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1. Introduction

Impulsive fractional differential equations is an important area of study [1]. In
recent years, boundary value problems (BVPs) or initial value problems (IVPs) for
impulsive fractional differential equations (IFDEs) have been studied by many au-
thors. For example, in [2, 4, 3, 9, 11, 14, 15], the authors studied the existence or
uniqueness of solutions of BVPs for IFDEs with Caputo type fractional derivatives
and multiple starting points.

In [8], Kosmatov studied the following problem:
Dα

0+x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, · · · , tm},

Dβ
0+x(t+k )−Dβ

+x(t−k ) = Jk(x(tk)), i = 1, 2, · · · ,m, I1−α
0+ x(0) = x0,

(1.1)

where α ∈ (0, 1), D∗0+ is the standard Riemann-Liouville fractional derivative of order
∗, β ∈ (0, α), x0 ∈ R, 0 = t0 < t1 < · · · < tm < tm+1 = 1, Jk : R→ R, f : [0, 1]×R→
R are suitable functions.
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dong Province (No: 2014KTSCX126).
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In [9], Liu studied the solvability of two classes of initial value problems of
nonlinear impulsive multi-term fractional differential equations on half lines. One
(IVP (1) for short) is as follows:

Dα
0+x(t) + q(t)f(t, x(t), Dp

0+x(t)) = 0, t ∈ (ti, ti+1), i ∈ Nm
0 ,

lim
t→0+

t1−αx(t) = x0,

lim
t→t+i

(t− ti)1−αx(t) = I(ti, x(ti), D
p
0+x(ti))), i ∈ Nm

1 ,

(1.2)

and 

Dα
t+i
x(t) + q1(t)f1(t, x(t), Dp

t+i
x(t)) = 0, t ∈ (ti, ti+1), i ∈ Nm

0 ,

lim
t→0+

t1−αx(t) = x0,

lim
t→t+i

(t− ti)1−αx(t) = I1(ti, x(ti), D
p

t+i−1

x(ti)), i ∈ Nm
1 ,

(1.3)

where α ∈ (0, 1), 0 < p < α, Db
a+ is the standard Riemann-Liouville fractional

derivative of order b > 0 with starting point a, x0 ∈ R, N0
m = {0, 1, 2, · · · ,m} and

Nm
1 = {1, 2, 3, · · · ,m}, 0 = t0 < t1 < t2 < t3 < · · · < tm < tm+1 = 1, q : (0, 1) 7→ R

is continuous and satisfies that there exists l ∈ (−1,−α) such that |q(t)| ≤ tl for

all t ∈ (0, 1), q1 :
m⋃
i=0

(ti, ti+1) 7→ R is continuous and satisfies that there exists

k1 > −1, l1 ≤ 0 such that |q1(t)| ≤ (t − ti)k1(ti+1 − t)l1 for all t ∈ (ti, ti+1)(i ∈ N0),

f : (0, 1) ×R2 7→ R is a I-Carathéodory function, f1 :

(
m⋃
i=0

(ti, ti+1)

)
×R2 7→ R is

a II-Carathéodory function, I, I1 : {ti : i ∈ N} ×R2 7→ R are discrete Carathéodory
functions.

In [14], the authors studied the existence of solutions of the following BVP for
IFDE

Dq
0+x(t) + λ(t)x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, · · · , tm},

Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, · · · ,m, t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0,
(1.4)

where q, α ∈ (0, 1), Dq
0+ is the Riemann-Liouville fractional derivative, Iα0+ is the

Riemann-Liouville fractional integral, 0 = t0 < t1 < · · · < tm < tm+1 = 1, λ ∈
C0([0, 1],R) satisfies λ0 =: max

t∈[0,1]
λ(t) > 0, Jk : R 7→ R is continuous, f is a given

piecewise continuous function. The following special case play a large role in the proof
of the main theorem:

Dq
0+x(t) + λ0x(t) = f(t, x(t)), t ∈ [0, 1] \ {t1, t2, · · · , tm},

Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, · · · ,m, t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0
(1.5)
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In [17], Zhao studied the following higher-order nonlinear Riemann-Liouville
fractional differential equation with Riemann-Stieltjes integral boundary value condi-
tions and impulses

−Dα
0+x(t) = λa(t)f(t, x(t)), t \ {ti}mi=1,

∆x(ti) = Ii(x(ti)), i = 1, 2, · · · ,m,

x(0) = x′(0) = · · · = x(n−2)(0) = 0, x′(1) =
∫ 1

0
x(s)dH(s),

(1.6)

where Dα
0+ is the standard Riemann-Liouville fractional derivative of order n − 1 <

α ≤ n with n ≥ 3, the impulsive point sequence 0 = t0 < t1 < t2 < · · · < tm <
tm+1 = 1,λ > 0, f ∈ C([0, 1]× [0,+∞), [0,+∞)), a ∈ C((0, 1), [0,+∞)), the integral∫ 1

0
x(s)dH(s) is the Riemann-Stieltjes integral with H : [0, 1]→ R with

δ =:

∫ 1

0

sα−1dH(s) 6= α− 1.

Motivated by [8, 17], we investigate the solvability of the following two boundary
value problems for impulsive fractional differential equations

Dα
0+x(t)− λx(t) = f(t, x(t)), a.e., t ∈ (ti, ti+1], i ∈ Nm0 ,

∆Iβ0+x(ti) =: Iβ0+x(t+i )− Iβ0+x(ti) = In(ti, x(ti)), i ∈ Nm1 ,

∆Dα−j
0+ x(ti) =: Dα−j

0+ x(t+i )−Dα−j
0+ x(ti) = Ij(ti, x(ti)), i ∈ Nm1 , j ∈ Nn−1

1 ,

In−α0+ x(0) = xn, D
α−j
0+ x(0) = xj , j ∈ Nn−1

1 ,
(1.7)

and 

Dα
0+x(t) = f(t, x(t)), t \ {ti}mi=1,

∆Dα−j
0+ x(ti) = Ij(ti, x(ti)), i ∈ Nm1 , j ∈ Nn−1

1 ,

∆In−α0+ x(ti = In(ti, x(ti)), i ∈ Nm1 ,

In−α0+ x(0) = Dα−j
0+ x(0) = 0, j ∈ Nn−2

1 , Dα−n+1
0+ x(1) =

∫ 1

0
x(s)dH(s),

(1.8)

where m,n are positive integers, α ∈ (n − 1, n), β > 0, λ ∈ R, 0 = t0 < t1 < · · · <
tm < tm+1 = 1, xj ∈ R(j ∈ Nn1 , f : (0, 1) × R → R is a Carathéodory fraction,
Ij : {ti : i ∈ Nm1 } × R→ R is a discrete Carathéodory function (j ∈ Nn1 ).

The purposes of this paper are to establish existence results for solutions of IVP
(1.7)(α − β − n = 0) and existence results for solutions of BVP(1.8) respectively.
The method used is based upon the fixed point theorems. The results in this paper
complement known ones in [8, 17] and generalize known ones [10].
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A function x : (0, 1] → N is called a solution of IVP (1.7) (or IVP (1.8)) if
x ∈ C(ti, ti+1], lim

t→t+i
(t−ti)n−αx(t) is finite for i ∈ Nm0 and Dα

0+x|(ti,ti+1]−λx|(ti,ti+1] ∈

L1(ti, ti+1), and x satisfies all equations in (1.6) (or (1.8)).
The remainder of this paper is divided into three sections. In Section 2, we

present related definitions and preliminary results. In Section 3, we establish existence
results for IVP (1.7) and BVP(1.8) respectively. In Section 4, we give comments on
some published papers.

2. Preliminary results

For the convenience of the readers, we firstly present the necessary definitions
from the fractional calculus theory. These definitions can be found in the literature
[5, 6, 7].

Let a < b. Denote L1(a, b) the set of all integrable functions on (a, b), C0(a, b]
the set of all continuous functions on (a, b]. For φ ∈ L1(a, b), denote

||φ||1 =

∫ b

a

|φ(s)|ds.

For φ ∈ C0[a, b], denote ||φ||0 = max
t∈[a,b]

|φ(t)|.

For two integers a < b, denote Nba = {a, a+ 1, · · · , b}.
Let the Gamma and beta functions Γ(α), B(p, q) and the Mitag-Leffler function

Eα,δ(x) be defined by

Γ(α) =

∫ +∞

0

xα−1e−xdx,

B(p, q) =

∫ 1

0

xp−1(1− x)q−1dx,

Eα,δ(x) =

∞∑
k=0

xk

Γ(kα+ δ)
, α, p, q, δ > 0.

Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 of a function
g : (0,∞) 7→ R (may be piecewise continuous) is given by

Iα0+g(t) =
1

Γ(α)

∫ t

0

(t− s)α−1g(s)ds,

provided that the right-hand side exists.
Definition 2.2. The Riemann-Liouville fractional derivative of order α > 0 of a function
g : (0,∞) 7→ R (may be piecewise continuous) is given by

Dα
0+g(t) =

1

Γ(n− α)

dn

dtn

∫ t

0

g(s)

(t− s)α−n+1
ds,

where n− 1 < α < n, provided that the right-hand side exists.
Remark 2.1. For a piecewise continuous function g which is continuous on (ti, ti+1]
(i ∈ Nm

0 , 0 = t0 < t1 < · · · < ti < · · · < tm < tm+1 = 1), and t ∈ (ti, ti+1], the
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Riemann-Liouville fractional integral of order α > 0 of g on (0, t] with t ∈ (ti, ti+1] is
given by

Iα0+g(t) =
1

Γ(α)

∫ t

0

(t− s)α−1g(s)ds

=

i∑
j=0

∫ tj+1

tj

(t− s)α−1g(s)ds

Γ(α)
+

∫ t

ti

(t− s)α−1g(s)ds

Γ(α)
,

provided that each term in the right-hand side exists.
Let α ∈ (n − 1, n) with n being a positive integer. For a piecewise continuous

function g which is continuous on (ti, ti+1] (i ∈ Nm
0 , 0 = t0 < t1 < · · · < ti < · · · <

tm < tm+1 = 1), and t ∈ (ti, ti+1], the Riemann-Liouville fractional derivative of order
α > 0 of g on (0, t] with t ∈ (ti, ti+1] is given by

Dα
0+g(t) =

1

Γ(n− α)

[∫ t

0

(t− s)n−α−1g(s)ds

](n)

=

[
i∑

j=0

∫ tj+1

tj
(t− s)n−α−1g(s)ds+

∫ t
ti

(t− s)n−α−1g(s)ds

](n)

Γ(n− α)

provided that each term in the right-hand side exists.
Definition 2.3. We call F : (0, 1)×R 7→ R a Carathéodory function if it satisfies the
followings:

(i) t 7→ F (t, (t− ti)n−αu) are measurable on (ti, ti+1)(i ∈ Nm
0 ) for any u ∈ R,

(ii) u 7→ F (t, (t− ti)n−αu) is continuous on R for all t ∈ (ti, ti+1)(i ∈ Nm
0 ),

(iii) for each r > 0, there exists Mr ≥ 0 such that |F (t, (t− ti)n−αu) | ≤Mr for
all t ∈ (ti, ti+1)(i ∈ Nm

0 ) and |u| ≤ r.
Definition 2.4. We call G : {ti : i ∈ Nm

1 }×R 7→ R a discrete I-Carathéodory function
if it satisfies the followings:

(i) u 7→ G (ti, (ti − ti−1)n−αu) is continuous on R for all i ∈ Nm
1 ,

(ii) for each r > 0, there exists Mr ≥ 0 such that |G (ti, (ti − ti−1)n−αu) | ≤Mr

for all i ∈ Nm
1 and |u| ≤ r.

Suppose that α ∈ (n− 1, n), 0 = t0 < t1 < · · · < tm+1 = 1. Denote

PCn−α(0, T ] =

x : (0, 1] 7→ R :

x|(ti,ti+1] ∈ C0(ti, ti+1], i ∈ Nm
0 ,

lim
t→t+i

(t− ti)n−αx(t), i ∈ Nm
0 are finite

 .

Define

||x|| = ||x||n−α = max

{
sup

t∈(ti,ti+1]

(t− ti)n−α|x(t)|, i ∈ Nm
0

}
.

Then PCn−α is a Banach space with the norm || · || defined.
Theorem 2.1. Suppose that α ∈ (n − 1, n), λ ∈ R, h : (0, 1) → R is continuous and
satisfies |h(t)| ≤ tk(1− t)l for all t ∈ (0, 1), where k > −1, l ≤ 0 with 1 + k + l > 0.
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Then x ∈ PCn−α(0, 1] is a piecewise continuous solution of

Dα
0+x(t)− λx(t) = h(t), a.e., t ∈ (ti, ti+1], i ∈ Nm0 (2.1)

if and only if there exist constants cνk ∈ R(ν ∈ Nn1 , k ∈ N0) such that

lx(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds

+

j∑
k=0

n∑
ν=1

cνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α), t ∈ (tj , tj+1], j ∈ Nm0 . (2.2)

Proof. We have

tn−α
∣∣∣∣∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds

∣∣∣∣
≤ tn−α

∞∑
χ=0

|λ|χ

Γ(χα+ α)

∫ t

0

(t− s)α−1+χαsk(1− s)lds

= tn−α
∞∑
χ=0

|λ|χ

Γ(χα+ α)
tχα+α

∫ 1

0

(1− w)α+l−1+χαwkdw

≤ tn−α
∞∑
χ=0

|λ|χ

Γ(χα+ α)
tχα+k+α+l

∫ 1

0

(1− w)α+l−1wkdw

= B(α+ l, k + 1)Eα,α(|λ|tα)tn+k+l → 0 as t→ 0.

Then t→ tn−α
∫ t

0
(t− s)α−1Eα,α(λ(t− s)α)h(s)ds is continuous on [0, 1].

Step 1. Assume x ∈ PCn−α(0, 1] is a solution of (2.1). We prove x satisfies (2.2).
From (5.1)-(5.3) in [7], there exist constants cν0 ∈ R such that

x(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds+

n∑
ν=1

cν0t
α−νEα,α−ν+1(λtα), t ∈ (t0, t1].

It follows that (2.2) holds for j = 0. Now suppose that (3.7) holds for i = 0, 1, · · · , ω <
m, i.e.,

x(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds

+

j∑
k=0

n∑
ν=1

cνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α), t ∈ (tj , tj+1], j ∈ Nω0 . (2.3)

We will prove that (2.2) holds for i = ω+1. Then by mathematical induction method,
(2.2) holds for all i ∈ Nm0 . In order to get the exact expression of x on (tω+1, tω+2],
we suppose that there exists Φ such that

x(t) = Φ(t) +

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds

+

ω∑
k=0

n∑
ν=1

cνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α), t ∈ (tω+01, tω+2]. (2.4)
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Using Definition 2.2, (2.3) and (2.4), we know for t ∈ (tω+1, tω+2] by direct computa-
tion that

Dα
0+x(t) =

[∫ t
0
(t− s)n−α−1x(s)ds

](n)

Γ(n− α)

=

[
ω∑
ρ=0

∫ tρ+1

tρ
(t− s)n−α−1x(s)ds+

∫ t
tω+1

(t− s)n−α−1x(s)ds

](n)

Γ(n− α)

=

[
ω∑
ρ=0

∫ tρ+1

tρ

(t− s)n−α−1

(∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)du

+

ρ∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)

)
ds

](n)/
Γ(n− α)

+

[∫ t

tω+1

(t− s)n−α−1

(
Φ(s) +

∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)du

+

ω∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)

)
ds

](n)/
Γ(n− α)

= Dα
t+ω+1

Φ(t)

+

[
ω∑
ρ=0

ρ∑
k=0

n∑
ν=1

cνk
∫ tρ+1

tρ
(t− s)n−α−1(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n)

Γ(n− α)

+

[∫ t

0

(t− s)n−α−1

∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)duds

+

ω∑
k=0

n∑
ν=1

cνk

∫ t

tω+1

(t− s)n−α−1(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n)/
Γ(n− α)

= Dα
t+ω+1

Φ(t)

+

[
ω∑
k=0

ω∑
ρ=k

n∑
ν=1

cνk
∫ tρ+1

tρ
(t− s)n−α−1(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n)

Γ(n− α)

+

[∫ t

0

(t− s)n−α−1

∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)duds

+

ω∑
k=0

n∑
ν=1

cνk

∫ t

tω+1

(t− s)n−α−1(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n)/
Γ(n− α)
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= Dα
t+ω+1

Φ(t) +

[∫ t
0
(t− s)n−α−1

∫ s
0

(s− u)α−1Eα,α(λ(s− u)α)h(u)duds
](n)

Γ(n− α)

+

[
ω∑
k=0

n∑
ν=1

cνk
∫ t
tk

(t− s)n−α−1(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n)

Γ(n− α)

= Dα
t+ω+1

Φ(t) +

[∫ t
0

∞∑
χ=0

λχ

Γ(χα+α)

∫ t
u
(t− s)n−α−1(s− u)α−1+χαdsh(u)du

](n)

Γ(n− α)

+

[
ω∑
k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1)

∫ t
tk

(t− s)n−α−1(s− tk)α−ν+χαds

](n)

Γ(n− α)

by
s− u
t− u

= w,
s− tk
t− tk

= w

= Dα
t+ω+1

Φ(t)+

[∫ t
0

∞∑
χ=0

λχ

Γ(χα+α) (t− u)χα+n−1
∫ 1

0
(1− w)n−α−1wα−1+χαdwh(u)du

](n)

Γ(n− α)

+

[
ω∑
k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (t− tk)χα+n−ν ∫ 1

0
(1− w)n−α−1wα−ν+χαdw

](n)

Γ(n− α)

= Dα
t+ω+1

Φ(t) + h(t) +

[∫ t

0

∞∑
χ=0

λχ(t− u)χα+n−1

Γ(χα+ n)
h(u)du

](n)

+

[
ω∑
k=0

n∑
ν=1

cνk

∞∑
χ=0

λχ(t− tk)χα+n−ν

Γ(χα+ n− ν + 1)

](n)

−Dα
t+ω+1

Φ(t) +

∫ t

0

∞∑
χ=1

λχ(t− u)χα+−1

Γ(χα)
h(u)du+

ω∑
k=0

n∑
ν=1

cνk

∞∑
χ=1

λχ(t− tk)χα−ν

Γ(χα− ν + 1)
.

Thus

Dα
0+x(t)− λx(t) = Dα

t+ω+1

Φ(t) + h(t) +

∫ t

0

∞∑
χ=1

λχ(t− u)χα+−1

Γ(χα)
h(u)du

+

ω∑
k=0

n∑
ν=1

cνk

∞∑
χ=1

λχ(t− tk)χα−ν

Γ(χα− ν + 1)

−λ
[
Φ(t) +

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds
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+

ω∑
k=0

n∑
ν=1

cνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α)

]
= Dα

t+ω+1

Φ(t)− λΦ(t) + h(t).

From Dα
0+x(t)− λx(t) = h(t), we have Dα

t+ω+1

Φ(t)− λΦ(t) = 0 on (tω+1, tω+2].

By (5.1)-(5.3) in [7], we know that there exists constants cνω+1 ∈ R such that

Φ(t) =
n∑
ν=1

cνω+1(t− tω+1)α−νEα,α(λ(t− tω+1)α).

Substituting Φ into (2.4). We know that (2.2) holds for i = ω + 1. By mathematical
induction method, we know that (2.2) holds for i ∈ Nm0 .
Step 2. We prove that x is a piecewise continuous solution of (2.1) if x satisfies (2.2).
Since x satisfies (2.2), we know that x|(ti,ti+1] ∈ C0(ti, ti+1] (i ∈ Nm0 ) and

lim
t→t+j

(t− tj)n−αx(t)

exists and is finite for all i ∈ Nm0 . Furthermore, by direct computation similarly to
Step 1, by Definition 2.1, we can get for t ∈ (tj , tj+1] that

In−α0+ x(t) =

∫ t
0
(t− s)n−α−1x(s)ds

Γ(α)

=

j−1∑
ρ=0

∫ tρ+1

tρ
(t− s)n−α−1x(s)ds+

∫ t
tj

(t− s)n−α−1x(s)ds

Γ(n− α)

=

∫ t

0

∞∑
χ=0

λχ

Γ(χα+ n)
(t− u)χα+n−1h(u)du

+

j∑
k=0

n∑
ν=1

cνk

∞∑
χ=0

λχ

Γ(χα+ n− ν + 1)
(t− tk)χα+n−ν

=

∫ t

0

(t− u)n−1Eα,n(λ(t− s)α)h(s)ds+

j∑
k=0

n∑
ν=1

cνk(t− tk)n−νEα,n−ν+1(λ(t− tk)α).

By Definition 2.2, we get for i ∈ Nn−1
1 , t ∈ (tjtj+1] that

Dα−i
0+ x(t) =

[∫ t
0
(t− s)n−α−1x(s)ds

](n−i)
Γ(α)

=

[
j−1∑
ρ=0

∫ tρ+1

tρ
(t− s)n−α−1x(s)ds+

∫ t
tj

(t− s)n−α−1x(s)ds

](n−i)

Γ(n− α)

=

[∫ t

0

∞∑
χ=0

λχ(t− u)χα+n−1

Γ(χα+ n)
h(u)du

](n−i)

+

[
j∑

k=0

n∑
ν=1

cνk

∞∑
χ=0

λχ(t− tk)χα+n−ν

Γ(χα+ n− ν + 1)

](n−i)
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=

∫ t

0

∞∑
χ=0

λχ(t− u)χα+i−1

Γ(χα+ i)
h(u)du

+

j∑
k=0

n∑
ν=1

cνk

∞∑
χ=1

λχ(t− tk)χα+i−ν

Γ(χα+ i− ν + 1)
+

j∑
k=0

i∑
ν=1

cνk
(t− tk)i−ν

Γ(i− ν + 1)

=

∫ t

0

(t− u)i−1Eα,i(λ(t− u)α)h(u)du+

j∑
k=0

i∑
ν=1

cνk(t− tk)i−νEα,i−ν+1(λ(t− tk)α)

+λ

j∑
k=0

n∑
ν=i+1

cνk(t− tk)α+i−νEα,α+i−ν+1(λ(t− tk)α).

We see that
In−α0+ x|(tj ,tj+1], D

α−i
0+ x|(tj ,tj+1](i ∈ Nn−1

1 , j ∈ Nm0 )

are continuous and the limits

lim
t→t+j

In−α0+ x(t), lim
t→t+j

Dα−i
0+ x(t) (i ∈ Nn−1

1 , j ∈ Nm0 )

are finite. By Definition 2.2, α ∈ (n− 1, n), for t ∈ (tj , tj+1], we have

Dα
0+x(t) =

[∫ t
0
(t− s)n−α−1x(s)ds

](n−i)
Γ(α)

=

[
j−1∑
ρ=0

∫ tρ+1

tρ
(t− s)n−α−1x(s)ds+

∫ t
tj

(t− s)n−α−1x(s)ds

](n−i)

Γ(n− α)

=

[∫ t

0

∞∑
χ=0

λχ(t− u)χα+n−1

Γ(χα+ n)
h(u)du

](n)

+

[
j∑

k=0

n∑
ν=1

cνk

∞∑
χ=0

λχ(t− tk)χα+n−ν

Γ(χα+ n− ν + 1)

](n)

= h(t)+

∫ t

0

∞∑
χ=1

λχ(t− u)χα−1

Γ(χα)
h(u)du+

j∑
k=0

n∑
ν=1

cνk

∞∑
χ=1

λχ(t− tk)χα+−ν

Γ(χα− ν + 1)
, t ∈ (tj , tj+1].

Then
Dα

0+x(t)− λx(t) = h(t), t ∈ (tj , tj+1], j ∈ Nm0 .
So x is a piecewise continuous solution of (2.1). The proof is completed. �
Remark 2.1. Lemma 2.1 (when λ = 0) is one of the main results in [10] (see Theorem
3.2 in [10]). So our results generalizes the one in [10].
Theorem 2.2. Suppose that x is a solution of (2.1) and is defined by (2.2). Then

Iβ0+x(t) =

∫ t

0

(t− s)α+β−1Eα,α+β(λ(t− s)α)h(s)ds

+

j∑
k=0

n∑
ν=1

cνk(t− tk)α+β−νEα,α+β−ν+1(λ(t− tk)α),

t ∈ (tj , tj+1], j ∈ Nm0 (2.5)
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In−α0+ x(t) =

i∑
k=0

n∑
ν=1

cνk(t− tk)n−νEα,n−ν+1(λ(t− tk)α)

+

∫ t

0

(t− u)n−1Eα,n(λ(t− u)α)h(u)du,

t ∈ (ti, ti+1], i ∈ Nm0 , (2.6)

and

Dα−j
0+ x(t) =

i∑
k=0

j∑
ν=1

cνk(t− tk)j−νEα,j−ν+1(λ(t− tk)α)

+ λ

i∑
k=0

n∑
ν=j+1

cνk(t− tk)α+j−νEα,α+j−ν+1(λ(t− tk)α)

+

∫ t

0

(t− u)j−1Eα,j(λ(t− u)α)h(u)du,

t ∈ (ti, ti+1], i ∈ Nm0 , j ∈ Nn−1
1 . (2.7)

Proof. We firstly prove (2.5). For t ∈ (ti, ti+1], by (2.2) and Definition 2.1, we get

Iβ0+x(t) =

i−1∑
µ=0

∫ tµ+1

tµ
(t− s)β−1x(s)ds+

∫ t
ti

(t− s)β−1x(s)ds

Γ(β)

=

i−1∑
µ=0

∫ tµ+1

tµ

(t− s)β−1

(∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)du

+

µ∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)

)
ds
/

Γ(β)

+

∫ t

ti

(t− s)β−1

(∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)du

+

i∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)

)
ds
/

Γ(β)

=

i−1∑
µ=0

∫ tµ+1

tµ
(t− s)β−1

µ∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

Γ(β)

+

∫ t
ti

(t− s)β−1
i∑

k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

Γ(β)

+

∫ t
0
(t− s)β−1

∫ s
0

(s− u)α−1Eα,α(λ(s− u)α)h(u)duds

Γ(β)
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=

i−1∑
k=0

i−1∑
µ=k

n∑
ν=1

cνk
∫ tµ+1

tµ
(t− s)β−1(s− tk)α−ν

∞∑
χ=0

λχ

Γ(χα+α−ν+1) (s− tk)χαds

Γ(β)

+

i∑
k=0

n∑
ν=1

cνk
∫ t
ti

(t− s)β−1(s− tk)α−ν
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (s− tk)χαds

Γ(β)

+

∫ t
0

∫ t
u
(t− s)β−1(s− u)α−1

∞∑
χ=0

λχ

Γ(χα+α) (s− u)χαdsh(u)du

Γ(β)

=

i−1∑
k=0

i−1∑
µ=k

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1)

∫ tµ+1

tµ
(t− s)β−1(s− tk)α−ν+χαds

Γ(β)

+

i∑
k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1)

∫ t
ti

(t− s)β−1(s− tk)α−ν+χαds

Γ(β)

+

∞∑
χ=0

λχ

Γ(χα+α)

∫ t
0

∫ t
u
(t− s)β−1(s− u)α−1+χαdsh(u)du

Γ(β)

=

i−1∑
k=0

i−1∑
µ=k

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1) t− tk)χα+α+β−ν ∫ tµ+1−tk
t−tk

tµ−tK
t−tk

(1− w)β−1wα−ν+χαdw

Γ(β)

+

i∑
k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (t− tk)χα+α+β−ν ∫ 1
ti−tk
t−tk

(1− w)β−1wα−ν+χαdw

Γ(β)

+

∞∑
χ=0

λχ

Γ(χα+α)

∫ t
0
(t− u)χα+α+β−1

∫ 1

0
(1− w)β−1wα−1+χαdwh(u)du

Γ(β)

=

i∑
k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (t− tk)χα+α+β−ν ∫ 1

0
(1− w)β−1wα−ν+χαdw

Γ(β)

+

∞∑
χ=0

λχ

Γ(χα+α)

∫ t
0
(t− u)χα+α+β−1

∫ 1

0
(1− w)β−1wα−1+χαdwh(u)du

Γ(β)

=

i∑
k=0

n∑
ν=1

cνk

∞∑
χ=0

λχ

Γ(χα+ α+ β − ν + 1)
(t− tk)χα+α+β−ν

+

∞∑
χ=0

λχ

Γ(χα+ α+ β)

∫ t

0

(t− u)χα+α+β−1h(u)du
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=

∫ t

0

(t− s)α+β−1Eα,α+β(λ(t− s)α)h(s)ds

+

i∑
k=0

n∑
ν=1

cνk(t− tk)α+β−νEα,α+β−ν+1(λ(t− tk)α), t ∈ (ti, ti+1], i ∈ Nm0

Thus (2.5) is proved. Hence (2.6) holds by β = n− α.
Now, we prove (2.7). In fact, for t ∈ (ti, ti+1], we have by using 2.2 and Definition 2.2
that

Dα−j
0+ x(t) =

[∫ t
0
(t− s)n−α−1x(s)ds

](n−j)
Γ(n− α)

=

[
i−1∑
µ=0

(t− s)n−α−1x(s)ds+
∫ t
ti

(t− s)n−α−1x(s)ds

](n−j)

Γ(n− α)

=

[
i−1∑
µ=0

∫ tµ+1

tµ

(t− s)n−α−1

(∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)du

+

µ∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)

)
ds

](n−j)/
Γ(n− α)

+

[∫ t

ti

(t− s)n−α−1

(∫ s

0

(s− u)α−1Eα,α(λ(s− u)α)h(u)du

+

i∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)

)
ds

](n−j)/
Γ(n− α)

=

[
i−1∑
µ=0

∫ tµ+1

tµ
(t− s)n−α−1

µ∑
k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n−j)

Γ(n− α)

+

[∫ t
ti

(t− s)n−α−1
i∑

k=0

n∑
ν=1

cνk(s− tk)α−νEα,α−ν+1(λ(s− tk)α)ds

](n−j)

Γ(n− α)

+

[∫ t
0
(t− s)n−α−1

∫ s
0

(s− u)α−1Eα,α(λ(s− u)α)h(u)duds
](n−j)

Γ(n− α)

=

[
i−1∑
k=0

i−1∑
µ=k

n∑
ν=1

cνk
∫ tµ+1

tµ
(t− s)n−α−1(s− tk)α−ν

∞∑
χ=0

λχ

Γ(χα+α−ν+1) (s− tk)χαds

](n−j)

Γ(n− α)

+

[
i∑

k=0

n∑
ν=1

cνk
∫ t
ti

(t− s)n−α−1(s− tk)α−ν
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (s− tk)χαds

](n−j)

Γ(n− α)
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+

[∫ t
0

∫ t
u
(t− s)n−α−1(s− u)α−1

∞∑
χ=0

λχ

Γ(χα+α) (s− u)χαdsh(u)du

](n−j)

Γ(n− α)

=

[
i−1∑
k=0

i−1∑
µ=k

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1)

∫ tµ+1

tµ
(t− s)n−α−1(s− tk)α−ν+χαds

](n−j)

Γ(n− α)

+

[
i∑

k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1)

∫ t
ti

(t− s)n−α−1(s− tk)α−ν+χαds

](n−j)

Γ(n− α)

+

[
∞∑
χ=0

λχ

Γ(χα+α)

∫ t
0

∫ t
u
(t− s)n−α−1(s− u)α−1+χαdsh(u)du

](n−j)

Γ(n− α)

=

i−1∑
k=0

i−1∑
µ=k

n∑
ν=1

cνk

∞∑
χ=0

λχ

Γ(χα+ α− ν + 1)
(t− tk)χα+n−ν

×
∫ tµ+1−tk

t−tk

tµ−tk
t−tk

(1− w)n−α−1wα−ν+χαdw

(n−j)/
Γ(n− α)

+

[
i∑

k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (t− tk)χα+n−ν ∫ 1
ti−tk
t−tk

(1− w)n−α−1wα−ν+χαdw

](n−j)

Γ(n− α)

+

[
∞∑
χ=0

λχ

Γ(χα+α)

∫ t
0
(t− u)χα+n−1

∫ 1

0
(1− w)n−α−1wα−1+χαdwh(u)du

](n−j)

Γ(n− α)

=

[
i∑

k=0

n∑
ν=1

cνk
∞∑
χ=0

λχ

Γ(χα+α−ν+1) (t− tk)χα+n−ν ∫ 1

0
(1− w)n−α−1wα−ν+χαdw

](n−j)

Γ(n− α)

+

[
∞∑
χ=0

λχ

Γ(χα+α)

∫ t
0
(t− u)χα+n−1

∫ 1

0
(1− w)n−α−1wα−1+χαdwh(u)du

](n−j)

Γ(n− α)

=

[
i∑

k=0

n∑
ν=1

cνk

∞∑
χ=0

λχ

Γ(χα+ n− ν + 1)
(t− tk)χα+n−ν

](n−j)
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+

[ ∞∑
χ=0

λχ

Γ(χα+ n)

∫ t

0

(t− u)χα+n−1h(u)du

](n−j)

=

i∑
k=0

j∑
ν=1

cνk
1

Γ(j − ν + 1)
(t−tk)j−ν+

i∑
k=0

n∑
ν=1

cνk

∞∑
χ=1

λχ

Γ(χα+ j − ν + 1)
(t−tk)χα+j−ν

+

∞∑
χ=0

λχ

Γ(χα+ j)

∫ t

0

(t− u)χα+j−1h(u)du

=

i∑
k=0

j∑
ν=1

cνk

∞∑
χ=0

λχ

Γ(χα+ j − ν + 1)
(t− tk)χα+j−ν

+

i∑
k=0

n∑
ν=j+1

cνk

∞∑
χ=1

λχ

Γ(χα+ j − ν + 1)
(t− tk)χα+j−ν

+

∫ t

0

(t− u)j−1Eα,j(λ(t− u)α)h(u)du

=

i∑
k=0

j∑
ν=1

cνk(t− tk)j−νEα,j−ν+1(λ(t− tk)α)

+λ

i∑
k=0

n∑
ν=j+1

cνk(t− tk)α+j−νEα,α+j−ν+1(λ(t− tk)α)

+

∫ t

0

(t− u)j−1Eα,j(λ(t− u)α)h(u)du.

Banach space PCn−α(0, 1]. Let n be a positive integer, α ∈ (n − 1, n) and 0 = t0 <
t1 < · · · < tm+1 = 1. Choose

PCn−α(0, 1] =

x : (0, 1] 7→ R :

x|(ti,ti+1] ∈ C0(ti, ti+1], i ∈ Nm
0 ,

lim
t→t+i

(t− ti)n−αx(t), i ∈ Nm
0 are finite

 .

Define

||x|| = ||x||n−α = max

{
sup

t∈(ti,ti+1]

(t− ti)n−α|x(t)|, i ∈ Nm
0

}
.

Then PCn−α(0, 1] is a Banach space with the norm || · || defined.
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Theorem 2.3. Suppose that α+ β = n, h ∈ L1(0, 1] aji, bi ∈ R. Then x ∈ PCn−α(0, 1]
is a solution of

Dα
0+x(t)− λx(t), a.e., t ∈ (ti, ti+1], i ∈ Nm0

∆In−α0+ x(ti), i ∈ Nm1

∆Dα−j
0+ x(ti), i ∈ Nm1 , j ∈ Nn−1

1

In−α0+ x(0)

Dα−j
0+ x(0), j ∈ Nn−1

1


=



h(t), a.e., t ∈ (ti, ti+1], i ∈ Nm0

ani, i ∈ Nm1

aji, i ∈ Nm1 , j ∈ Nn−1
1

bn

bj , j ∈ Nn−1
1


(2.8)

if and only if

x(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds+

n∑
ν=1

bνt
α−νEα,α−ν+1(λtα)

+

j∑
k=1

n∑
ν=1

aνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α), t ∈ (tj , tj+1], j ∈ Nm0 .

Proof. Suppose that x is a solution of (2.15). By Theorem 2.1, there exist constants
cνk ∈ R(ν ∈ Nn1 , k ∈ N0) such that

x(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds

+

j∑
k=0

n∑
ν=1

cνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α),

t ∈ (tj , tj+1], j ∈ Nm0 . (2.9)

Then Theorem 2.2 implies

Iβ0+x(t) =

∫ t

0

(t− s)α+β−1Eα,α+β(λ(t− s)α)h(s)ds

+

j∑
k=0

n∑
ν=1

cνk(t− tk)α+β−νEα,α+β−ν+1(λ(t− tk)α),

t ∈ (tj , tj+1], j ∈ Nm0 (2.10)

In−α0+ x(t) =

i∑
k=0

n∑
ν=1

cνk(t− tk)n−νEα,n−ν+1(λ(t− tk)α)

+

∫ t

0

(t− u)n−1Eα,n(λ(t− u)α)h(u)du,

t ∈ (ti, ti+1], i ∈ Nm0 , (2.11)
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and

Dα−j
0+ x(t) =

i∑
k=0

j∑
ν=1

cνk(t− tk)j−νEα,j−ν+1(λ(t− tk)α)

+ λ

i∑
k=0

n∑
ν=j+1

cνk(t− tk)α+j−νEα,α+j−ν+1(λ(t− tk)α)

+

∫ t

0

(t− u)j−1Eα,j(λ(t− u)α)h(u)du,

t ∈ (ti, ti+1], i ∈ Nm0 , j ∈ Nn−1
1 . (2.12)

By Dα−j
0+ x(0) = bj and (2.12), we get cj0 = bj , j ∈ Nn−1

1 .

By In−α0+ x(0) = bn and (2.11), we get cn0 = bn.

By ∆Dα−j
0+ x(ti) = aji, i ∈ Nm1 , j ∈ Nn−1

1 and (2.12), we get cji = aji for i ∈ Nm1 ,

j ∈ Nn−1
1 .

By ∆In−α0+ x(ti) = ani, i ∈ Nm1 and (2.11), we get cni = ani, i ∈ Nm1 .
Hence

x(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)h(s)ds+

n∑
ν=1

bνt
α−νEα,α−ν+1(λtα)

+

j∑
k=1

n∑
ν=1

aνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α), t ∈ (tj , tj+1], j ∈ Nm0 .

The proof is completed. �
Theorem 2.4. Suppose that

M =:
1

Γ(α− n+ 2)
+

m∑
µ=0

∫ tµ+1

tµ

sα−n+1

Γ(α− n+ 2)
dH(s) 6= 0, h ∈ L1(0, 1], aji, bi ∈ R.

Then x ∈ PCn−α(0, 1] is a solution of

Dα
0+x(t), a.e., t ∈ (ti, ti+1], i ∈ Nm0

∆In−α0+ x(ti), i ∈ Nm1

∆Dα−j
0+ x(ti), i ∈ Nm1 , j ∈ Nn−1

1 ,

In−α0+ x(0)

Dα−j
0+ x(0) = 0, j ∈ Nn−2

1

Dα−n+1
0+ x(1)−

∫ 1

0
x(s)dH(s)


=



h(t), a.e., t ∈ (ti, ti+1], i ∈ Nm0

ani, i ∈ Nm1

aji, i ∈ Nm1 , j ∈ Nn−1
1

0

0, j ∈ Nn−2
1

0
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if and only if

x(t) =

∫ t

0

(t− s)α−1

Γ(α)
h(s)ds+

1

M

[∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)
h(u)du

+

m∑
k=1

n∑
ν=1

aνk

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)]
tα−n+1

Γ(α− n+ 2)

+

j∑
k=1

n∑
ν=1

aνk
(t− tk)α−ν

Γ(α− ν + 1)
, t ∈ (tj , tj+1], j ∈ Nm0 .

Proof. By using Theorem 2.1 (λ = 0), we get the proof similarly to that of Theorem
2.3 and the proof is omitted. �

Define the nonlinear operators T1, T2 on PCn−α(0, 1] by

(T1x)(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)f(s, x(s))ds+

n∑
ν=1

xνt
α−νEα,α−ν+1(λtα)

+

n∑
ν=1

j∑
k=1

(t− tk)α−νEα,α−ν+1(λ(t− tk)α)Iν(tk, x(tk)), t ∈ (tj , tj+1], j ∈ Nm0

and

(T2x)(t) =

∫ t

0

(t− s)α−1

Γ(α)
f(s, x(s))ds

+
1

M

[∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)
f(u, x(u))du

+

n∑
ν=1

m∑
k=1

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)
Iν(tk, x(tk))

]
tα−n+1

Γ(α− n+ 2)

+

n∑
ν=1

j∑
k=1

(t− tk)α−ν

Γ(α− ν + 1)
Iν(tk, x(tk)), t ∈ (tj , tj+1], j ∈ Nm0 .

Theorem 2.5. Both T1 : PCn−α(0, 1] → PCn−α(0, 1] and T2 : PCn−α(0, 1] →
PCn−α(0, 1] are well defined and are completely continuous and x is a solution of
IVP (1.7) if and only if x is a fixed point of T1, x is a solution of BVP(1.8) if and
only if x is a fixed point of T2.
Proof. The proof is standard and is omitted. �

3. Main results

In this section, we establish existence results for IVP (1.6) when α+ β ≥ n.
Theorem 3.1. Suppose α + β = n and there exist constants σ,A,B,Ci ≥ 0 and mea-
surable function φ ∈ L1(0, 1) such that

|f(t, (t− ti)α−nu)− φ(t)| ≤ A|u|σ, t ∈ (ti, ti+1], i ∈ Nm0 , u ∈ R,

|Ij(ti, (ti − ti−1)α−nu)− Ci| ≤ B|u|σ, i ∈ Nm1 , u ∈ R.
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Then IVP (1.7) has at least one solution if σ ∈ [0, 1) or σ = 1 with

Eα,α(|λ|)
α

+m

n∑
ν=1

Eα,α−ν+1(|λ|) < 1

or σ > 1 with[
Eα,α(|λ|)

α +m
n∑
ν=1

Eα,α−ν+1(|λ|)
](

σ
σ−1

)σ
||Φ||σ−1 < 1

σ−1 .

where

Φ(t) =

∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)φ(s)ds+

n∑
ν=1

xνt
α−νEα,α−ν+1(λtα)

+

n∑
ν=1

j∑
k=1

(t− tk)α−νEα,α−ν+1(λ(t− tk)α)Cν , t ∈ (tj , tj+1], j ∈ Nm0 .

Proof. By the definition of Φ, we know Φ ∈ PCn−α(0, 1]. For r > 0, denote

Ωr = {x ∈ PCn−α(0, 1] : ||x− Φ|| ≤ r}.

We will seek r > 0 such that T1Ωr ⊆ Ωr. Then Schauder’s fixed point theorem implies
that T1 has a fixed point in Ωr. Thus IVP (1.7) has a solution by Theorem 2.5.

For x ∈ Ωr, we have ||x|| ≤ r + ||Φ|| and

|f(t, x(t))− φ(t)| = |f(t, (t− ti)α−n(t− ti)n−αx(t))− φ(t)|

≤ A|(t− ti)n−αx(t))|σ ≤ A||x||σ ≤ A[r + ||Φ||]σ, t ∈ (ti, ti+1], i ∈ Nm0 ,

|Ij(ti, x(ti))− Ci| ≤ B||x||σ ≤ B[r + ||Φ||]σ, i ∈ Nm1 .
For t ∈ (tj , tj+1], we have

(t− tj)n−α|(T1x)(t)− Φ(t)|

≤ (t− tj)n−α
∣∣∣∣∫ t

0

(t− s)α−1Eα,α(λ(t− s)α)[f(s, x(s))− φ(s)]ds

+

n∑
ν=1

j∑
k=1

(t− tk)α−νEα,α−ν+1(λ(t− tk)α)|Iν(tk, x(tk))− Ck|

∣∣∣∣∣
≤ (t− tj)n−α

∫ t

0

(t− s)α−1Eα,α(|λ|)[r + ||Φ||]σds+

n∑
ν=1

j∑
k=1

Eα,α−ν+1(|λ|)[r + ||Φ||]σ

≤

[
Eα,α(|λ|)

α
+m

n∑
ν=1

Eα,α−ν+1(|λ|)

]
[r + ||Φ||]σ

Case 1. σ ∈ [0, 1). It is easy to see that there exists r > 0 such that[
Eα,α(|λ|)

α +m
n∑
ν=1

Eα,α−ν+1(|λ|)
]

[r + ||Φ||]σ ≤ r.
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Case 2. σ = 1. It is easy to see that there exists r > 0 such tha[
Eα,α(|λ|)

α
+m

n∑
ν=1

Eα,α−ν+1(|λ|)

]
[r + ||Φ||]σ ≤ r

by

Eα,α(|λ|)
α

+m

n∑
ν=1

Eα,α−ν+1(|λ|) < 1.

Case 3. σ > 1. Choose r = ||Φ||
σ−1 > 0. By[

Eα,α(|λ|)
α +m

n∑
ν=1

Eα,α−ν+1(|λ|)
](

σ
σ−1

)σ
||Φ||σ−1 < 1

σ−1 ,

we know that [
Eα,α(|λ|)

α
+m

n∑
ν=1

Eα,α−ν+1(|λ|)

]
[r + ||Φ||]σ ≤ r.

From above discussion, we know T1Ωr ⊂ Ωr. Then Schauder’s fixed point theorem
implies that T1 has a fixed point in Ωr. Thus IVP (1.7) has a solution by Theorem
2.5. The proof is completed. �
Theorem 3.2. Suppose that there exist non-decreasing functions φf , φI : [0,∞) →
[0,∞) such that

|f(t, (t− ti)α−nu)| ≤ φf (|u|), t ∈ (ti, ti+1], i ∈ Nm0 , u ∈ R,

|Ij(ti, (ti − ti−1)α−nu)| ≤ φi(|u|), i ∈ Nm1 , u ∈ R.
Then VP (1.8) has at least one solution if there exists r > 0 such that[

1

Γ(α+ 1)
+

1

|M |
1

Γ(α− n+ 2)

∣∣∣∣∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)∣∣∣∣]φf (r)

+

[
1

|M |
1

Γ(α− n+ 2)

∣∣∣∣∣
n∑
ν=1

m∑
k=1

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)∣∣∣∣∣
+

n∑
ν=1

m

Γ(α− ν + 1)

]
φI(r) ≤ r.

Proof. For r > 0, denote Ωr = {x ∈ PCn−α(0, 1] : ||x|| ≤ r}. We will seek r > 0 such
that T2Ωr ⊆ Ωr. Then Schauder’s fixed point theorem implies that T2 has a fixed
point in Ωr. Thus VP(1.6)8 has a solution by Theorem 2.5.

For x ∈ Ωr, we have

|f(t, x(t))| = |f(t, (t− ti)α−n(t− ti)n−αx(t))| ≤ φf (|(t− ti)n−αx(t))|)
≤ φf (||x||), t ∈ (ti, ti+1], i ∈ Nm0 ,
|Ij(ti, x(ti))| ≤ φi(||x||), i ∈ Nm1 .

For t ∈ (tj , tj+1], we have

(t− tj)n−α|(T2x)(t)| = (t− tj)n−α
∣∣∣∣∫ t

0

(t− s)α−1

Γ(α)
f(s, x(s))ds
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+
1

M

[∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)
f(u, x(u))du

+

n∑
ν=1

m∑
k=1

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)
Iν(tk, x(tk))

]
tα−n+1

Γ(α− n+ 2)

+

n∑
ν=1

j∑
k=1

(t− tk)α−ν

Γ(α− ν + 1)
Iν(tk, x(tk))

∣∣∣∣∣
≤ (t− tj)n−α

∫ t

0

(t− s)α−1

Γ(α)
φf (||x||)ds

+
1

|M |
1

Γ(α− n+ 2)

∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)
φf (||x||)du

+
1

|M |
1

Γ(α− n+ 2)

n∑
ν=1

m∑
k=1

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)
φI(||x||)

+(t− tj)n−α
n∑
ν=1

j∑
k=1

(t− tk)α−ν

Γ(α− ν + 1)
φI(||x||)

≤ 1

Γ(α+ 1)
φf (||x||)

+
1

|M |
1

Γ(α− n+ 2)

∣∣∣∣∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)∣∣∣∣φf (||x||)

+
1

|M |
1

Γ(α− n+ 2)

∣∣∣∣∣
n∑
ν=1

m∑
k=1

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)∣∣∣∣∣φI(||x||)
+

n∑
ν=1

m

Γ(α− ν + 1)
φI(||x||)

≤
[

1

Γ(α+ 1)
+

1

|M |
1

Γ(α− n+ 2)

∣∣∣∣∫ 1

0

(∫ 1

u

(s− u)α−1

Γ(α)
dH(s)− (1− u)α−1

Γ(α)

)∣∣∣∣]φf (r)

+

[
1

|M |
1

Γ(α− n+ 2)

∣∣∣∣∣
n∑
ν=1

m∑
k=1

(∫ 1

tk

(s− tk)α−ν

Γ(α− ν + 1)
dH(s)− (1− tk)α−ν

Γ(α− ν + 1)

)∣∣∣∣∣
+

n∑
ν=1

m

Γ(α− ν + 1)

]
φI(r).

By the assumption of theorem, we have (t− tj)n−α|(T2x)(t)| ≤ r for all t ∈ (ti, ti+1],
i ∈ Nm0 . Then ||T2x|| ≤ r. Hence T2Ωr ⊂ Ωr. The proof is completed. �
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4. Comments on published paprs

We have the following result:
Theorem 4.1. Consider the homogenous form of BVP(1.7):

Dα
0+x(t)− λx(t) = 0, t ∈ (ti, ti+1], i ∈ Nm0 ,

∆Iβ0+x(ti) =: Iβ0+x(t+i )− Iβ0+x(ti) = 0, i ∈ Nm1 ,

∆Dα−j
0+ x(ti) =: Dα−j

0+ x(t+i )−Dα−j
0+ x(ti) = 0, i ∈ Nm1 , j ∈ Nn−1

1 ,

In−α0+ x(0) = Dα−j
0+ x(0) = 0, j ∈ Nn−1

1 .

(4.1)

Then IVP (4.1) has infinitely many solutions if α+β > n and IVP (4.1) has a unique
solution x(t) = 0 if α+ β = n.
Proof. By Theorem 2.1 and Dα

0+x(t) − λx(t) = 0, t ∈ (ti, ti+1], i ∈ Nm0 , we get that
there exist constants cνk ∈ R such that

x(t) =

i∑
k=0

n∑
ν=1

cνk(t− tk)α−νEα,α−ν+1(λ(t− tk)α), t ∈ (ti, ti+1], i ∈ Nm0 .

By Theorem 2.2, we get

In−α0+ x(t)

i∑
k=0

n∑
ν=1

cνk(t− tk)n−νEα,n−ν+1(λ(t− tk)α), t ∈ (ti, ti+1], i ∈ Nm0 ,

Iβ0+x(t) =

i∑
k=0

n∑
ν=1

cνk(t− tk)α+β−νEα,α+β−ν+1(λ(t− tk)α), t ∈ (ti, ti+1], i ∈ Nm0 ,

Dα−j
0+ x(t) =

i∑
k=0

j∑
ν=1

cνk(t− tk)j−νEα,j−ν+1(λ(t− tk)α)

+λ

i∑
k=0

n∑
ν=j+1

cνk(t−tk)α+j−νEα,α+j−ν+1(λ(t−tk)α), t ∈ (ti, ti+1], i ∈ Nm0 , j ∈ Nn−1
1 .

(i) By In−α0+ x(0) = 0 and the expression of In−α0+ x, we get cn0 = 0.

(ii) By Dα−j
0+ x(0) = 0, j ∈ Nn−1

1 and and the expression of Dα−j
0+ x, we get

cj0 = 0 for all j ∈ Nn−1
1 .

(iii) By ∆Dα−j
0+ x(ti) = 0, i ∈ Nm1 , j ∈ Nn−1

1 and the expression of Dα−j
0+ x, we

get cji = 0 for all i ∈ Nm1 , j ∈ Nn−1
1 .

Then

x(t) =

i∑
k=1

cnk(t− tk)α−nEα,α−n+1(λ(t− tk)α), t ∈ (ti, ti+1], i ∈ Nm0

and

Iβ0+x(t) =

i∑
k=1

cnk(t− tk)α+β−nEα,α+β−n+1(λ(t− tk)α), t ∈ (ti, ti+1], i ∈ Nm0 .
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Case 1. α+ β = n.

By ∆Iβ0+x(ti) =: Iβ0+x(t+i )− Iβ0+x(ti) = 0, i ∈ Nm1 , we get cni = 0 for all i ∈ Nm1 .
It follows that x(t) = 0 is a unique solution.

Case 2. α+ β > n.

By ∆Iβ0+x(ti) =: Iβ0+x(t+i )− Iβ0+x(ti) = 0, i ∈ Nm1 , we get

−
i−1∑
k=1

cnk(ti − tk)α+β−nEα,α+β−n+1(λ(ti − tk)α) = 0, i ∈ Nm1 .

Hence cni = 0 for all i ∈ Nm−1
1 .

Then

x(t) =

 0, t ∈ (ti, ti+1], i ∈ Nm−1
0 ,

cnm(t− tm)α−nEα,α−n+1(λ(t− tm)α), t ∈ (tm, tm+1].
(4.2)

Here cnm ∈ R is a constants. Hence it has infinitely many solutions defined. �
In [8], Kosmatov studied the solvability of IVP (1.1).
Define the operator Tα : PCα(0, ]→ PCα(0, 1] by

(Tαx)(t) =
x0

Γ(α)
tα−1 +

Γ(α− β)

Γ(α)

( ∑
0<tk<t

t1+β−α
k Jk(x(tk))

)
tα−1

+

∫ t

0

(t− s)α−1

Γ(α)
f(s, x(s))ds, t ∈ (0, 1].

Result 4.1. (see page 1296 in [8]). x is a solution of (1.1) if and only if x is a fixed
point of Tα in PCα(0, 1].
Remark 4.1. By Lemma 2.1 (n = 1, λ = 0), x is a solution of Dα

0+x(t) = f(t, x(t)),
t ∈ [0, 1] \ {t1, t2, · · · , tm} if and only if there exist constants ci ∈ R such that

x(t) =

i∑
j=0

cj(t− tj)α−1 +

∫ t

0

(t− s)α−1

Γ(α)
f(s, x(s))ds, t ∈ (ti, ti+1], i ∈ Nm0 .

We can get by direct computation that

Dβ
0+x(t) =

i∑
j=0

Γ(α)

Γ(α− β)
cj(t− tj)α−β−1 +

∫ t

0

(t− s)α−β−1

Γ(α− β)
f(s, x(s))ds,

t ∈ (ti, ti+1], i ∈ Nm0 .
By β ∈ (0, α), we know α − β − 1 < 0. We find that Dβ

0+x(t) is singular at t = ti.
Hence the impulse functions are unsuitable.

From above discussion, we know that Result 4.1 [8] is unsuitable. �
Result 4.2. (Lemma 2.7 in [14]). Suppose that q, α ∈ (0, 1). Then x is a solution of
(1.3) if and only if x is a fixed point of the operator Tq : PCq(0, 1] 7→ PCq(0, 1], where
Tq is defined by

(Tqx)(t) =
Γ(q)tq−1Eq,q(−λ0t

q)

1 + Γ(q)Eq,q(−λ0)
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×

[
m∑
i=1

Ji(x(ti))

Γ(q)tα+q−1
i Eq,q+α(−λ0t

q
i )
−
∫ 1

0

(1− s)q−1Eq,q(−λ0(1− s)q)f(s, x(s))ds

]

−tq−1Eq,q(−λ0t
q)
∑

t≤ti<1

Ji(x(ti))

tα+q−1
i Eq,q+α(−λ0t

q
i )

+

∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds. (4.4)

Remark 4.2. Result 4.2 is incorrect.
Proof. By Lemma 2.1 ((n = 1)), if x is a solution of BVP (4.3), then there exists
constants ci (i ∈ Nm

0 ) such that

x(t) =

j∑
v=0

cv(t− tv)q−1Eq,q(−λ0(t− tv)q)

+

∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds, t ∈ (tj , tj+1], j ∈ Nm
0 . (4.5)

By Definition 2.1, we get for t ∈ (tj , tj+1] that

Iα0+x(t) =

∫ t

0

(t− s)α−1

Γ(α)
x(s)ds =

j−1∑
τ=0

∫ tτ+1

tτ
(t− s)α−1x(s)ds+

∫ t
tj

(t− s)α−1x(s)ds

Γ(α)

=

(
j−1∑
τ=0

∫ tτ+1

tτ

(t− s)α−1

[
τ∑
v=0

cv(s− tv)q−1Eq,q(−λ0(s− tv)q)

+

∫ s

0

(s− u)q−1Eq,q(−λ0(s− u)q)f(u, x(u))du

]
ds

)/
Γ(α)

+

(∫ t

tj

(t− s)α−1

[
j∑

v=0

cv(s− tv)q−1Eq,q(−λ0(s− tv)q)

+

∫ s

0

(s− u)q−1Eq,q(−λ0(s− u)q)f(u, x(u))du

]
ds

)/
Γ(α)

=

j−1∑
τ=0

τ∑
v=0

cv
∫ tτ+1

tτ
(t− s)α−1(s− tv)q−1Eq,q(−λ0(s− tv)q)ds

Γ(α)

change the order of sum and integral

+

(
j∑

v=0

cv

∫ t

tj

(t− s)α−1(s− tv)q−1Eq,q(−λ0(s− tv)q)ds

+

∫ t

0

(t− s)α−1

∫ s

0

(s− u)q−1Eq,q(−λ0(s− u)q)f(u, x(u))duds

)/
Γ(α)

=

j−1∑
v=0

j−1∑
τ=v

cv
∫ tτ+1

tτ
(t− s)α−1(s− tv)q−1Eq,q(−λ0(s− tv)q)ds

Γ(α)
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change the order of sum

+

(
j∑

v=0

cv

∫ t

tj

(t− s)α−1(s− tv)q−1Eq,q(−λ0(s− tv)q)ds

+

∫ t

0

∫ t

u

(t− s)α−1(s− u)q−1Eq,q(−λ0(s− u)q)dsf(u, x(u))du

)/
Γ(α)

change the order of integral

=

(
j∑

v=0

cv

∫ t

tv

(t− s)α−1(s− tv)q−1Eq,q(−λ0(s− tv)q)ds

+

∫ t

0

∫ t

u

(t− s)α−1(s− u)q−1Eq,q(−λ0(s− u)q)dsf(u, x(u))du

)/
Γ(α)

=

(
j∑

v=0

cv

∞∑
χ=0

(−λ0)χ

Γ(χq + q)

∫ t

tv

(t− s)α−1(s− tv)χq+q−1ds

+

∫ t

0

∞∑
χ=0

(−λ0)χ

Γ(χq + q)

∫ t

u

(t− s)α−1(s− u)χq+q−1dsf(u, x(u))du

)/
Γ(α)

by
s− tv
t− tv

= w,
s− u
t− u

= w

=

j∑
v=0

cv
∞∑
χ=0

(−λ0)χ(t−tv)χq+α+q−1

Γ(χq+q)

∫ 1

0
(1− w)α−1wχq+q−1dw

Γ(α)

+

∫ t
0

∞∑
χ=0

(−λ0)χ(t−u)χq+α+q−1

Γ(χq+q)

∫ 1

0
(1− w)α−1wχq+q−1dwf(u, x(u))du

Γ(α)

=

j∑
v=0

cv

∞∑
χ=0

(−λ0)χ(t− tv)χq+α+q−1

Γ(χq + α+ q)

+

∫ t

0

∞∑
χ=0

(−λ0)χ(t− u)χq+α+q−1

Γ(χq + α+ q)
f(u, x(u))du

=

j∑
v=0

cv(t− tv)α+q−1Eq,α+q(−λ0(t− tv)q)

+

∫ t

0

(t− u)α+q−1Eq,α+q(−λ0(t− u)q)f(u, x(u))du.
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It follows that

Iα0+x(t) =

j∑
v=0

cv(t− tv)α+q−1Eq,α+q(−λ0(t− tv)q)

+

∫ t

0

(t− u)α+q−1Eq,α+q(−λ0(t− u)q)f(u, x(u))du,

t ∈ (tj , tj+1], j ∈ Nm
0 . (4.6)

Case 1. α+ q < 1. From Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, · · · ,m, and (14.11),
we get Ji(x(ti)) = ∞(i ∈ Nm

1 ). This is a contradiction. So BVP (4.2) is unsuitable
proposed.

Case 2. α+ q = 1. From Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, · · · ,m, and (14.11),
we get Ji(x(ti)) = ci(i ∈ Nm1 ). From t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0 and (14.10), we
get

c0+

m∑
v=0

cv(1−tv)q−1Eq,q(−λ0(1−tv)q)+
∫ 1

0

(1−s)q−1Eq,q(−λ0(1−s)q)f(s, x(s))ds = 0.

Then

c0 = −

(
m∑
v=1

Jv(x(tv))(1− tv)q−1Eq,q(−λ0(1− tv)q)

+

∫ 1

0

(1− s)q−1Eq,q(−λ0(1− s)q)f(s, x(s))ds

)/
(1 + Eq,q(−λ0)).

Hence x is a solution of BVP (4.2) if and only if

x(t) = −

(
m∑
v=1

Jv(x(tv))(1− tv)q−1Eq,q(−λ0(1− tv)q)

+

∫ 1

0

(1− s)q−1Eq,q(−λ0(1− s)q)f(s, x(s))ds

)/
(1 + Eq,q(−λ0))tq−1Eq,q(−λ0t

q)

+

j∑
v=1

Iv(x(tv))(t− tv)q−1Eq,q(−λ0(t− tv)q)

+

∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds, t ∈ (tj , tj+1], j ∈ Nm
0 .

Case 3. α+ q > 1. From Iα0+x(t+i )− Iα0+(t−i ) = Ji(x(ti)), i = 1, 2, · · · ,m, and (14.11),
we get Ji(x(ti)) = 0(i ∈ Nm1 ). From t1−qx(t)|t=0 + t1−qx(t)|t=1 = 0 and (14.10), we
get similarly as in Case 2 that

c0 =−

m∑
v=1

cv(1−tv)q−1Eq,q(−λ0(1− tv)q)+
∫ 1

0
(1−s)q−1Eq,q(−λ0(1−s)q)f(s, x(s))ds

1 + Eq,q(−λ0)
.
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Hence x is a solution of BVP (4.2) if and only if

x(t)=−

m∑
v=1

cv(1−tv)q−1Eq,q(−λ0(1−tv)q)+
∫ 1

0
(1−s)q−1Eq,q(−λ0(1−s)q)f(s, x(s))ds

1 + Eq,q(−λ0)

×tq−1Eq,q(−λ0t
q) +

j∑
v=1

cv(t− tv)q−1Eq,q(−λ0(t− tv)q)

+

∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds, t ∈ (tj , tj+1], j ∈ Nm
0 .

Then x is a solution of BVP (4.2) if and only if

x(t)=−

m∑
v=1

cv(t−tv)q−1Eq,q(−λ0(1−tv)q)+
∫ 1

0
(1−s)q−1Eq,q(−λ0(1−s)q)f(s, x(s))ds

1 + Eq,q(−λ0)

×tq−1Eq,q(−λ0t
q) +

j∑
v=1

cv(t− tv)q−1Eq,q(−λ0(t− tv)q)

+

∫ t

0

(t− s)q−1Eq,q(−λ0(t− s)q)f(s, x(s))ds, t ∈ (tj , tj+1], j ∈ Nm
0

and Ji(x(ti)) = 0(i ∈ Nm
1 ).

Hence from Case 1-Case 3 Result 4.2 is incorrect. �
In [17], Zhao studied the existence of solutions of BVP(1.7) for the higher-order

nonlinear Riemann-Liouville fractional differential equation with Riemann-Stieltjes
integral boundary value conditions and impulses Lemma 2.4 [17] claimed:
Result 4.3. If H is a function of bounded variation

δ =

∫ 1

0

sα−1dH(s)α− 1

and h ∈ C([0, 1]), then the unique solution of

−Dα
0+x(t) = h(t), t \ {ti}mi=1,

∆x(ti) = Ii(x(ti)), i = 1, 2, · · · ,m,

x(0) = x′(0) = · · · = x(n−2)0 = 0, x′(1) =

∫ 1

0

x(s)dH(s),

is

x(t) =

∫ 1

0

G(t, s)h(s)ds+ tα−1
∑

t≤tk<1

t1−αk Ik(x(tk)), t ∈ [0, 1], (4.7)

where G(t, s) = G1(t, s) +G2(t, s) and

G1(t, s) =


tα−1(1−s)α−2−(t−s)α−1

Γ(α) , 0 ≤ s ≤ t ≤ 1,

tα−1(1−s)α−2

Γ(α) , 0 ≤ t ≤ s ≤ 1,
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G2(t, s) =
tα−1

α− 1− δ

∫ 1

0

G1(τ, s)dH(τ).

Remark 4.3. Result 4.3 is wrong.
In fact, we re-write (4.7) by

x(t) = −
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds+Mkt

α−1, t ∈ (tk−1, tk], k ∈ Nm+1
1 ,

where

Mk =

m∑
j=k

t1−αj Ij(x(tj) +

∫ 1

0

(1− s)α−2

Γ(α)
h(s)ds

+
1

α− 1− δ

∫ 1

0

∫ 1

0

G1(τ, s)dH(τ)h(s)ds.

One finds from Definition 2.2 for t ∈ (ti, ti+1] that

Dα
0+x(t) =

[∫ t
0
(t− s)n−α−1x(s)ds

](n)

Γ(n− α)

=

[
i−1∑
µ=0

∫ tµ+1

tµ
(t− s)n−α−1x(s)ds+

∫ t
ti

(t− s)n−α−1x(s)ds

](n)

Γ(n− α)

=

[
i−1∑
µ=0

∫ tµ+1

tµ
(t− s)n−α−1

(
−
∫ s

0
(s−u)α−1

Γ(α) h(u)du+Mµ+1s
α−1

)
ds

](n)

Γ(n− α)

+

[∫ t
ti

(t− s)n−α−1
(
−
∫ s

0
(s−u)α−1

Γ(α) h(u)du+Mi+1s
α−1

)
ds
](n)

Γ(n− α)

=

[
i−1∑
µ=0

Mµ+1

∫ tµ+1

tµ
(t− s)n−α−1sα−1ds

](n)

Γ(n− α)
+

[
Mi+1

∫ t
ti

(t− s)n−α−1sα−1ds
](n)

Γ(n− α)

+

[
−
∫ t

0
(t− s)n−α−1

∫ s
0

(s−u)α−1

Γ(α) h(u)duds
](n)

Γ(n− α)

=

[
i−1∑
µ=0

Mµ+1

∫ tµ+1

tµ
(t− s)n−α−1sα−1ds

](n)

Γ(n− α)
+

[
Mi+1

∫ t
ti

(t− s)n−α−1sα−1ds
](n)

Γ(n− α)

+

[
−
∫ t

0

∫ t
u
(t− s)n−α−1 (s−u)α−1

Γ(α) dsh(u)du
](n)

Γ(n− α)
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=

[
i−1∑
µ=0

Mµ+1t
n−1

∫ tµ+1
t

tµ
t

(1− w)n−α−1wα−1dw

](n)

Γ(n− α)

+

[
Mi+1

∫ 1
ti
t

(1− w)n−α−1wα−1dw
](n)

Γ(n− α)

+

[
−
∫ t

0
(t− u)n−1

∫ 1

0
(1− w)n−α−1wα−1

Γ(α) dwh(u)du
](n)

Γ(n− α)

= −h(t) +

[
i−1∑
µ=0

Mµ+1t
n−1

∫ tµ+1
t

tµ
t

(1− w)n−α−1wα−1dw

](n)

Γ(n− α)

+

[
Mi+1

∫ 1
ti
t

(1− w)n−α−1wα−1dw
](n)

Γ(n− α)
.

It is easy to see that Dα
0+x(t) 6= −h(t) on (t1, t2]. In fact, we find that Dα

0+x(t) 6= −h(t)
on (t1, t2] if and only if M1 = M2. �
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