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1. Introduction

In the last period significant progress has been made in the study of exponential
stability, dichotomy and trichotomy in Banach spaces. A great number of papers that
describe the asymptotic behavior of evolution operators in the exponential case was
published, see for example [7], [8], [9], [11] and the references therein. In particular,
the uniform exponential instability was studied in [5], [4], [12], [13], [15].

Later, the need for a new approach arose from the fact that in some situations,
in particular for nonautonomous systems, the exponential stability is too stringent.
In this sense a polynomial asymptotic behavior was introduced by L. Barreira and C.
Valls ([2]) for the continuous case, respectively by A.J.G. Bento and C.M.Silva ([3])
for discrete-time systems.

Also, another interesting idea in this area can be found in [10] where A.L. Sasu,
M. Megan and B. Sasu give some theorems of characterization for the concept of
uniform exponential instability in terms of Banach function spaces. Recently, the
same authors proposed in [14] an overview in the framework of Banach sequence
spaces and their applications in the asymptotic theory of variational equations.

In this paper we focus on the concepts of uniform exponential instability, ∗-
uniform exponential instability, uniform polynomial instability and ∗-uniform poly-
nomial instability for evolution operators in Banach spaces.



298 Mihail Megan and Rovana Boruga (Toma)

We obtain some characterization theorems of Barbashin type ([1]) for the con-
cepts mentioned above, assuming that the evolution operator has exponential de-
cay, ∗-exponential decay, respectively polynomial decay, ∗-polynomial decay. Also, we
establish the connections between the notions defined in the paper and the decay
properties, by giving some illustrative examples in this sense.

2. Preliminaries

Let X be a real or complex Banach space and X∗ its dual space. We denote by
B(X) the Banach algebra of all bounded linear operators acting on X. We denote by
I the identity operator and the norms on X,X∗ and on B(X) will be denoted by ‖.‖.
By ∆ and T we will denote the following sets

∆ = {(t, s) ∈ R2
+ : t ≥ s}, T = {(t, s, t0) ∈ R3

+ : t ≥ s ≥ t0}.

Definition 2.1. An application U : ∆ → B(X) is said to be an evolution operator on
X if the following relations are satisfied:

(e1) U(t, t) = I for all t ≥ 0

(e2) U(t, s)U(s, t0) = U(t, t0) for all (t, s, t0) ∈ T. In addition,

(e3) if for all (t, s) ∈ ∆ the linear operator U(t, s) is bijective then we say

that the evolution operator U is reversible.

In this case, we denote by V : ∆→ B(X) the inverse of the evolution operator U,

which means that V (t, s) = U(t, s)−1.

Remark 2.2. If U : ∆ → B(X) is a reversible evolution operator, then the following
properties hold:

(i) V (t, t) = I for all t ≥ 0

(ii) V (t, t0) = V (s, t0)V (t, s) for all (t, s, t0) ∈ T.

Definition 2.3. An evolution operator U : ∆→ B(X) is said to be strongly measurable
if for all (s, x) ∈ R+ ×X, the mapping t 7→ ‖U(t, s)x‖ is measurable on [s,∞).

Definition 2.4. An evolution operator U : ∆ → B(X) is said to be ∗-strongly mea-
surable if for all (s, x∗) ∈ R+ ×X∗, the mapping t 7→ ‖U(t, s)∗x∗‖ is measurable on
[0, t).

Definition 2.5. The evolution operator U : ∆→ B(X) has uniform exponential decay
(u.e.d.) if there exist two constants M ≥ 1 and ω > 0 such that:

‖x‖ ≤Meω(t−s)‖U(t, s)x‖, for all (t, s, x) ∈ ∆×X.

Definition 2.6. The evolution operator U : ∆ → B(X) is said to be uniformly expo-
nentially instable (u.e.is.) if there exist N ≥ 1 and ν > 0 such that:

‖x‖ ≤ Ne−ν(t−s)‖U(t, s)x‖, for all (t, s, x) ∈ ∆×X.
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Definition 2.7. The evolution operator U : ∆→ B(X) has uniform exponential growth
(u.e.g.) if there exist two constants M ≥ 1 and ω > 0 such that:

‖U(t, s)x‖ ≤Meω(t−s)‖x‖, for all (t, s, x) ∈ ∆×X.

Definition 2.8. The evolution operator U : ∆ → B(X) is said to be uniformly expo-
nentially stable (u.e.s.) if there exist N ≥ 1 and ν > 0 such that:

‖U(t, s)x‖ ≤ Ne−ν(t−s)‖x‖, for all (t, s, x) ∈ ∆×X.

Definition 2.9. The evolution operator U : ∆→ B(X) has uniform polynomial decay
(u.p.d.) if there exist two constants M ≥ 1 and ω > 0 such that:

(s+ 1)ω‖x‖ ≤M(t+ 1)ω‖U(t, s)x‖, for all (t, s, x) ∈ ∆×X.

Definition 2.10. The evolution operator U : ∆ → B(X) is uniformly polynomially
instable (u.p.is.) if there exist N ≥ 1 and ν > 0 such that:

(t+ 1)ν‖x‖ ≤ N(s+ 1)ν‖U(t, s)x‖, for all (t, s, x) ∈ ∆×X.

Definition 2.11. The evolution operator U : ∆ → B(X) has ∗-uniform exponential
decay (∗-u.e.d.) if there exist two constants M ≥ 1 and ω > 0 such that:

‖x∗‖ ≤Meω(t−s)‖U(t, s)∗x∗‖, for all (t, s, x∗) ∈ ∆×X∗.

Definition 2.12. The evolution operator U : ∆ → B(X) is said to be ∗-uniformly
exponentially instable (∗-u.e.is.) if there exist N ≥ 1 and ν > 0 such that:

‖x∗‖ ≤ Ne−ν(t−s)‖U(t, s)∗x∗‖, for all (t, s, x∗) ∈ ∆×X∗.

Definition 2.13. The evolution operator U : ∆ → B(X) has ∗-uniform polynomial
decay (∗-u.p.d.) if there exist M ≥ 1 and ω > 0 such that:

(s+ 1)ω‖x∗‖ ≤M(t+ 1)ω‖U(t, s)∗x∗‖, for all (t, s, x∗) ∈ ∆×X∗.

Definition 2.14. The evolution operator U : ∆ → B(X) is ∗-uniformly polynomially
instable (∗-u.p.is.) if there exist N ≥ 1 and ν > 0 such that:

(t+ 1)ν‖x∗‖ ≤ N(s+ 1)ν‖U(t, s)∗x∗‖, for all (t, s, x∗) ∈ ∆×X∗.

Remark 2.15. Let U : ∆ → B(X) be a reversible evolution operator. Then, U has
uniform exponential decay if and only if V has uniform exponential growth.

Remark 2.16. Let U : ∆ → B(X) be a reversible evolution operator. Then, U is
uniformly exponentially instable if and only if V is uniformly exponentially stable.

Remark 2.17. The following diagram illustrates the connections between the instabil-
ity concepts and the decay properties mentioned in the paper.

u.e.is. ⇒ u.p.is.
⇓ ⇓

u.e.d. ⇐ u.p.d.

In general, the converse implications are not true. Next, we will present some examples
which clarify the relations given above.
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Example 2.18. (Evolution operator which has u.e.d, but it is not u.e.is.)
Let X = R and U : ∆→ B(R), U(t, s)x = es−tx.
Then, U has uniform exponential decay, but it is not uniformly exponentially instable.
Indeed, we have that

‖U(t, s)‖ = es−t = e−(t−s) ≥ e−2(t−s),
which implies that U u.e.d. for ω = 2,M = 1.
If we suppose that U is u.e.is., then there existN ≥ 1, ν > 0 such that eν(t−s) ≤ Nes−t,
for all (t, s) ∈ ∆.
For s = 0 and t→∞ it results that ∞ ≤ N , contradiction.

Example 2.19. (Evolution operator which is u.p.is., but it is not u.e.is.)
We consider X = R and the application u : [1,∞)→ R∗+, u(t) = t2 + 1. Then

U : ∆→ B(R), U(t, s)x =
u(t)

u(s)
x,

is an evolution operator which is uniformly polynomially instable, but it is not uni-
formly exponentially instable.

Proof. See [13]. �

Example 2.20. (Evolution operator which has u.p.d., but it is not u.p.is.)
We consider X = R and the evolution operator

U : ∆→ B(R), U(t, s)x =
ϕ(s)

ϕ(t)
x, where

ϕ : R+ → [1,∞) ϕ(t) = t+ 1.

Then, U has uniform polynomial decay, but it is not uniformly polynomially instable.
Indeed, if we compute the norm of the operator U we obtain immediately that U has
u.p.d. for M = ω = 1.
If we suppose that U is u.p.is., then there exist N ≥ 1 and ν > 0 such that(

t+ 1

s+ 1

)ν
≤ N

(
s+ 1

t+ 1

)
, for all t ≥ s ≥ 0.

For s = 0 we obtain (t+ 1)ν+1 ≤ N , which for t→∞ yields to a contradiction.

Example 2.21. (Evolution operator that has u.e.d., but not u.p.d.)
We consider the evolution operator given in Example 2.18. We have that

‖U(t, s)‖ = es−t ≥ e−2(t−s),
which implies that U has uniform exponential decay for M = 1 and ω = 2.
If we suppose that U has u.p.d., it results that there exist M ≥ 1 and ω > 0 such
that (

s+ 1

t+ 1

)ω
≤Mes−t, for all (t, s) ∈ ∆.

For s = 0 we obtain M ≥ et

(t+ 1)ω
which for t → ∞ yields to a contradiction, so U

has not uniform polynomial decay.
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We define U1 : ∆ → B(X), U1(t, s) = U(et − 1, es − 1) the evolution operator
associated to U .

Proposition 2.22. The evolution operator U : ∆ → B(X) has ∗-uniform polynomial
decay if and only if the evolution operator U1 : ∆→ B(X) has ∗-uniform exponential
decay.

Proof. It results in a similar manner as Proposition 2.12 from [6]. �

Proposition 2.23. The evolution operator U : ∆→ B(X) is ∗-uniformly polynomially
instable if and only if U1 : ∆→ B(X) is ∗-uniformly exponentially instable.

Proof. It follows using analogous arguments with those used to prove Proposition 2.13
in [6]. �

3. The main results

The results of this section are some characterization theorems of Barbashin type
for the uniform exponential instability, ∗-uniform exponential instability, respectively
for the uniform polynomial instability and ∗-uniform polynomial instability for evo-
lution operators in Banach spaces.

Theorem 3.1. Let U be a ∗-strongly measurable evolution operator with ∗-uniform
exponential decay. Then U is ∗-uniformly exponentially instable if and only if there
exist the constants B > 1 and b > 0 such that

t∫
0

e−bs

‖U(t, s)∗x∗‖
ds ≤ Be−bt

‖x∗‖
,

for all (t, x∗) ∈ R+ × (X∗ \ {0}).

Proof. Necessity. Let b ∈ (0, ν). We suppose that U is ∗-uniformly exponentially
instable. Then, there exist N ≥ 1, ν > 0 such that

eν(t−s)‖x∗‖ ≤ N‖U(t, s)∗x∗‖, for all (t, s, x∗) ∈ ∆×X∗,

which is equivalent to

1

‖U(t, s)∗x∗‖
≤ Ne−ν(t−s)

‖x∗‖
, for all (t, s, x∗) ∈ ∆×X∗, that implies

t∫
0

e−bs

‖U(t, s)∗x∗‖
ds ≤ N

‖x∗‖

t∫
0

e−bs · e−ν(t−s)ds =
Ne−νt

‖x∗‖

t∫
0

e(ν−b)sds ≤ Be−bt

‖x∗‖
,
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where B = 1 +
N

ν − b
.

Sufficiency. For t ≥ s+ 1 we have

e−bs

‖U(t, s)∗x∗‖
=

s+1∫
s

e−bs

‖U(t, s)∗x∗‖
dτ =

s+1∫
s

e−bs

‖U(τ, s)∗U(t, τ)∗x∗‖
dτ

≤ 1

M

s+1∫
s

e−bs · eω(τ−s)

‖U(t, τ)∗x∗‖
dτ =

eω

M

s+1∫
s

eb(τ−s) · e−bτ

‖U(t, τ)∗x∗‖
dτ

≤ eω+b

M

t∫
0

e−bτ

‖U(t, τ)∗x∗‖
dτ ≤ Beω+b

M
· e
−bt

‖x∗‖
≤ N1

e−bt

‖x∗‖
,

where N1 = 1 +
Beω+b

M
. So, we obtained that

eb(t−s)‖x∗‖ ≤ N1‖U(t, s)∗x∗‖, for all t ≥ s+ 1, s ≥ 0. (3.1)

For t ∈ [s, s+ 1] we apply the ∗-decay property and we obtain that

‖U(t, s)∗x∗‖ ≥Me−ω(t−s)‖x∗‖, which implies

eb(t−s)‖x∗‖ ≤ e(ω+b)(t−s)

M
‖U(t, s)∗x∗‖ ≤ eω+b

M
‖U(t, s)∗x∗‖ ≤ N2‖U(t, s)∗x∗‖,

where N2 = 1 +
eω+b

M
. So, we have that

eb(t−s)‖x∗‖ ≤ N2‖U(t, s)∗x∗‖, for all t ∈ [s, s+ 1], s ≥ 0 (3.2)

From (3.1) and (3.2) we obtain that

eb(t−s)‖x∗‖ ≤ N‖U(t, s)∗x∗‖, for all (t, s, x) ∈ ∆×X,
where N = max{N1, N2}, so the theorem is proved. �

Corollary 3.2. Let U be a ∗-strongly measurable evolution operator with ∗-uniform
polynomial decay. Then U is ∗-uniformly polynomially instable if and only if there
exist the constants B > 1 and b > 0 such that

t∫
0

(s+ 1)−b−1

‖U(t, s)∗x∗‖
ds ≤ B(t+ 1)−b

‖x∗‖
,

for all (t, x∗) ∈ R+ × (X∗ \ {0}).

Proof. If U is ∗-uniformly polynomially instable with ∗-uniform polynomial decay,
then, from Proposition 2.22 and Proposition 2.23, this is equivalent to U1 is ∗-
uniformly exponentially instable with ∗-uniform exponential decay, which is equiv-
alent from Theorem 3.1 that there exist B > 1 and b > 0 such that

t∫
0

e−bs

‖U(et − 1, es − 1)∗x∗‖
ds ≤ Be−bt

‖x∗‖
, (3.3)
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for all (t, x∗) ∈ R+ × (X∗ \ {0}). Using the change of variables es − 1 = u relation
(3.3) is equivalent to

et−1∫
0

e−b ln(1+u)

‖U(et − 1, u)∗x∗‖
du

1 + u
≤ Be−bt

‖x∗‖
. (3.4)

Denoting by v = et − 1 relation (3.4) becomes

v∫
0

(1 + u)−b−1

‖U(v, u)∗x∗‖
du ≤ B(v + 1)−b

‖x∗‖
,

so we conclude that the proof is complete. �

Theorem 3.3. Let U : ∆ → B(X) be a strongly measurable and reversible evolution
operator with uniform exponential decay. Then U is uniformly exponentially instable
if and only if there exist B > 1 and b ∈ (0, 1) such that

t∫
0

‖V (t, s)x‖
ebs

ds ≤ B‖x‖
ebt

, for all (t, x) ∈ R+ ×X. (3.5)

Proof. If U : ∆ → B(X) is a reversible evolution operator with uniform exponential
decay, then from Remark 2.15 we have that V : ∆ → B(X) has uniform exponential
growth.
Necessity. Let b ∈ (0, ν). We suppose that U is uniformly exponentially instable which
implies from Remark 2.16 that V is uniformly exponentially stable. Then, we have

t∫
0

‖V (t, s)x‖
ebs

ds ≤ N
t∫

0

e−ν(t−s)

ebs
‖x‖ds = Ne−νt‖x‖

t∫
0

e(ν−b)sds

=
N

ν − b
‖x‖

(
e−bt − e−νt

)
≤ B

ebt
‖x‖,

where B = 1 +
N

ν − b
.

Sufficiency. If t ≥ s+ 1 we obtain

ebt‖V (t, s)x‖ =

s+1∫
s

ebt‖V (τ, s)V (t, τ)x‖dτ ≤M
s+1∫
s

ebteω(τ−s)‖V (t, τ)x‖dτ

= M

s+1∫
s

e(τ−s)(b+ω)eb(t+s)
‖V (t, τ)x‖

ebτ
dτ

≤Meb+ωeb(t+s)
t∫

0

‖V (t, τ)x‖
ebτ

dτ ≤ Nebs‖x‖,
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where N = BMeb+ω.
So, we obtained

‖V (t, s)x‖ ≤ Ne−b(t−s)‖x‖, for all t ≥ s+ 1, s ≥ 0. (3.6)

If t ∈ [s, s+ 1) we apply the growth property and we have

ebt‖V (t, s)x‖ ≤Mebteω(t−s)‖x‖ = Me(b+ω)(t−s)ebs‖x‖ ≤ Nebs‖x‖,
which implies

‖V (t, s)x‖ ≤ Ne−b(t−s)‖x‖, forall t ∈ [s, s+ 1), s ≥ 0. (3.7)

Finally, from (3.6) and (3.7) we obtain that V is uniformly exponentially stable which
means from Remark 2.16 that U is uniformly exponentially instable. �

Corollary 3.4. Let U : ∆ → B(X) be a strongly measurable and reversible evolution
operator with uniform polynomial decay. Then U is uniformly polynomially instable
if and only if there exist B > 1 and b ∈ (0, 1) such that

t∫
0

‖V (t, s)x‖
(s+ 1)b+1

ds ≤ B‖x‖
(t+ 1)b

, for all (t, x) ∈ R+ ×X.

Proof. It results immediately using the same idea as in the proof of Corollary 3.2. �
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