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Abstract. In this paper we give estimates for the rates of convergence for the
iterates of some positive linear operators which preserve only the constants. We
obtain sharp inequalities when we use both continuous functions and differen-
tiable functions. We present some optimal results for the Cesaro, Stancu and
Schurer operators.
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1. Introduction

Starting with the articles [9] and [8] of R.P. Kelisky, T.J. Rivlin and respectively
S. Karlin, Z. Ziegler, the iterates of the positive linear operators were intensively
studied.

The convergence of the sequence of the iterates of some positive linear operators
which preserve only the constants was proved in [3], [14], [7], [13], [15], [4], [5], [6], [2].

On the other hand, estimations of the rates of convergence for the iterates of
some positive operators preserving the constants were given in [10] using moduli of
smoothness. In [1] the authors got sharp inequalities for the iterates of the Bernstein
operators. In [12] the author obtained an estimate of the convergence rate for the
iterations of linear and positive operators that reproduce linear functions in the case
of differentiable functions.

In this note we obtain inequalities for the rates of convergence of the iterates of
some positive linear operators L : C|a,b] — C|[a, b] which preserve only the constants
and have the interpolation point z = a or z = b. In Section 2 we get these estimations
both for continuous functions (using moduli of smoothness and divided difference) and
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for differentiable functions. The inequalities (2.1), (2.5), (2.6), (2.8), (2.9) and (2.12)
are sharp in sense that we get equality if we take f = e;. In Section 3 we determine
the best constants in some inequalities involving the iterates of Cesaro, Stancu and
Schurer operators.

Throughout the paper we use the following notations and definitions:

e the the monomial functions: e; : [a,b] — R, e;(z) = 2%, i =0,1,...;

e the first and and the second moduli of smootness of the functiom f € Cla, b]:

wi(f,0) =sup{f(zx+h)— f(z):z,z+h € [a,b], 0 <h<d},
and respectively
w2(f,6) = sup {f(z +h) = 2 (@) + f—h) : 20 £ h € [a,b], 0<h <5},

where § > 0,
e the divided difference of the function f € Cla, b] on the distinct points 21, x5 €
[a, b]:

f(x2) —f(xl)_

[$1,$2§f] =
To — I

2. Main results

Theorem 2.1. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
only the constants and has interpolation point x = a. If

L*ei(z) > a, = € (a,b],
then we have, for every f € Cla,b] and = € [a,b],

47 (@) - fla)| < g

Ak (@)wr (f; Ak(2)) + 3wa (f, (), (2.1)

where

() = %\/(b —a)(LFey(2) — a). (2.2)

Proof. Let f € Cla,b] and 0 < § < (b—a)/2. If F is a positive linear functional on
Cla, b, then from the optimal result of Paltanea [11] we have:

£(@) = FDI < @) [Fleo) = 1]+ 5 [Fler = aeo)lwr (£.6)  (23)

+ (F(eo) + %F(el - 1:60)2) wa (f,0), = € [a,b)].
Taking F(f) = f(a) we get

IN

2
7= f@)] < L= 00, (1,6) + ( n (;5)> w2 (£,9)

< @M (f,6) + <€0+ (ba);?zae()))m(fﬁf
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Since L preserves the constant functions, it follows that

—a)(LFe; — ae
24 = 10| < 5 (FFer = aeo)n (1) + (e + LU0 ) oy 1),

(2.4)

If we take in (2.4)
§=Xi(z), = € (a,b],

where )y is given by (2.2) we get that (2.1) holds for = € (a, b].
For 2 = a, due the interpolation property of L, we have L* f(a) = f(a). Therefore (2.1)
is also true for x = a. This completes the proof. O

Theorem 2.2. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
only the constants and has interpolation point x = b. If

L*ei(z) < b, x € [a,b),

then we have, for every f € Cla,b] and = € [a,b],

[L44(@) — 1O < g @ (o)) + 30 (o)), (25)
where
@) = 51/ = @) (b~ Lrer (@),

Proof. Taking F(f) = f(b) in (2.3) we get

wi (f,6) + <€0+(b602§2ﬁ)> wa (f,6)

< beoé_elwl (f,8) + (e0+ (b_a)égio_el)>wz (f,9).

beo — €1

4]

If = f)] <

The conclusion follows analogous as in Theorem 2.1. O

Theorem 2.3. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = a. Then, for every f € Cla,b] and
x € [a,b] we have

ma(L* (e1)(x) —a) < L*(f)(2) = f(a) < Mu(L*(e1)(2) — a), (2.6)
where mq, M, € R such that m, < [a,t; f] < M, when t € (a,b] .
Proof. We have

0, rT=a

f(@)~ f(a) = { o,z fl(@ ~a), o€ o)

It follows
ma(er —a) < f— fla) < Mg(eq — a). (2.7)
Applying k times the operator L on (2.7) we get the conclusion. O
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Remark 2.4. From Theorem 2.3 we get the following criterion for the convergence of
the iterates (see also [5, Corolar 2]): if L : C[a, b] — C|a, b] is a positive linear operator
which preserves the constants, has the interpolation point z = a and satisfies the
condition

lim L*e; = a, uniformly on [a,b],
k— o0

then for every f € C|a,b] we have
klim L*f = f(a), uniformly on [a, b].
— 00

Theorem 2.5. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = b. Then, for every f € Cla,b] and
x € [a,b] we have

my(b— L*(e1)(x)) < f(b) — L*(f)(x) < My(b— L*(ex) (), (2.8)
where my, My € R such that my < [t,b; f] < M, for every t € [a,b).

The proof follows analogous with that of Theorem 2.3 using the formula

F(b) — fz) = { [,b; f](b—2), z€[a,b)

0, r=>
Remark 2.6. From Theorem 2.5 we get the following criterion for the convergence of
the iterates: if L : C[a,b] — C|a,b] is a positive linear operator which preserves the
constants, has the interpolation point = b and satisfies the condition

lim L*e; = b, uniformly on [a, b],
k—o0

then for every f € Cla,b] we have
lim L*f = f(b), uniformly on [a, b].

k—o0

Theorem 2.7. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = a. Then, for every f € C'la,b] and
x € [a,b] we have

m/(L*(e1)(x) —a) < L¥(f)(2) — ( ) < M'(LE(ex)(x) — a), (2.9)
where m', M" € R such that m’ < f'(t) < M', t € [a,b] and
ILE(f)(@) = f(a)] < Lk (e1)(z) — a),

where M’ = maxye(q,p |f'(£)] -

Proof. If = € (a,b], then using the mean value theorem it follows that there exists
¢ € (a,z) such that

f@) = fla) = (z = a) ['(§)- (2.10)
If = a the formula (2.10) also holds for every £ € [a, b].
Therefore
m/(e1 —a) < f— f(a) < M'(e; — a). (2.11)

Applying k times the operator L on (2.11) we get (2.9). The proof is ended. O
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Theorem 2.8. Let L : Cla,b] — Cla,b] be a positive linear operator which preserves
constants and has the interpolation point x = b. Then, for every f € Clla,b] and
x € [a,b] we have

/(b= THen)(@) < F(b) — L*(f)(@) < M/ — THen)(@),  (212)
where m’, M" € R such that m' < f'(t) < M', t € [a,b] and
[L5(F)(x) = f(0)] < MT(b— L*(e1)(2)),

where M’ = maxyefq,p) | f/ ()] -

The proof follows analogous with that of Theorem 2.7 using the mean value
theorem:

f) = f(z) = (b—=2)f'(§), £ € (a,D).

3. Applications

We consider the following positive linear operators which preserve only the con-
stants:
e Cesaro operator

C:C0,1] = C[0,1], C(f)(x) =

e Bernstein-Stancu operators (see [16])

S €011 €01 S =3 (1)t (52,

n—+ o

x€[0,1], n=0,1,..., a>0,
and

3

Sus €0 = €01} S =3 () =211 (5).

z€[0,1], n=0,1,..., >0,

e Schurer operator

Su €01 = €01, S0y =3 (" )t —ay iy (1),

; i
=0
z €1[0,1], n,pEN, n>p.
The operators C, Sy, g, Sn,p have the interpolation point # = 0 while the operator

Sp,o interpolates the continuous functions at z = 1. For every kK > 0 we have by
induction (see also [5] for the operators C, Sy, g, Snp):

k k
1 n n —
0t = gpen Shaer= (735) enshoes = (U7 e
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k
Sﬁ}ael =eg + ( ) (61 — 60).

From Theorem 2.1 and Theorem 2.2 we have:

n—+ «

Theorem 3.1. For every f € C[0,1] and x € [0, 1] we have:

|C¥f(z) — f(0)] < 2\/27,6-(#1 (f, ;\/i) + 3ws (fi@) ;

2.
lss,afCE) - f(O)‘ <
n k 1 n k 3 1 n k
(n+ﬂ) T wy f72 (nJrﬁ) T | + 3we f,§ <n+5> x|,
3.
S, f (@) = f(0)] <
n—op F 1 n—op k 1 n—op b
2 (n>x-w1 f,§ <n)z ~+ 3wo f,§ (n>x,
4.

n b 1 n b 1 n 4§
2 . , = 3 y = .
(n—!—a) v f2 <n+a> i e f2 <n+a) v
Using Theorem 2.3, Theorem 2.5 and respectively Theorem 2.7, Theorem 2.8 we get
the following sharp estimates:

Theorem 3.2. Let f € C[0,1]. If mg, Mg, my, My € R such that mg < [0,¢t; f] < My,
t€(0,1] and my <[t,1; f] < My, t €[0,1) then for every k > 0 we have:

1. moci(k)er < CF(f) — f(0)eg < Mocy(k)er, where ¢y (k) = 2%,

2. moca(k,n,B)e; < Sﬁ’ﬁ(f) — f(0)ep < Moyca(k,n, B)er, where

k

ea(km, B) = (725)
n—p\k
3. m003(k,n,p)61 < Sﬁ,p(f)ff(O)BO < MOCB(kvnap)ela where 63(kan7p) = ( n ) )

4. myca(k,n,a)(eg —e1) < f(leg — S§7a(f) < Micy(k,n,a)(eg — e1), where

ca(k,n,a) = (n_ﬁa)k.

Theorem 3.3. Let f € C[0,1]. If m', M’ € R such that m' < f'(t) < M’, t € [0,1],
then for every k > 0 we have:

1. m'ci(k)er < CF(f) — f(0)eg < M'cy(k)er,

2. m'ca(k,n, B)e; < Sﬁﬁ(f) — f(0)eg < M'ey(k,n, B)es,

3. m/cz(k,m,ple; < S,’f,p(f) — f(0)eqg < M'cs(k,n,p)ey,

4. m'cy(k,n,a)(eo —e1) < f(1)eo — SE (f) < Mes(k,n, o) (eo — e1),
where the constants c¢1(k), ca(k,n, B), cs(k,n,p), ca(k,n,a) are given in Theorem 3.2.
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The constants ¢ (k), ca(k,n, B), cs(k,n,p), ca(k,n,«) in Theorem 3.2 and Theorem
3.3 are the best possible: for f = e; we get equality.
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