp—1 — 0]l
<tp—to<rt<F.

By Lemma 2.1 we get since xg—1,yx—1 € U(zo,T)

1
1F (2] < /0 w(ller — ye-1l€)dEl|lzx — yr—ll + 1l F(yr—1 |l

— yv(tx)

< /0 w((ty — sk—1)8)dE(ty, — sk—1) + 771(1 " (tk, — sk—1)
1 —yo(ty)
(1 T 7’])’)/ (tk - Sk), (216)
gk — zell < 11— T(os ) * |1 F (k) " |1 F (k)|
A4n)y 7 [* 1 —yo(ty)
< T 7oty {/0 w((ty — sp—18)dE(ty — Sp—1) + 777(1 T (tx — sk,l)}

=S — g

and similarly to (2.16)

1
| F(yr)|| < /O w(|lyx — x| Ed€]|yx — k|| + 0| F ()]

1 —~yo(ty)
< ﬁ(t;«rl — Sk).

We also have that

[zk+1 — zoll < lzrs1 — vkl + lye — 2kl + [z — 20|
<tpgr —to <T.

The induction for (2.15) is completed.

It follows that sequence {z)} is complete ({t;} converges to r*) in a Banach
space C™ and as such it converges to some z, € U(zg,7) (since U(xg,7) is a closed
set). By letting k — oo in (2.15), we conclude that F(z.) = 0. O

Remark 2.2. (a) Let us specialize functions wy, ws, v1, vg as wy(t) = Lit, wa(t) =
Lot, v1(t) = Kit, v2(t) = Kot for some positive constants K1, Ko, L1, Lo and set
L =11+ Ly, K = Ky + Ks. Suppose that Dg = D. Then, notice that (2.1) implies
(2.2) and not necessarily vice versa. Then, we have that

K<L, (2.17)
since
K <IL; (2.18)

and
Ky < Lo. (2.19)
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<8 (2:20)
and

B2 < B, (2.21)
where 3 := max{|[H (zo)|, [|S(zo)||}.

Notice that in [22], K1 = L1, Ky = Lo. and 8 = 81 = (5. Therefore, if strict
inequality holds in any of (2.18), (2.19), (2.20) or (2.21) the present results improve the
ones in [22]. As a simple example, consider function F defined on D = U(zg,1—46),6 €
(0,1),20 = 1 by F(x) = 23 — §. Then, we have that (2.1) and (2.2) are satisfied for
w(t) =6(2—0)t,v(t) =3(3—9)t and v(t) < w(t).

(b) The set Dy in (Hs) can be replaced by Dy = D N U(x1,r0 — |21 — Zol|)
leading to even smaller “w” functions, since Dy C Dy.

3. Numerical Examples

Example 3.1. Suppose that the motion of an object in three dimensions is governed
by system of differential equations

fi(z) = fi(z) =1=0,
f3(y) —(e—1y—-1=0,
fiz)—1=0, (3.1)

with z, y, z € D for f1(0) = f2(0
given for v = (x,y,2)” by functio

= f3(0) = 0. Then, the solution of the system is
F:=(f1, fo, f3) : D — R? defined by

) —
)
( _1, —ly Yy, 2 )T. (3.2)

The Fréchet-derivative is given by

e’ 0 0
F'(v) = 0 (e—1ly+1 0f. (3.3)
0 0 1

Then, we have that z. = (0,0,0)T, w(t) = wyi(t) + wa(t), v(t) = vi(t) + va2(t),
wy(t) = Lit, wa(t) = Lat, v1(t) = Kit, va(t) = Kot where L1 = e — 1, Ly = e,
Ki=e—-2 Ky=¢e,n=0.1,y=1and ¢ =0.01.

After solving the equation hy(t) = 0, we obtain the root r, = 0.289742. Similarly,
the roots of equation (2.9) are: 0.176953, 0.262643 and 0.309340. So,

r = min{0.176953, 0.262643, 0.309340} = 0.176953.
Therefore,
r = 0.176953 < ry = 0.289742.
Also, we have that
r* =0.176953
and (see [8])
r = 0.020274.
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So,
7 = min{r", r*} = min{0.020274, 0.176953} = 0.020274.
It follows that sequence {zy} is complete, {tx} — r* in D and as such it converges to
2, € U(zo, ) = U(0,0.020274).
Example 3.2. Consider the system of nonlinear equation F(X) = 0, wherein
F=(F, ,F)" and X = (21,29,...,2,)7,
with
Fi(X)=3- 2552’)5”?/2 —wi_1— 21+ 1, i=1,2,...,m,
where zyp = x,41 = 0 by convention. This system has complex solution. Therefore,

we consider the complex initial guess Xo = (—i, —1,...,—i). The derivative F'(X) is
given by
3(3 - 221)/ag — 22577 —2 0 0
-1 33— 2w9) /@ — 245> - 0 0
Fl(X)= . , . .
0 0 =1 33— 2a0)/@n — 223

Table 1. Optimal values of a for N-HSS and MN-HSS method

n 100 | 200 | 500 | 1000
N-HSS | 41|41 |42 | 4.1
MN-HSS | 44 | 44 | 43 | 4.3

Table 2. Numerical results

n Method | Error estimates | CPU-time | IT
Newton | 7.7283 x 107 0.2816 4
100 N-HSS | 3.9846 x 10~ 2.8942 5
MN-HSS | 4.1688 x 10~8 1.7852 4
Newton | 3.2414 x 107 0.4854 4
200 N-HSS | 3.8333 x 10~ 6.1576 5
MN-HSS | 1.5428 x 10~8 4.6873 4
Newton | 1.5384 x 10—~ 2.0156 4
500 N-HSS | 4.6524 x 107% | 325942 | 5
MN-HSS | 4.9421 x 10~8 22.5150 | 4
Newton | 3.0245 x 10”7 6.9062 4
1000 N-HSS | 4.2906 x 1076 | 122.9374 | 5
MN-HSS | 5.3223 x 1078 | 98.8944 | 4

It is known that F”(X) is sparse and positive definite. Now we solve this nonlinear
problem by the Newton method, the Newton-HSS method (see [22]) and the modified
Newton-HSS method. The methods are compared in error estimates, CPU time (CPU-
time) and the number of iterations (IT). We use experimentally optimal parameter
values of « for the Newton-HSS method (N-HSS) and the modified Newton-HSS (MN-
HSS) method corresponding to the problem dimension n = 100, 200, 500, 1000, see
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Table 1. The numerical results are displayed in Table 2. From numerical results we
observe that MN-HSS outperforms N-HSS in the sense of CPU time and the number
of iterations.

Note that in this example, the results in [10, 17, 22] can not be applied since the
operators involved are not Lipschitz. However, our results can be applied by choosing
“w” and “v” functions appropriately as in Example 3.1. We leave these details to the
interested readers.
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