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Abstract. In this paper we give estimates for the rates of convergence for the
iterates of some positive linear operators which preserve only the constants. We
obtain sharp inequalities when we use both continuous functions and differen-
tiable functions. We present some optimal results for the Cesaro, Stancu and
Schurer operators.
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1. Introduction

Starting with the articles [9] and [8] of R.P. Kelisky, T.J. Rivlin and respectively
S. Karlin, Z. Ziegler, the iterates of the positive linear operators were intensively
studied.

The convergence of the sequence of the iterates of some positive linear operators
which preserve only the constants was proved in [3], [14], [7], [13], [15], [4], [5], [6], [2].

On the other hand, estimations of the rates of convergence for the iterates of
some positive operators preserving the constants were given in [10] using moduli of
smoothness. In [1] the authors got sharp inequalities for the iterates of the Bernstein
operators. In [12] the author obtained an estimate of the convergence rate for the
iterations of linear and positive operators that reproduce linear functions in the case
of differentiable functions.

In this note we obtain inequalities for the rates of convergence of the iterates of
some positive linear operators L : C[a, b]→ C[a, b] which preserve only the constants
and have the interpolation point x = a or x = b. In Section 2 we get these estimations
both for continuous functions (using moduli of smoothness and divided difference) and
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for differentiable functions. The inequalities (2.1), (2.5), (2.6), (2.8), (2.9) and (2.12)
are sharp in sense that we get equality if we take f = e1. In Section 3 we determine
the best constants in some inequalities involving the iterates of Cesaro, Stancu and
Schurer operators.

Throughout the paper we use the following notations and definitions:
• the the monomial functions: ei : [a, b]→ R, ei(x) = xi, i = 0, 1, . . . ;
• the first and and the second moduli of smootness of the functiom f ∈ C[a, b]:

ω1(f, δ) = sup {f(x+ h)− f(x) : x, x+ h ∈ [a, b], 0 ≤ h ≤ δ} ,

and respectively

ω2(f, δ) = sup {f(x+ h)− 2f(x) + f(x− h) : x, x± h ∈ [a, b], 0 ≤ h ≤ δ} ,

where δ ≥ 0,
• the divided difference of the function f ∈ C[a, b] on the distinct points x1, x2 ∈

[a, b]:

[x1, x2; f ] =
f(x2)− f(x1)

x2 − x1
.

2. Main results

Theorem 2.1. Let L : C[a, b] → C[a, b] be a positive linear operator which preserves
only the constants and has interpolation point x = a. If

Lke1(x) > a, x ∈ (a, b],

then we have, for every f ∈ C[a, b] and x ∈ [a, b],∣∣Lkf(x)− f(a)
∣∣ ≤ 4

b− a
λk(x)ω1 (f, λk(x)) + 3ω2 (f, λk(x)) , (2.1)

where

λk(x) =
1

2

√
(b− a)(Lke1(x)− a). (2.2)

Proof. Let f ∈ C[a, b] and 0 < δ ≤ (b − a)/2. If F is a positive linear functional on
C[a, b], then from the optimal result of Păltănea [11] we have:

|f(x)− F (f)| ≤ f(x) |F (e0)− 1|+ 1

δ
|F (e1 − xe0)|ω1 (f, δ) (2.3)

+

(
F (e0) +

1

2δ2
F (e1 − xe0)2

)
ω2 (f, δ) , x ∈ [a, b].

Taking F (f) = f(a) we get

|f − f(a)| ≤ e1 − ae0
δ

ω1 (f, δ) +

(
e0 +

(e1 − ae0)
2

2δ2

)
ω2 (f, δ)

≤ e1 − ae0
δ

ω1 (f, δ) +

(
e0 +

(b− a)(e1 − ae0)

2δ2

)
ω2 (f, δ) .
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Since L preserves the constant functions, it follows that∣∣Lkf − f(a)
∣∣ ≤ 1

δ

(
Lke1 − ae0

)
ω1 (f, δ) +

(
e0 +

(b− a)(Lke1 − ae0)

2δ2

)
ω2 (f, δ) .

(2.4)
If we take in (2.4)

δ = λk(x), x ∈ (a, b],

where λk is given by (2.2) we get that (2.1) holds for x ∈ (a, b].

For x = a, due the interpolation property of L, we have Lkf(a) = f(a). Therefore (2.1)
is also true for x = a. This completes the proof. �

Theorem 2.2. Let L : C[a, b] → C[a, b] be a positive linear operator which preserves
only the constants and has interpolation point x = b. If

Lke1(x) < b, x ∈ [a, b),

then we have, for every f ∈ C[a, b] and x ∈ [a, b],∣∣Lkf(x)− f(b)
∣∣ ≤ 4

b− a
µk(x)ω1 (f, µk(x)) + 3ω2 (f, µk(x)) , (2.5)

where

µk(x) =
1

2

√
(b− a)(b− Lke1(x)).

Proof. Taking F (f) = f(b) in (2.3) we get

|f − f(b)| ≤ be0 − e1
δ

ω1 (f, δ) +

(
e0 +

(be0 − e1)2

2δ2

)
ω2 (f, δ)

≤ be0 − e1
δ

ω1 (f, δ) +

(
e0 +

(b− a)(be0 − e1)

2δ2

)
ω2 (f, δ) .

The conclusion follows analogous as in Theorem 2.1. �

Theorem 2.3. Let L : C[a, b] → C[a, b] be a positive linear operator which preserves
constants and has the interpolation point x = a. Then, for every f ∈ C[a, b] and
x ∈ [a, b] we have

ma(Lk(e1)(x)− a) ≤ Lk(f)(x)− f(a) ≤Ma(Lk(e1)(x)− a), (2.6)

where ma,Ma ∈ R such that ma ≤ [a, t; f ] ≤Ma when t ∈ (a, b] .

Proof. We have

f(x)− f(a) =

{
[a, x; f ](x− a), x ∈ (a, b]

0, x = a

It follows

ma(e1 − a) ≤ f − f(a) ≤Ma(e1 − a). (2.7)

Applying k times the operator L on (2.7) we get the conclusion. �
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Remark 2.4. From Theorem 2.3 we get the following criterion for the convergence of
the iterates (see also [5, Corolar 2]): if L : C[a, b]→ C[a, b] is a positive linear operator
which preserves the constants, has the interpolation point x = a and satisfies the
condition

lim
k→∞

Lke1 = a, uniformly on [a, b],

then for every f ∈ C[a, b] we have

lim
k→∞

Lkf = f(a), uniformly on [a, b].

Theorem 2.5. Let L : C[a, b] → C[a, b] be a positive linear operator which preserves
constants and has the interpolation point x = b. Then, for every f ∈ C[a, b] and
x ∈ [a, b] we have

mb(b− Lk(e1)(x)) ≤ f(b)− Lk(f)(x) ≤Mb(b− Lk(e1)(x)), (2.8)

where mb,Mb ∈ R such that mb ≤ [t, b; f ] ≤Mb for every t ∈ [a, b).

The proof follows analogous with that of Theorem 2.3 using the formula

f(b)− f(x) =

{
[x, b; f ](b− x), x ∈ [a, b)

0, x = b

Remark 2.6. From Theorem 2.5 we get the following criterion for the convergence of
the iterates: if L : C[a, b] → C[a, b] is a positive linear operator which preserves the
constants, has the interpolation point x = b and satisfies the condition

lim
k→∞

Lke1 = b, uniformly on [a, b],

then for every f ∈ C[a, b] we have

lim
k→∞

Lkf = f(b), uniformly on [a, b].

Theorem 2.7. Let L : C[a, b] → C[a, b] be a positive linear operator which preserves
constants and has the interpolation point x = a. Then, for every f ∈ C1[a, b] and
x ∈ [a, b] we have

m′(Lk(e1)(x)− a) ≤ Lk(f)(x)− f(a) ≤M ′(Lk(e1)(x)− a), (2.9)

where m′,M ′ ∈ R such that m′ ≤ f ′(t) ≤M ′, t ∈ [a, b] and∣∣Lk(f)(x)− f(a)
∣∣ ≤M ′(Lk(e1)(x)− a),

where M ′ = maxt∈[a,b] |f ′(t)| .

Proof. If x ∈ (a, b], then using the mean value theorem it follows that there exists
ξ ∈ (a, x) such that

f(x)− f(a) = (x− a)f ′(ξ). (2.10)

If x = a the formula (2.10) also holds for every ξ ∈ [a, b].
Therefore

m′(e1 − a) ≤ f − f(a) ≤M ′(e1 − a). (2.11)

Applying k times the operator L on (2.11) we get (2.9). The proof is ended. �
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Theorem 2.8. Let L : C[a, b] → C[a, b] be a positive linear operator which preserves
constants and has the interpolation point x = b. Then, for every f ∈ C1[a, b] and
x ∈ [a, b] we have

m′(b− Lk(e1)(x)) ≤ f(b)− Lk(f)(x) ≤M ′(b− Lk(e1)(x)), (2.12)

where m′,M ′ ∈ R such that m′ ≤ f ′(t) ≤M ′, t ∈ [a, b] and∣∣Lk(f)(x)− f(b)
∣∣ ≤M ′(b− Lk(e1)(x)),

where M ′ = maxt∈[a,b] |f ′(t)| .

The proof follows analogous with that of Theorem 2.7 using the mean value
theorem:

f(b)− f(x) = (b− x)f ′(ξ), ξ ∈ (a, b).

3. Applications

We consider the following positive linear operators which preserve only the con-
stants:

• Cesaro operator

C : C[0, 1]→ C[0, 1], C(f)(x) =

 f(0), x = 0
1

x

∫ x

0

f(t)dt, x > 0
, x ∈ [0, 1]

• Bernstein-Stancu operators (see [16])

Sn,α : C[0, 1]→ C[0, 1], Sn,α(f)(x) =

n∑
i=0

(
n

i

)
xi(1− x)n−if

(
i+ α

n+ α

)
,

x ∈ [0, 1], n = 0, 1, . . . , α > 0,

and

Sn,β : C[0, 1]→ C[0, 1], Sn,β(f)(x) =

n∑
i=0

(
n

i

)
xi(1− x)n−if

(
i

n+ β

)
,

x ∈ [0, 1], n = 0, 1, . . . , β > 0,

• Schurer operator

Sn,p : C[0, 1]→ C[0, 1], Sn,p(f)(x) =

n−p∑
i=0

(
n− p
i

)
xi(1− x)n−p−if

(
i

n

)
,

x ∈ [0, 1], n, p ∈ N, n ≥ p.
The operators C, Sn,β , Sn,p have the interpolation point x = 0 while the operator

Sn,α interpolates the continuous functions at x = 1. For every k ≥ 0 we have by
induction (see also [5] for the operators C, Sn,β , Sn,p):

Cke1 =
1

2k
e1, S

k
n,αe1 =

(
n

n+ β

)k
e1, S

k
n,pe1 =

(
n− p
n

)k
e1,
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Skn,αe1 = e0 +

(
n

n+ α

)k
(e1 − e0).

From Theorem 2.1 and Theorem 2.2 we have:

Theorem 3.1. For every f ∈ C[0, 1] and x ∈ [0, 1] we have:

1. ∣∣Ckf(x)− f(0)
∣∣ ≤ 2

√
x

2k
· ω1

(
f,

1

2

√
x

2k

)
+ 3ω2

(
f,

1

2

√
x

2k

)
,

2. ∣∣Skn,αf(x)− f(0)
∣∣ ≤

2

√(
n

n+ β

)k
x · ω1

f, 1

2

√(
n

n+ β

)k
x

+ 3ω2

f, 1

2

√(
n

n+ β

)k
x

 ,

3. ∣∣Skn,pf(x)− f(0)
∣∣ ≤

2

√(
n− p
n

)k
x · ω1

f, 1

2

√(
n− p
n

)k
x

+ 3ω2

f, 1

2

√(
n− p
n

)k
x

 ,

4. ∣∣Skn,βf(x)− f(1)
∣∣ ≤

2

√(
n

n+ α

)k
x · ω1

f, 1

2

√(
n

n+ α

)k
x

+ 3ω2

f, 1

2

√(
n

n+ α

)k
x

 .

Using Theorem 2.3, Theorem 2.5 and respectively Theorem 2.7, Theorem 2.8 we get
the following sharp estimates:

Theorem 3.2. Let f ∈ C[0, 1]. If m0,M0,m1,M1 ∈ R such that m0 ≤ [0, t; f ] ≤ M0,
t ∈ (0, 1] and m1 ≤ [t, 1; f ] ≤M1, t ∈ [0, 1) then for every k ≥ 0 we have:

1. m0c1(k)e1 ≤ Ck(f)− f(0)e0 ≤M0c1(k)e1, where c1(k) = 1
2k
,

2. m0c2(k, n, β)e1 ≤ Skn,β(f)− f(0)e0 ≤M0c2(k, n, β)e1, where

c2(k, n, β) =
(

n
n+β

)k
,

3. m0c3(k, n, p)e1 ≤ Skn,p(f)−f(0)e0 ≤M0c3(k, n, p)e1, where c3(k, n, p) =
(
n−p
n

)k
,

4. m1c4(k, n, α)(e0 − e1) ≤ f(1)e0 − Skn,α(f) ≤ M1c4(k, n, α)(e0 − e1), where

c4(k, n, α) =
(

n
n+α

)k
.

Theorem 3.3. Let f ∈ C1[0, 1]. If m′,M ′ ∈ R such that m′ ≤ f ′(t) ≤ M ′, t ∈ [0, 1],
then for every k ≥ 0 we have:

1. m′c1(k)e1 ≤ Ck(f)− f(0)e0 ≤M ′c1(k)e1,
2. m′c2(k, n, β)e1 ≤ Skn,β(f)− f(0)e0 ≤M ′c2(k, n, β)e1,

3. m′c3(k, n, p)e1 ≤ Skn,p(f)− f(0)e0 ≤M ′c3(k, n, p)e1,

4. m′c4(k, n, α)(e0 − e1) ≤ f(1)e0 − Skn,α(f) ≤M ′c4(k, n, α)(e0 − e1),

where the constants c1(k), c2(k, n, β), c3(k, n, p), c4(k, n, α) are given in Theorem 3.2.
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The constants c1(k), c2(k, n, β), c3(k, n, p), c4(k, n, α) in Theorem 3.2 and Theorem
3.3 are the best possible: for f = e1 we get equality.
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