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Abstract. Barnsley introduced in [1] the notion of fractal interpolation function
(FIF). He said that a fractal function is a (FIF) if it possess some interpolation
properties. It has the advantage that it can be also combined with the classical
methods or real data interpolation. Hutchinson and Riischendorf [7] gave the
stochastic version of fractal interpolation function. In order to obtain fractal
interpolation functions with more flexibility, Wang and Yu [9] used instead of a
constant scaling parameter a variable vertical scaling factor. Also the notion of
fractal interpolation can be generalized to the graph-directed case introduced by
Deniz and Ozdemir in [5]. In this paper we study the case of a stochastic fractal
interpolation function with graph-directed fractal function.
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1. Introduction

In the construction of a fractal interpolation function Barnsley used the theory
of iterated function system [1], [3],[2]. For this we will consider two separable metric
spaces (X, dx) and (Y,dy) and a given collection of N bijections L; : X — X; such
that

UNL X, =X and int(X;)Nint(X;) =0, for i#j.
For g, : X; = Y, i€ {1,2,..N}, define U;g; : X =Y by
(Uigi) () = gj(z) for =z e X;.

Assume that mappings F; : X x Y — Y, Fi(x,) € Lip<'(Y), x € X are given,
i € {1,2,..N}, where Lip<!(Y) is the set of all Lipschitz functions with Lipschitz
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constant less that 1.
Let F = {Fy, Fa,..., Fn}, then {X,F} is a so-called Iterated Function System (IFS).
Denote «; = LipF;.
For f: X — Y, define the operator F : Lo(X,Y) — Y by
Ff=UF(L7' foL ).

Then f is a selfsimilar fractal function if Ff = f.
Let T := {(z0,y0), ..., (xn,yn) € (X x Y)} be the set of interpolation points.
A fractal function f has the interpolation properties with respect to I' if

f(z;)=vy; forall j=0,1,...,N.
Denote

C*(X,)Y)={feCX,)Y)| f(z;)=y;, je{l,2,..,N}}

Theorem 1.1 (Barnsley, [2]). Let T’ be a set of interpolation points and let {X,F} be
the IFS. Suppose

Fi(wo,90) = yi-1, Fi(zn,yn) = yi
foralli e {1,2,....,N} and ao := maxa; < 1. Then there exists a selfsimilar fractal
function f* € C*(X,Y) such that Ff* = f*.

In order to obtain more various (FIF) in many papers the classical interpolation
methods are combined with these fractal interpolation functions, [4],[8].

2. Stochastic fractal interpolation function

Let (Q, K, P) be a probability space and T' := {(x;,y;),4 = 0,1,..., N} be a set
of interpolation points in X x Y.
Let L; : X — X be contractiv Lipschitz maps such that L;(xg) = z;—1 and
Li—l(IN) =T; for all 7 € {1, ) N}
The IFS {X,F} is defined by F; : X x Y — Y such that F;(x,-) € Lip<*(Y) for
all x € X and
Fi(zo,y0) = yi—1 with probability 1 (a.s.)
and
Fi(zn,yn) =vy; with probability 1 (a.s.)
for alli € {1,..., N}.
Fi(‘ra y) = oy + QZ(‘T)77’ = 17 27 ) Na
where «; are random variables defined on (2 satisfying
llailloo = sup{|as(w)] :w e Q} <1, i=1,2,...,N.
The random function F is defined up to probability distribution by
Ff = uzFZ(L;17 f(t) © L;1)7

where F, f( .., f™) are independent and f*) 4 f,fori=1,2,....N.
We say f is a random fractal function, if

Fflrf,



Graph-directed random fractal interpolation function 249

and it has the interpolation properties with respect to I' if f(x;) = y; a. s. for all
i€{0,1,..,N}.
We will consider

Co(X)Y):={f:Ox X =Y, f continuous a.s.}
and
CHX,)Y):={g € Co(X,Y)|g(x;) = y; a.s., i € {1,...,N}}.
Lo :={9: Q2 x X — Ylesssupesssupdy (¢*(z),a) < oo}

for some a € X.
For f,g € Lo, we define

A (f,9) == esssupdos (£, 9%),

where

d(f,9) = esssupdy (f(z), g(x)).
Theorem 2.1. Let I be a set of interpolation points in X x Y and let {X,F} be the
IFS defined above. If A\ := esssup, max; o’ < 1 and

esssupmax dy (F;(a, f(a)),a) < oo (2.1)
for some a € X, then there exists f* € C5(X,Y) such that Ff* = f*. Moreover, f*
18 unique up to probability distribution.
Example 2.2. X =[0,1, Y =R, N > 0.

I':= {(.’t“yz) S [0, 1} X R|0 =rp<r<..<ry= ].}
L;: X — X;, Ll(l‘) =a;x+d;, a;,d; ER, i€ {1,2,...,N}.
F,: XxY =Y, i={1,2,.,N},
Fi(z,y) == aiy + qi(x), ¢i(w) = ;v + ey,
o; is a random variable, A := esssup,, max; a; < 1.
We can compute a;, ¢;, d;, e; by the conditions L;(xo) = 2;-1, Li(zn) =;
Fi(zo,90) = ¥i-1, Fi(zn,yn) =yi a.s.

for alli e {1,..., N}.
Wi: X xY = X xY Wiz,y) = (Li(z), Fy(z,y)), i € {1,2,, .., N}.
Using W := (W1, ..., Wy), IFS {X, W}

W, : X xY > LxY, Wx,y) = (Li(z),Fi(z,y)) i=1,,...N,
for any Ko C X x U
K,=WK,_ =UN W¥K,_ 1 = W (K,).
Then
esssupdy (W™ (Ky), graphf*) — 1

as n — 0o, dg denotes the Hausdorff distance.
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FIGURE 1. Fractal interpolation function with variable parameter,
{(0,0.2),(0.2,0.7),(0.3,0.1),(0.5,0.3),(0.7,0.5),(0.8,0.2),(1,0.5) }

3. Graph directed fractal interpolation function

Let G = (V, E) be a graph, V is the set of vertices and F is the set of edges.

For o, € V, let E%P be the set of edges from a to 3, and K*# is the number

of elements of E*A. Also let {X® | a € V'} be a set of complete metric spaces and

gi)?ﬂ : XP — XP are contraction mappings, for i = 1,2,..., K®*. Then from [6] it

follows that there exists a unique family of nonempty compact sets A* C X such

that A” = Ugey UE_, 677 (AP). Then {X*, 7’} is a graph-directed iterated function
system. Let

P = {(zg,yg),(x’f,yf),...,(xﬁ’vp,y%p)} (31)

be the data sets in R?, where N, > 2, for all p = 1,2, ...,n. These data points satisfy

the following condition in order that the maps from the iterated function system to

be contractions:
i !

Ty —Xi
— < 1, 3.2

a:jf\,p —ab (3.2)
forallp#£1, p,il=1,2,...,n, i=1,2,...,N;. In [5] we can find the proof regarding
the existence of a graph-directed fractal function:

Theorem 3.1. If we condsider the data set TP in R? for p =1,2,...,n satisfying (3.2),
then there exists a graph-directed iterated function system, with attractors A,, p =
1,2,...,n, such that A, is the graph of a function which interpolates the data set I'P
for each p.

In the case n = 2 the construction of these iterated function systems can be
done using the method given in [5].

4. Graph directed random fractal interpolation function

Let (2, K, P) be a probability space and {X“ | « € V'} a set of complete separable
metric spaces and @?B : Q@ x XP — X° are random variables. Then there exists
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A® C Q x X“ defined up to probability distribution by
A% £ Ugey UL, 077(47).

The system {Q x X<, Q)?ﬁ } is the graph directed random iterated function system
and A“ is the attractor of the system.

Theorem 4.1. Let I'? = {(z8,v}), (z],y}), ..., (IZZDVP, Yi)} be the data sets in R? which
satisfies (3.2), then there exists a graph directed random iterated function system with
attractor A% such that A% is the graph of a random function which interpolates I'™
for each «.

Proof. We will construct a graph directed random iterated function system for which
Theorem 2 holds. Let n = 2 and

It = {(x(l)’y(%)a Xy (x}\/’yjl\/)}a

r?= {(!Eg, yg), eey (ﬁw»y%w)}a
where N, M > 2. Suppose

1_ 1 2 _ .2
T; — & (E — T
ol -1
———F < land - <1
riy — o TN — T

Vi=1,.,N, j=1,.. M.
Let G = (V,E) such that V = {1,2} and K + K'2 = N, K?! + K?2 = M and
% OxR2 SR i=1,.., K a,8€{1,2}

aff
a; 0 €T eaﬁ
= <cgﬂ d$ﬂ> y i

Suppose
' (zgyp) = (wi_1,yi1) as.
o} (wyyn) = (@i y) fori=1,2,... K"
;2,1 (23y5) = (z}_1, 1) as.
12 (@3y3) = (zly}) fori=K"M+1,..,N
O (zhys) = (21,97 ) as.
P2 (zhyk) = (22,y?) fori=1,2,..., K*
D72 renn (25Y5) = (71,97 1) as.
D22 o (23,y%) = (2?,y?) for i = K21, .., M.
Vi=1,.. K"
From these conditions we have the following equations:
2l = allz) + el
yl | = cllxé dityt 4+ fit
i = allzl + en

yzl — C mN dllyN +f11
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Vi=KY+1,. N

51511_1 = 12Kufo + 6 K11
yil_l = ClEKuxO + d-EKuyg + fingu
xll: 12K11mM+6 g1
yzl = C%EKuxM + diEK11y%4 + fl-l,an
Vi=1,.., K2
x?_l = azlx(l) + 621
91'2_1 — C21$(1) d21 f21
2= aPlzl + e
P= iyl 4
Vie K2 41, M
vi = 0P pnag+ ey
yi2_1 = CZEKzle + d-EKzlyO + fingm
5512: 22K21xM+6 ~ K21
y? = 22 e 3+ d22 oyt + PP e

where qu is a random variable.

In this way we obtain a”, ¢®? e f&F o, p e {1,2}, i=1,...

1.1
11 _ Ti—Ti_1
a;" = PO ——
N~ To
1.1 11
11 . ZNTi—1—To®i
ei = oL oL
N~ Zo
1.1 1 1
11 _ Yi ~Yi—1 dll YN—Yo
G = L —xl i ozl —xf
TN ~—Tg TN ~%o
1,1 1
f‘ll _ xNyi—l_xOyi dll fL’Nyo ToyN
i TN T Ty —Tg
1.1
a12 Ti—Tia
i T x2 —x
M~ %o
1 2
el2 TymTi1—ToTs
i = 2
g T —To
1
012_ y yl_ deyM yo
L4 = > 5
v T3 -5 @3~
2
12 _ mMyi—l_m(in dewMUO 10UM
;= 2 2
% T —Tg o3~
2 2
a2l = Ti—Tia
i = PO S
N~ o
12 1,2
21 . INTioaTTo%i
62- == L o1
N~ To
2 2 1 1
11 _ Yi " Yi—1 _d21 Yn—"Yo
G = xl —xl i ozl —xf
N~ %o N~ %o
1.2 1.2 10111
f21 _ TNYi-1—ToYi d21 ITNYo—ZoYN
i = o —— i poS ——
N~ %o N~ %o

Ko
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2 2
22 . Ty T
a
P P J——)
M~ %o
2 2 2 2
22 . TmPio17To%i
€~ = z2 —x2
M~ %o
2 2 2 2
22 Yi—Y;i—1 d22 Ynvm —Yo
(S 22 2 W 2.2
M~ To M~ To
2 2 22 2 2 2.2
f12 _ TmYi—1— %Y d22 T Yo —ToYm
i P J——) i 22 22
M~ %o M~ %o

Suppose esssupmaxd?ﬁ <1, forall o, € {1,2} and i =1,..., K*5.
w 2

Then CIJ?’B is a contraction and {Q x R?, <I>f’8 } is a graph directed random iterated
function system. We will prove that this graph directed random iterated function
system satisfies the theorem.

Let

CY ={f | f:Qx [z, zy] = R, f(x5) =y, [“(zy) = yn, cont. a.s.}
Cs ={g|g:wx[z5,23] = R,g“(3) =43, 9" (x3) = yar. cont. as.}

For fi, fa € CY¥ we define
dio(f1, f2) = esssup doo (f7', f3)
where
doo (f1, J2) = max{|fi’ () — f5 ()], @ € [wg, zy]}-

CY,d") and (CY,d}) are complete metric spaces, hence C¥ x C¥ is also a complete
1 w 2 w 1 2
metric space with

CHIT (@) + i fw, I (@) + f1) if @ € [z;_y, 2],
Fwonz) = i=1,.., K
7 B CiIEKUI;l(x) +d}EKllg(w7Ifl(x)> + fiIEKll) if v e [le—lwrzlL
i=KY4+1,.., N,
CRI T )+ d2 f(w, T, (y) + ) if y € [a3_, 23],
Gwny) = j=1,.., K%
’ CJZEKminl(y)+d?2,K2lg(w7Jj71(y))+fj23K21) ify€ [m?j—l’lg]’

j=K> +1,..., M,
where
(x) = alz+elt, fori=1,.., K"
I : 22,22, — [z}, x}], Li(2) al? pur+er? g, fori=K"' 41, N
(x) = az+e, fori=1,.., K%
(z)

22 22 - 21
= ;" g+ €;” o, fori=K +1,,M

I : [:L‘(l),.%‘}v] - [miflaxiL I;

Ji + [wg, wN] = lei g, 2], i

Jio+ (g, 2] = oy 2], Ji(e

We have
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One can show that f and g are continuous functions a.s.. We have to show that T is
a contraction.

oo (f15 f2) = esssup max{|fi(w, ) = fa(w, z)[}

max ]{Ifl(ww)—J”z(ww)l}:z max_ {|d;*|| fi(w, I ()~

z€ [z, x! i=1,..., K11

- fg(w,lfl(l‘)ﬂ , L € [leflvx%]}} S esssup{d}l,i = 1) "'aKll} . dOO(f17f2)

— 12 —1/\y_
ze[mfPK?fml ]{|f1(w,x) = fo(w, @)[} = i:Kerfi(,...,N {‘dz;Kll”Ql(waIi (2))

M
— gg(w,lfl(x))| ,x € [xllfl,mll]}} < esssup{dlm,i =1, ...,Klz} “doo(f1, f2)

d5 (f1, f2) < max{esssup{d}? i=1,.., K%} esssup{d}',i=1,..,K"}}-

max{d5, (f1, f2),d5, (91, 92)}

similarly

d* (g1,92) < max{esssup{d?',i=1,...,K*'} esssup{d??i=1,.., K*}}.

max{dZ, (f1, f2),d% (91, 92)}.

So
AT(f1.01), T(f2.92)) = max{di (fi,f2),d%(G1,52)} <
< remax{di(f1.f2),d5 (91, 92)}
where
r = max{ess sup{d?,i=1,..,K*'} esssup{d?? i=1,.., K*},

esssup{d®,i =1,..., K%} esssup{d}' i =1, ...,Kll}} <1

Using Banach fixed point theorem, T" has a unique fixed point (fo, go):

T(fo,90) = (fo,90)-
Let F and G be the graph of fy and go:

folw,allz+el')y = clao+dl fo(w,z) + fHfori=1,.., K"
folw,ai?y+e;?) = Py+digo(w,y) + f? fori=1,. K",
which imply:
Kll K12
F=Je'(rulJ o6
i=1 i=1
similarly
K21 K22

G=J e ul (@),

i=1
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According to the uniqueness of the solution, the graph of fy and gy are the attractor
of the fractal interpolation function. O

In the last few years the method of fractal interpolation was widely used in signal
processing, computer geometry, image compression and of course in approximation
theory. The stochastic type fractal interpolation method and the graph-directed ran-
dom fractal interpolation function present more flexibility and therefore it can be
applied much better in the case of real data interpolation.
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