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Fixed point theorems for a system of operator
equations with applications

Cristina Urs

Abstract. The purpose of this paper is to present some existence and uniqueness
theorems for a general system of operator equations. The abstract result gener-
alizes some existence results obtained in [V. Berinde, Generalized coupled fixed
point theorems for mixed monotone mappings in partially ordered metric spaces,
Nonlinear Anal. 74 (2011) 7347-7355] for the case of coupled fixed point problem.
We also provide an application to a system of integro-differential equations.
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1. Introduction

The classical Banach contraction principle is remarkable in its simplicity and it
is perhaps the most widely applied fixed point theorem in all analysis. This is because
the contractive condition on the operator is easy to test and it requires only the
structure of a complete metric space for its setting (see S. Banach [1]). This principle
is also a very useful tool in nonlinear analysis with many applications to operatorial
equations, fractal theory, optimization theory and other topics. Several authors have
been dedicated to the improvement and generalization of this principle (see [3], [6],
[4], [5], etc.)

The purpose of this paper is to present some existence and uniqueness results
which will extend and generalize some theorems obtained by V. Berinde in [2] for the
case of coupled fixed point problems. We also provide an application to an integral
equation system. For related results see also [7].

This work was possible due to the financial support of the Sectorial Operational Program for Human
Resources Development 2007 — 2013, co-financed by the European Social Fund, under the project
number POSDRU/159/1.5/S/132400 with the title ,,Young successful researchers- professional de-

velopment in a international and interdisciplinary enviroment”.
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2. Main results

The first result is an existence and uniqueness result which generalizes Theorem
3 presented by V. Berinde in [2].

Theorem 2.1. Let X be a nonempty set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let T, To : X x X — X be two operators for
which there exists a constant k € [0,1) such that

d(Ty(z, y), Ty (u, v) + d(To(z,y), To(u, v)) < k(d(z, u) + d(y, v)),

for all (z,y), (u,v) € X x X.
Then we have the following conclusions:
(i) there exists a unique element (x*,y*) € X x X such that

{ T* = T1($*7y*)

y* =Ta(z",y")

(ii) the sequence (T7'(x,y), Ta'(z,y))nen converges to (x*,y*) as n — oo

I (z,y) o =TTl y), Ta(z,y))

T (ey) =T (Ti(x,y), Ta(x,y))
for all n € N.
(iii) we have the following estimation

kn
1-k
mn * k™
d(T5' (z0,90),y") < . kd(yo,Tz(JSmyo))

(iv) let Fy, Fy: X x X — X be two operators such that, there exist €1,ey > 0 with
d(Tl(xvy)aFl(xvy)) <
d(TQ(xvy)aFQ(xvy)) < €

for all (z,y) € X x X. If (a*,b*) € X x X is such that

a* = Fy(a*,b")
b* = Fy(a*,b*)

d(Ty" (x0,y0),2") <

d(zo, T1 (0, yo))

€1

then
€1 + €2

* * * *<
e a) +d(y,b7) <

Proof. (i)- (ii)
We define T: X x X — X x X by

T(x,y) = (T](l',y),Tg(.’E,y))
Lets denote Z := X x X and d*: Z x Z = R,
" 1
d*((z,y), (w,v)) == §(d($, u) +d(y,v))
for all (z,y), (u,v) € X x X.
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Then we have
d(Th(2,y), Ta(u,v)) + d(T2 (2, y), Ta(u, v))

4" (T(2,9), T(u,v) :

)
Then we denote (z,y) := z, (u,v) := w we get that
d*(T(z), T(w)) < k-d*(z,w)

for every z,w € X x X.

Hence we obtained Banach’s contraction condition. Applying Banach’s contraction
fixed point theorem we get that there exists a unique element (z*,y*) := 2z* € X x X
such that

and it is equivalent with
{ ¥ = Tl(x*,y*)
y*="Ta(z",y)
For each z € X x X, we have that T"(z) — z* as n — oo where
() =2T(2) =T(x,y) = (Ta(z,y), Ta(z,y))
TQ(Z) = T(Ti(z,y), Ta(z,y)) = (T12(xv Y) T22(x7 Y))
and in generally
i (ay) + =T(Ti(,y), Tz, y))
T2n+1($?y) : :T27L<T1<.’L‘7y),T2($,y))
We get that T"(z) = (17(2), T3 (2))
X xX.
So for all (z,y) € X x X we have that

d

z* = (z*,y*) as n— oo, for all z = (z,y) €

T (xz,y) — x"asn— oo
T3 (x,y) — y* asn— oco.
(iii) We apply Banach’s contraction principle and we have successively

kn
md(xoaﬂ(iﬂo,yo))
k’ﬂ
d(T5' (z0,%0),y") < md(xo,ﬂ(ﬂ?o,yo))

(iv) Let us consider F': X x X — X x X given by F(z,y) = (Fi(x,y), Fa(z,y)) and

d*(T(x,y),F(x,y)) = d*((Tl(x,y),Tg(x,y)),(Fl(a:,y),Fz(x,y)))

_ d(Tl(x,y)7F1(m,y))—|—d(T2(gc,y)7F2(:c,y)) <e

2 )

d(Tln(iro, y0)7 x*)

IA

where € := atez

Then, by the data dependence theorem related to Banachs contraction principle we
get that
€1 + €2

* * * 7k < )
e, a) +d(y",b7) <
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Hence we get that
O

€
d* * * * b* < )

("9 (0, 0) <
An existence and uniqueness result, similar to Theorem 2.1, is the following theorem.
Theorem 2.2. Let X be a nonempty set and suppose there is a metric d on X such
that (X, d) is a complete metric space. Let Ty, Ty : X x X — X be two operators for
which there exists a constant k € [0,1) such that, for each (z,y), (u,v) € X x X, we
have

max{d(T1(z,y), T>(u,v)), d(T2(z,y), T2 (u,v)) } < k- max{d(z,u),d(y,v)}.

Then we have the following conclusions:
(i) there exists a unique element (z*,y*) € X x X such that

{ " =Ti(z",y")
y* =Ta(z",y")
(i) the sequence (T7'(x,y), Ta'(x,y))nen converges to (x*,y*) as n — oo
Tln+1(xay> : :T{L(Tl(w7y)aT2(xay))
T2n+1(xay) : :T;(Tl(xvy%TZ(xay))
for all n € N.
(#ii) we have the following estimation
L
1—-k
k/,TL
d(Tgl(xO?yO)ay*) S md(yOaTQ(w(hyO))
(iv) let F1,Fy: X x X — X be two operators such that, there exist €1,€2 > 0 with
d(Tl(l'vy)aFl(xvy)) <
d(Ty(z,y), Fo(z,y)) < e
for all (z,y) € X x X. If (a*,b*) € X x X is such that
a* = Fy(a*,b*)
b* = Fy(a*, b*)

d(T7' (0, yo), =")

IN

d(o, T1 (70, y0))

€1

then

maX{d(x*v CL*), d(y*’ b*)} S %

Proof. (i)- (ii)
We define T: X x X - X x X by

T(x,y) = (Tl(xvy)aT2('/an))
Lets denote Z := X x X and d, : Z x Z = R,
1
d((z,9), (u,v)) = 3 max{d(z,u),d(y,v)}
for all (z,y), (u,v) € X x X.
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Then we have
di(T'(2,y), T(u,v)) = %maX{d(Tl(x,y)7T1(u,v)),d(Tz(x,y)7Tz(w,y),Tz(u7v))}
If we denote (z,y) := 2, (u,v) = w we get that
di(T(2), T(w)) < k- max{d(z,u),d(y,v)} = k- d.(z,w)

for every z,w € X x X.

Hence we obtained Banach’s type contraction condition. By Banach’s contraction
fixed point theorem we get that there exists a unique element (z*,y*) := 2z* € X x X
such that

and it is equivalent with

y*=To(z",y)
For each z € X x X, we have that T"(z) — z* as n — oo where

{ r* = Tl(l'*,y*)

() = =2T(2) =T(z,y) = (Ti(z,y), Ta(.y))
T2(Z) = T(Tl(xay)vTQ(xay)) = (Tf(l‘,y),Tg(JE,y))
and in generally
T1n+1(x’y) L= T{Z(Tl(way)aTQ(x7y))
T2”+1(17,y) = Tg(Tl(xvy)vTQ(z7y))'

We get that T"(z) = (T7'(2), T3 (2)) — 2* = (z*,y*) as n— oo, for all z = (x,y) €
X x X.
So, for all (z,y) € X x X we have that
T (x,y) — a2 asn— oo
T3 (z,y) — y" asn— oo.
(iii) We apply Banach’s contraction principle and we have successively
k/,n
1-k

kn
d(T3 <
( 2(x07y0)ay ) = 11—k

(iv) Let us consider F': X x X — X x X given by
F({E,y) = (F1(1'7y),F2(£L',y))

d(Tln(x(% y0)7 SL'*)

IN

d(wo, T1 (%0, y0))

d(xo, Ta(70, yo0))

and
Ch(T(l}y),F(;C,y)) = d*((Tl(gc,y)7T2(x,y)),(Fl(x,y)7F2(3c,y)))
= S max{d(Ti(z,9), Fi(70), d(Ts(x,9), Fal, )} < e

where ¢ ;= maxfeiea}
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Then, applying the abstract data dependence theorem related to Banachs contraction

principle we get that
mac{d(e" a*). d(y* b)) < PO 2d

We obtain that .

d* *a - ’ *ab* S . O
("), (0, 07) < =
3. An application
In this section, we will consider the following problem:
b
z(t) = | K(s,t,x(s),y(s))ds
(1) = [ K(s.1,2(),1(5)) o)

y"(t) = f(s,2(s),y(s)), y(a) =0y(b) =0
This problem is equivalent to

b
a(t) = [ K(s,t,2(s),y(s))ds

a

b
y(t) = = [ G(t,5)f(s,2(5), y(s))ds,

where G : [a,b] X [a,b] — R is given by

(s—a)(b—t) . <
G(t,s) == b—a o 851
’ (tma)bzs) if 5 > ¢

Assumption (*) Suppose that K : [a,b]> x R? — R and f : [a,b]?> x R? — R are
continuous functions and satisfy the following Lipschitz conditions
|K(t,s,u1,v1) — K(t,s,u,v2)] < «lug —ug|+ Blvr — va
|f(s,ur,v1) = f(s,u2,v2)] < v|un —ual + 6 vy — vgf,
for every t, s € [a,b] and uy, vy, u2,v2 € R, where o, 8,7, > 0 such that

max {(a(b —a) +w@), (ﬂ(b _a)+o8 _8“)2) } <1

Let X = (Cla,b],||) be the Banach space of continuous functions endowed
with the norm

x|l . := max |x(t)|.
Il = mas |o(2)

We define the following operators
T17T2 X x X — X7 (zvy) — Tl(xay) and (xay) — TQ(Iay)a

where
b

T (2 y)(t) = / K (s,t,2(5),y(s))ds

a
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b
— / G(t,s)f(s,2(s),y(s))ds.

An existence and uniqueness result for the system (3.1) is the following theorem.

Theorem 3.1. Consider the problem (3.1) with K, f : [a,b]?> x R? — R and suppose
that Assumption (*) is satisfied. Then there exists a unique solution (x*,y*) of the
problem (3.1).

Proof. We verify that 77 and T» satisfy the hypotheses of Theorem 2.1. Indeed, for
every t € [a, b], we have

b

b
(T3 (2, )(8) — T (u, ) (8)] = /K(s,t,x(s),y(s))ds—/K(s,t,u(s),v(s))ds

a

/|K syt x(s),y(s)) — K(s,t,u(s),v(s))|ds

b
Sa/mwwwm»@+5/w@wwwﬂw

<allz—ullg (b—a)+ By —vle(b—a)

Taking the m[mg] in the above relation we get that
t€la,

1T (2, y) = Ta(u,0)llo < alb—a) |z —ullg + B —a) ly = vl
On the other hand, for every t € [a,b], we have
b

|To(x,y)(t) — To(u,v) /G (t,9)f(s,2(s),y(s))ds + [ G(t,s)f(s,u(s),v(s))ds

a

g/ G(t,5) |f(5,u(s), v(s)) — F(5,2(s), y(s))| ds

a

b b
SV/G(t, s) [u(s) —w(8)|d8+5/G(t,8) lv(s) —y(s)| ds

b

b
Sﬂwfwc/Gm$®+5MfMM/G@ﬂﬁ-

Taking the max in the above relation we obtain

t€la,b]
(b—a)®
8

1Ta(2,y) = To(u, v)o <7 lu =2l +6 lv =yl

(b—a)
8
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Hence we get that
1T (2, y) — Ta(w, )l + T2, y) — To(u,v)ll o

(b—a)
8

(b—a)?

<la(b—a)+~y iz —ullg +[8(b—a) +6

8
(b—;)%(mb_a)ﬂg(b;“))}(|m—u||c+||y—v||c)'

Since the hypothesis of Theorem 2.1 is satisfied we get that the problem (3.1) has a
unique solution on I. O

1y — U||c

< max{(a(b—a) +
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