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Nonlinear systems with a partial Nash type
equilibrium
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Abstract. In this paper fixed point arguments and a critical point technique are
combined leading to hybrid existence results for a system of three operator equa-
tions where only two of the equations have a variational structure. The compo-
nents of the solution which are associated to the equations having a variational
form represent a Nash-type equilibrium of the corresponding energy function-
als. The result is achieved by an iterative scheme based on Ekeland’s variational
principle.
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1. Introduction

Many nonlinear equations can be seen as a problem of fixed point N (u) = u,
where N is a certain operator. One says that the equation has a variational form if
it is equivalent with a critical point equation E’(u) = 0. In the paper [7], R. Precup
studied systems of the form

Ni(u,v) =u

No(u,v) =v

in a Hilbert space, where each of the equations has a variational form, i.e. there are
two C! functionals E; and Es such that

Eqq (u,v) =u— Ny (u,v) and
Ess (u,v) =v — Ny (u,v),

where F1; and Fsy are the partial Fréchet derivatives of £y and Fy with respect to
u and v, respectively. Sufficient conditions have been established for that the system
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admits a solution which is a Nash type equilibrium for the functionals F; and FEs,
that is

Eq(u,v)
Es(u,v)

inf E(-,v),
inf E(u,-).

Related results are obtained in [1].

The concept of a Nash equilibrium goes back to 1838 when Antoine Augustin
Cournot [3] used it in his economics studies about the best output of a firm depend-
ing on the outputs of the other firms. The existence of such an equilibrium in the
framework of the game theory was proved later in 1951 by John Forbes Nash Jr [5] by
using Brouwer’s fixed point theorem. Now the concept is also used outside economics
to systems of variational equations. From a physical point of view, a Nash-type equi-
librium (u,v) for two interconnected mechanisms whose energies are Fy, Es is such
that the motion of each mechanism is conformed to the minimum energy principle by
taking into account the motion of the other.

Also, in the paper [2], a system of type (1.1) is studied under the assumption
that only one of the equations, say the second one, has a variational form, and the
authors prove the existence of a solution (u,v) such that v minimizes E (u, -) , where E
is the energy functional associated with the second equation. For the proof, they use
a hybrid fixed point - critical point method based on Banach’s contraction theorem
and Ekeland’s variational principle.

The aim of this paper is to combine the techniques used in [7] and [2], for the
study of a system of three equations

Ny(u,v,w) =u
No(u,v,w) =v
N3(u,v,w) = w,
where only the last two equations have a variational form. Our goal is to obtain a

solution (u,v,w) such that the pair (v,w) is a Nash type equilibrium for the two
functionals associated to the last two equations.

2. Main result

Let (X1,d) be a complete metric space and (X, |- |2), (X3,| - |3) be two real
Hilbert spaces which are identified with their duals. Denote X := X; x X5 x X3. Let
N;: X — X, (i=1,2,3) be continuous and assume that Na, N3 have a variational
structure, i.e. there exist functionals Fy, E5 : X — R such that Fy(u, -, w) is Fréchet
differentiable for every (u,w) € X1 x X3, E5(u,v,-) is Fréchet differentiable for every
(u,v) € X1 x X5 and

Ess(u,v,w) = v— No(u,v,w),
Es3(u,v,w) = w— Ni(u,v,w).

Here Fo, E33 are the Fréchet derivatives of Fs(u, -, w) and F3(u,v,-), respectively.
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We also assume that the operator N : X — X|
N(u,v,w) = (N1(u,v,w), No(u,v,w), N3(u,v,w))

is a Perov contraction, i.e. there is a square matrix A = [a;j]1<i,j<3 € M3s(R4) such
that A tends to the zero matrix 03 as k — oo and the following vector Lipschitz
condition is satisfied

d (N1 (u,v,w), Ni(u,v,w)) d(u,w)
|Na(u, v, w) — No(@,7,W)|, | <A |v—71s (2.1)
| Ns(u, v, w) — N3(u, v, )|, lw —wls

for every (u,v,w) € X.

Note that the for a square matrix A € M, (R, ), condition A* tends to the zero
matrix 0, as k — oo is equivalent (see [6]) to each one of the following properties:

(i) The spectral radius of A is less than one;

(ii) I, — A is invertible and (I, — A)~1 € M,,(R);

(iii) I, — A is invertible and I,, + M + M? + ... = (I,, — A)_1

Here I,, stands for the unit matrix in M, (R).

The main result is the following theorem.

Theorem 2.1. Assume that the above conditions are satisfied. Moreover assume that
Es(u,-,w), E3(u,v,-) are bounded from below for every (u,v,w) € X and that are
constants Ry, Rg,a > 0 such that

Es(u,v,w) > i)r(leg(u, ww)+a  forall (u,w) € Xy x X3 and |v|s > Re, (2.2)
2

Es(u,v,w) > i)I(le?,(U,U, J4a forall (u,v) € X1 X X5 and |w|z > Rs.  (2.3)
3

Then the unique fized point (u*,v*, w*) ensured by the Perov contraction theorem
has the property that (v*,w*) is a Nash type equilibrium for the pair of functionals
(EQ, E‘g), i.e

Ey(u*,v*,w*) = inf Ey(u™,-,w"),
X2

Es(u*,v*,w*) = inf E3(u®,v",").
X3

For the proof we need alternatively one of the following two auxiliary results.

Lemma 2.2. Let (Akp)ysys (Bip)ys,  be two sequences of vectors in RY (column
vectors) depending on a parameter p, such that

Ak,p < MAkfl,p + Bk,p

for all k and p, where M € M, (R,.) is a matriz with spectral radius less than one.
If the sequence (Agp),~, 5 bounded uniformly with respect to p and By, — 0, as
k — oo uniformly with respect to p, then Ay, — 0, as k — 0o uniformly with respect
to p.
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Proof. Since By, — 0, as k — oo uniformly with respect to p, for any fixed column
vector € € (0,00)", we can find k; independent of p such that By, < e for all k > k;
and all p. Then, for k > k; we have

Akyp < MAk,17p+€§M2Ak,2’p+6+M€

MER AL A e(T, + M+ . MFR)
M A o+ e, — M),

IN AN IA

The conclusion now follows since (A ), is bounded uniformly with respect to p
and MF=*1 -0, as k — oo. O

Lemma 2.3. Let (Trp)isys (Ukp)ys, be two sequences of nonnegative real numbers
depending on a parameter p which are bounded uniformly with respect to p. Assume
that for all k and p,

Tk p + byk,p S a/l'k—l,p + blyk—l,p + qdk,p

where 0 < a’ < a, 0 < b < b, Z—l/ < %, and (qrp)e>1 15 o sequence of positive real

numbers converging to zero uniformly with respect to p. Then x, — 0 and yip, — 0
as k — oo uniformly with respect to p.

Proof. By the uniform convergence to zero of g, , taking € > 0, we can find k;
independent of p, such that q’“T’P < € for all k > ky. Consider k£ > k; and assume
a >b. Then

b a’ v a’ b
Tkp + ayk,p < E Tp—1p T ayk—l,p +e< E Tp—1,p + ayk—l,p + €

a\? b a
(5) (moar fomear) +e(541)

o k—k1 b I\ k—k1—1
()7 (o B ) o ( ()
a\ v 1
E xkl,P_F;yth +€17a7/'
a

Taking into account that %' < 1 and the boundedness of xj, and yy p, it is clear
that 2k, + 2y, — 0 as k — oo uniformly with respect to p. This clearly gives the
conclusion. The case a < b can be treated analogously. g

IN

IN
2|8

IA

Proof of the theorem. First note that since the spectral radius of matrix A is less than
one, the elements a;; of the main diagonal are less than one. Consequently, for every
(v,w) € Xo x X3, the operator Ny (-,v,w) : X7 — X; is a contraction. We now use
an iterative procedure to construct an approximating sequence (ug, vg, wy). We start
with some fixed element (v, wy) € X3 x X3. Then, by Banach contraction principle,
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there exists u; € X3 such that Ny (u,vo,wo) = uy. Next, for fixed (u1,wp), according
to Ekeland variational principle, there is v; € X5 such that

Es(uy,v1,wp) < i)?sz(Uh S wo) + 1, | Eaa(ui,v1,wo)l2 < 1.
2

Using again Ekeland variational principle for fixed (u1, 1), there is wy € X3 with

E3(uy,vi,wp) < i)I{Isz(Ul,’Ul, J+1, |Esz(uy, v, wi)|z < 1.
3

At step k, we find a triple (ug, vk, wy) having the following proprieties:

N1 (ug, vg—1, Wp—1) = ug, (2.4)

. 1 1
Eo(up, v, wp—1) < l}I(lez(Uka S Wh—1) + e | Eg2 (g, Vg, wi—1)]2 < 7
2

. 1 1
Es(uk, v, wx) < inf B3(ug, vk, ) + =, [Esz(ur, vk, wiyls <+
X3 k k

Our next task is to prove that the sequences uy, vg, wi are Cauchy, which will ensure
their convergence. Since Ny (ug, Vk—1,Wwk—1) = ug, we have
d(Uk4p, ur) = d(N1(Uk4ps Vit p—15 Wetp—1), N1 (Uk, Vk—1, wk—1))
< a1 d(Upsp, k) + @12 Vkgp—1 — Vi—1|2 + @13/ Whtp—1 — Wi—1[3,

whence
a12
1-— ail

d(Uppp, ur) < [Vkgp—1 — Vk—1l2 + ilwlwkpfl — Wk—1]3-
11

1—-a
For the sequence (v) and (wg) we have
[Vktp — Vk|2 < | = No(Wkgp, Vkgps Whtp—1) + Vkgp — Uk + No(ug, vp, wp—1)|2  (2.5)
+ | No(Ukt-ps Vktp> Whtp—1) — No (g, Vg, wi—1)|2,
[Witp — Wil3 < | = N3 (Uktp, Vitp, Wtp) + Whtp — Wi + Ny (up, v, wi)ls (2.6)
+ | N3 (Uktp, Vktps Wetp) — Na(tp, i wie) 3.
Denote
Brp = | = No(Uksp, Vkip, Whtp—1) + Vktp — Uk + No(uk, vk, wi—1)|2
= |E2 (U ps Vktps Wetp—1) — Eoo(up, ve, wp—1))l2,
Vip = | = Na(Uktps Vktps Whp) + Whtp — Wi + Na(ug, vk, wi)|3
= | E33(tktps Vetp Whtp) — Esz(tn, Vi, we—)) |3,

Tp = A(Uugp, Uk)s  Ykp = [Vktp — Vkl2s  Zkp = [Whip — Wi]3.

With these notations, using (2.5), (2.6) and the Perov contraction condition, we obtain

Thyp < 011Tkp + G12Yk—1,p T G132k —1,p, (2.7)
Yip < A21Tk,p + A22Yk,p + @2326—1,p + Bi,p, (2.8)
Zhp < A31Tkp + A32Yk p + A33%k,p + Vi, p- (2.9)

For the continuation of the proof we may use either Lemma 2.2 or Lemma 2.3.



402 Andrei Stan

1) Use of Lemma 2.2. Letting

a1 0 0
! " /
A = a21 Q22 0 and A :A,A’
aszy asz as3

the following inequality holds

Tk,p Tk,p Th—1,p 0
Ukp | <A \yrp | + A" | Yk—1p| + | Brp| - (2.10)
Zk,p Zk,p Zk—1,p Vk,p

Note that if p(A) < 1, than also p(A’) < 1. Indeed, one clearly has A’* < A* and so
if A¥ - 0 as k — oo, then A’* — 0 too.
Rewriting (2.10) as

Lk,p Lk—1,p 0
(I - A,) yk,p S AN ykfl,p + ﬁk,p
Zk,p Zk—1,p Yk,p

and using the fact that I — A’ is invertible and its inverse has positive entries, we can
multiply by (I — A’)~! to obtain

Tk,p Tk—1,p 0
Yrp | ST —A)VTTA" \ypap | + T —A)7" | Brp
Zk,p Zk—1,p Yi,p

Observe that M := (I — A’)~1A” has the spectral radius less than one. To prove this,
it is enough to show that I — M is invertible with the inverse has nonegative entries.
Is clear that

M=(I-A)'A =T-A)y ' A-A)=T-A)T-A+A-1)
=1—(I-A)YI-A),

hence I — M = (I — A’)~}(I — A). Because (I — A’)~! and I — A are invertible, by
taking Q := (I — A)~Y(I — A’), we have Q(I — M) = (I — M)Q = I, hence I — M is
invertible and its inverse is ). One has

Q=T -A) YT -A)=(T-A)" (I -A+A")=T+(1—A)1A"

and since (I — A)~tA” and I are positive matrices, it follows that @ is also positive.
Therefore, the spectral radius of M is less than one.
From (2.2) and (2.3) we have that yj , and 2y, are bounded uniformly with respect
to p. Because of this, is immediate that xy, is also bounded uniformly with respect
to p. Moreover, it is clear that
0

Bk,p

Vk,p
converges to zero uniformly with respect to p. Applying Lemma 2.2 we obtain that
Thk,ps Yk,ps Zk,p are convergent to zero uniformly with respect to p. Hence the sequences
ug, v and wy are Cauchy as desired.
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2) Use of Lemma 2.3. The relations (2.7), (2.8), (2.9) can be rewritten under the
form

Tpp < A11Tkp + A12Yk,p + 0132k,p + 12(Yk—1p — Yk,p) + @13(Zk—1,p — Zkp)s
Yr,p < 21Tk p + Q22Yk p + 0232k p + Prp + @23 (Zk—1,p — Zp)s
Zkp < A31%kp + A32Ykp + A332k,p + Vi p)

which can be put under the vector form

Th,p Th,p a12(Yk—1,p — Yk,p) + @13(Zk—1p — 2k p)
yk,p S A yk,p + 5k,p + CL23(Zlcfl,p - Zk,p)
Zk,p Zk,p Vk,p

Denoting (I — A)™! = C = [¢;5]1<4,j<3 We have

Th,p a12(Yk—1,p — Yk,p) + a13(Zk—1p — Zk.p)
Yk,p S C Bk,p + a23(zk—1,p - Zk,p) )
Zk,p Ve,p

whence
+ c21013(2k—1,p — Zk,p) (2.11)

+ c228k,p + €33k, p,

Ykp < 21012 (Yk—1,p — Yk,

~

+ C22023(2k—1,p — Zk,p
k—1

~—

+ c31a13(Zh—1,p — Wk.p) (2.12)

+ ¢328%k,p + €337k p-

(
Zp < €31012(Ye—1,p — Yh,p

~—

+ €32023(2k—1,p — 2k p
We make the following notations
a' = c12a13 + C22a2.3 + c31a13 + C32a03,
V' = cora12 + c31a12.
Adding (2.11) and (2.12) we obtain

! ! / /
Yep T 2kp < O Yp—1,p — @ Ypp + 0 26—1,p — 0 21 p + 228k, p + €33Vk,p + €32 8k,p + C33Vk,p>

whence, with the notations a =1+a’, b =1+ b and

Qk,p = C22Bk,p + C33Vk,p + C328k,p + C33Vk,ps
one has
WY+ b2kp < a'Yk—1p + V' 2p—1p + Qi p-
Note that the sequence g, := c228k,p + C33Vk,p + €328k,p + C337k,p CONVErges to zero
as k — oo uniformly with respect to p, and that from (2.2) and (2.3), the sequences
(Ykp)g>1 > (Zkp)ps>; are bounded uniformly with respect to p. Also note that if b’ < a’,

then Z—l/ < 3 and from Lemma 2.3 we obtain that vy, and zj, converge to zero as
k — oo uniformly with respect to p. Similarly, if ¢’ < b/, then we obtain the same
conclusion if we apply Lemma 2.3 by interchanging a with b and vy, , with 2 ,. Next,
from (2.7) we deduce that z,, — 0 as k — oo uniformly with respect to p, and as
above, that the sequences uy, vy and wy are Cauchy as desired.

Finally the limits u*, v*, w* of the sequences u, vy and wy give the desired solution
of the system after passing to the limit in (2.4). O
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3. Application
Consider the system
—u" +adu = fi(t,ut),v(t),w(t),u'(t))
—o" + 3o = Y, faltu(t), v(t), w(t)) (3.1)
—w" + ajw =V, f3(t,u(t),v(t), w(t))
with the periodic conditions
w(0) —u(T) = 4 (0)—u'(T)=0,
v(0) —o(T) = '(0) = (T) =0,
w(0) —w(T) = w'(0)—w(T)=0,
where fo, f3 : (0, T)xRFt xRF2 xR¥s — Rand f; : (0, T)xRF xR*2 x Rks x RF1 — Rk1,
We will assume that fi, fa, f3, Vy fo and V, f5 are L'~ Carathéodory functions.

For i = 1,2,3, let H; (O,T; Rk"') be the closure in H! (O,T;Rki) of the space
{ueC ([0,T];R*) : u(0) =u(T),u (0) = (T)}. We shall endow this space with
the inner product

(u,v), == (ul7v/)L2(07T;Rki) + a?(U,U)L2(07T;Rki)

and the corresponding norm

1
2 2 2
|U|z = (‘u/‘m(o,T;RM) + a% |U|L2(0,T;Rki)> .

Also we consider the operator J;: (H} (0,T;R*)) — H} (0, T;R*") given by
Jih = uy, (h € (H; (O,T; ka‘))’) , where uy, € H; (O,T;Rki) is the weak solution of
the problem

—u" +atu="h on (0,7)
(3.2)
w(0) —u(T) =u'(0) —u/'(T) =0
For every h € L? ([0, T]; R*) we have
1
| Jih|7 = (Jih, Jih); = (h, Jih) 12 < |h|L2|Jih| L2 < — Pl L2l Tihli, (3.3)

hence )
|J1ha]i < —1h|Lz.
a;
Associate to the second and the third equation from (3.1) the functionals
Es, Es: H)(0,T;R™) x H)(0,T;R*) x H)(0,T;R*) — R

defined by
T

Bx(u,v,0) = glol — [ falt, u(t),v(t), wie))dt
0
and

T
Eg(u,v,w)=%|w|§—/0 Fo(t u(t), v(t), w(t))dt.
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According to [4, Theorem 1.4] we have

Eao(u,v,w) = Lov — Vy fa(-, u, v, w),

or equivalently, for any ¢ € H; (0, T;R¥2),

(EQQ(U'?an)a(P) = (L2U7(p) - (Vny(U,U,U),U,,’ZUI),(P)
= (’U - ngny, (,0)2.

Hence Eas(u,v,w) =v — JoV, fo. Similarly,

Ess(u,v,w) =w — J3V, f5.

405

On the other hand, system (3.1) is equivalent to the following fixed point equation

where

Ny (u,v,w) =u
No(u,v,w) =v

Ns(u,v,w) =w

N]_(U,U,’LU) = Jlfl('auvvvwau/)a
NQ(’LL,'U,'[U) = JQVny('7u7vaw)7
Ng(u,v,w) = J3V2f3(~,u,v,w).

Related to f1, f2, f3 we assume that the following Lipschitz conditions hold for some
constants a;; :

Then

4
|f1<t7m1’ ...,114) - fl(tvxib 73774)| < Zaljlmj - @'?
=1

|Vyf2(t,x1,x2,x3) - vny(taThTQvTSN <

M«

azjlz; — 7],
1

M= 5

V. f3(t, 21, w2, 23) — V. f3(T1, 72, T3)| <
J

azjlz; — 75
1

|N1(u,v,w) = N1 (@,0,@)|1 = |J1 (f1(-;u,v,w,u") = f1(-6,0,@,7)) |1

1 .
< ;1|f1(-,u,v,w,u/) - fl('vuvv7wau/)|L2

[SE

T
< (/ (a11fu(t) —a(t)] + ava|u'(2) U'(t)l)zdt)
0

a
a a

+ £|’U—E‘L2 + £|w—E|L2
a1 a1

2 3
1 a a a
< — ((“) +a§4> lu =, + —2|v — |2 + —2|w — |2
ai ay ai ay

(3.4)

(3.5)

(3.6)
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Is clear that |v — |2 < {%2|v —Tlp and |w — W|g2 < % w — Wl|3. Hence, the above
inequality becomes

\Nl(u,v,w)le(ﬂ,ﬁ,ﬁ)\l
1 a 2 a a
< ((“) +a§4> lu— 1l + —=|v — Vs + —|w — Ws3.
ai1as

a1 ai aipas

N

For Ny (u,v,w) we obtain the following estimate
|N2(U7U7w) - NQ(E757E)I2 < |J2Vyf2(-,u,v,w) - Vyf2(~,ﬂ,§,W)|2

< a7|vyf2('7u7v7 w) - Vyf2('vﬂvﬁvm)|L2

2
a a a

< 2y —alpe 4+ 20—l + —2|w — |2
a9 as a
a a a

< ju—al + v T+ —|w — D3
aza as

Similarly
a a a
[N (u,0,w) = N3(T,5,0)]5 € ——[u = s + —|o = Blo + =5 |w — s

asay asa as

Therefore, the condition related to (2.1) holds provided that the spectral radius of

the matrix
1
1 2 2 2
2 ai1 @12 413
a <a1 ) a1y aiaz  aiag
as

A= 1 a2  a23 (3~7)
aza; a2 azas
_a31 _a32 ass
asay azas ag

is less than one.
In what follows we are trying to establish conditions for Fs(u, -, w) and E5(u,v,-) to
be bounded from below. To this aim, assume that for ¢ € {2,3} and j € {1,2,3,4},

there are 0;; € L'(0,T;R;) and ; € R with 77 < % such that

2
falt,m,y,2) < V3lyl* + o21(t)|@] + 022 () |y| + o23(t)|2] + 024 (t) (3-8)
and
fs(t.@,y,2) < A3l2® + o1 (t)|@] + o2 () |y| + os3(t)|2] + o34(t). (3.9)

Then taking into account the continuous embedding of H; (O,T;Rki) into
C([O,T];Rki),we obtain

T a2
Eau,ow) = [ (GROF + 1201 - faltult) o), 0(e) ) d
> [ (0P 4032020 om0l o 0] oD (D]~

2 2
> < — 322) |U|§ — Corluly — Cozlv| — Caz Jw|; — Cay
2
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for some constants Cs;, 7 —1,2,3,4.

This shows us that Ez(u,v,w) — oo as |v|s — oo. Similarly, Es (u,v,w) — oo as
|w|; — oo. Thus the functionals Ey(u,-,w) and E3(u,v,-) are coercive. Then, as in
[7, Lemma 4.1], these functionals are bounded from bellow.

Finally, assume that for ¢ € {2,3}, there are L!'-Carathéodory functions
gi1, gi2: (0,T) x R¥ — R of coercive type such that

921(t,y) < fo(t, 2,y,2) < ga2(t,y) (3.10)
and
931(t, 2) < f3(t, 2,9, 2) < g32(t, 2) (3.11)
for all for all (z,y,z) € R¥t x R¥2 x R¥s and t € (0,T). Here, for example, by the
coercivity of go;1 (¢,y) we mean that
1
2

Fix a > 0. Using the above assumption one has

T
jof3 —/ g21 (t,v)dt — 00 as |v], = o0.
0

: e (L e [T
vlenf% Es(u,-,w)+a< Ulené‘}) (2 lv)5 — /0 g21 (t,v) dt) + a.

By the coercivity of gos, there exists Ry > 0 such that

'ulenl-g; 5 lv]5 — ; go1 (t,v)dt | +a < 5 lv]5 — ; ga2 (t,v) dt,

for all |v]y > Ry. Now, for |v|, > Ry and all (u,w) € H,(0,T; RF1) x H)(0,T; RF2),
using again (3.10) we obtain

1 T
Es (u,v,w) > = |U|; — / gao (t,v)dt > inf Fs(u,-,w)+ a,
2 0 ’UEH;

as desired. The similar inequality for E3 can be established analogously.

Under the assumptions (3.4), (3.5),(3.6), (3.8), (3.9), (3.10), (3.11) and if the spectral
radius of matrix (3.7) is less than one, then all the hypotheses of Theorem 2.1 are
fulfilled.
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