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Mihai Mihăilescu and Denisa Stancu-Dumitru

Dedicated to Professor Gheorghe Moroşanu on the occasion of his 70th anniversary.

Abstract. The study of perturbed eigenvalue problems has been a very active field
of investigation throughout the years. In this survey we collect several results in
the field.

Mathematics Subject Classification (2010): 35D30, 35D40, 46E30, 49J40, 35A15.

Keywords: Eigenvalue problem, p-Laplace operator, nonlocal (s, p)-Laplace oper-
ator, Sobolev space, variational methods.

1. Introduction

This paper is dedicated to prof. Gheorghe Moroşanu on the occasion of his 70th
birthday. The topic of our paper fits perfectly with one of prof. Moroşanu ’s fields
of interests, namely the study of eigenvalue problems for elliptic operators, on which
he brought a couple of nice contributions which will be recalled in the main body of
this article. It is an opportunity and an honour for us to dedicate this work to our
professor and friend Gheorghe Moroşanu on the occasion of his 70th birthday.

The goal of this paper is to collect some known results on perturbed eigenvalue
problems. We split the discussion in two main parts. More precisely, we will start
our survey by presenting results on the classical eigenvalue problem for the p-Laplace
operator in both local and nonlocal cases (including a discussion on the limiting case
when p→∞), and we will continue with the case of the perturbed eigenvalue problems
of the p-Laplace operator on bounded domains under different boundary conditions
or on unbounded domains.

1.1. Notations

Throughout this paper Ω will stand for an open set (bounded or unbounded) of
the Euclidean space RN . We will denote by ∂Ω the boundary of Ω while ν will stand
for the unit outward normal to ∂Ω and ∂u

∂ν will represent the normal derivative of u.

The Euclidean norm on RN will be denoted by | · |N .
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2. Eigenvalue problems for the p-Laplace operator

2.1. The case of the (local) p-Laplace operator

For each real number p ∈ (1,∞) and each function u : Ω→ R, smooth enough,
we define the (local) p-Laplace operator by

∆pu := div(|∇u|p−2
N ∇u) .

2.1.1. The case of bounded domains. In this section we will assume that Ω ⊂ RN
(N ≥ 1) is a bounded domain with smooth boundary ∂Ω. The classical eigenvalue
problem for the p-Laplace operator reads as follows

−∆pu = λ|u|p−2u, in Ω , (2.1)

where λ ∈ R is a real parameter. This problem was studied under different boundary
conditions (see, e.g. Lê [16] for more details), such as

• Dirichlet boundary conditions

u = 0, on ∂Ω , (2.2)

• Neumann boundary conditions

|∇u|p−2
N

∂u

∂ν
= 0, on ∂Ω , (2.3)

• Robin boundary conditions

|∇u|p−2
N

∂u

∂ν
+ α|u|p−2u = 0, on ∂Ω , (2.4)

where α > 0 is a given real number, etc. In this context, a parameter λ is called an
eigenvalue of problem (2.1) if the problem possesses a nontrivial (weak) solution u
which belongs to a suitable Sobolev space denoted by W (Ω), where either W (Ω) =

W 1,p
0 (Ω), if we are working under the Dirichlet boundary conditions, or W (Ω) =

W 1,p(Ω), if we are working under the Neumann or Robin boundary conditions. More
precisely, if we are working under boundary conditions (2.2) or (2.3) then λ is an
eigenvalue of problem (2.1) if there exists u ∈W (Ω) \ {0} such that∫

Ω

|∇u|p−2
N ∇u∇φ dx = λ

∫
Ω

|u|p−2uφ dx, ∀ φ ∈W (Ω) ,

while, if we are working under boundary conditions (2.4) then λ is an eigenvalue of
problem (2.1) if there exists u ∈W (Ω) \ {0} such that∫

Ω

|∇u|p−2
N ∇u∇φ dx+ α

∫
∂Ω

|u|p−2uφ dσ(x) = λ

∫
Ω

|u|p−2uφ dx, ∀ φ ∈W (Ω) .

A function u as above is called an eigenfunction corresponding to the eigenvalue λ.

It is well-known (see, e.g. Lindqvist [18] or Lê [16]) that problem (2.1) (under
any of the boundary conditions (2.2), (2.3), or (2.4)) has an increasing and unbounded
sequence of nonnegative eigenvalues, say {λk(p; Ω)}k≥1, which can be produced using,
for instance, the Ljusternik-Schnirelman theory. We recall that for each integer k ≥ 1
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the eigenvalue λk(p; Ω), under the boundary conditions (2.2) or (2.3), has the following
variational characterisation, (see, e.g. [16]),

λk(p; Ω) := inf
A∈Σk

sup
u∈A

∫
Ω

|∇u|pN dx∫
Ω

|u|p dx
, (2.5)

while, under the boundary condition (2.4) its variational characterisation reads as

λk(p; Ω) := inf
A∈Σk

sup
u∈A

∫
Ω

|∇u|pN dx+ α

∫
∂Ω

|u|p dσ(x)∫
Ω

|u|p dx
, (2.6)

where

Σk := {A ⊂W (Ω) | A is symmetric and compact in the

topology of W (Ω), γ(A) ≥ k} ,

and γ(A) stands for the Krasnosel’skii genus of A, which is defined as the smallest
integer m for which there exists a continuous odd map f : A→ Rm \ {0}. If no such
integer exists, then we set γ(A) =∞, while γ(∅) = 0. Note that in the particular cases
when p = 2 (and N ≥ 1), that is the case when the eigenvalue problem (2.1) is linear,
or N = 1 (and p ∈ (1,∞)), that is the 1-dimensional case, the sequence {λk(p; Ω)}k≥1

describes completely the set of eigenvalues of problem (2.1). However, when N ≥ 2
and p ∈ (1,∞) \ {2} the existence of other eigenvalues in the interval (λ2(p; Ω),∞)
different from those given by the sequence {λk(p; Ω)}k≥3 remains an open question.
Actually, in the latter case it is not known if the set of all eigenvalues of the problem
is discrete or not.

In order to simplify the exposition, in the rest of this paper we will use three
different notations for the sequences of eigenvalues of problem (2.1) depending on the
boundary conditions that will be considered. More precisely, we let {λDk (p; Ω)}k≥1,
{λNk (p; Ω)}k≥1 and {λRk (p; Ω)}k≥1 be the sequences of eigenvalues of problem (2.1)
under the boundary conditions (2.2), (2.3) and (2.4), respectively.

At this point it is instructive to point out the following simple observations
concerning the variational characterisations of the lowest eigenvalues of problem (2.1)
under the three different boundary conditions presented above

λD1 (p; Ω) := inf
u∈W 1,p

0 (Ω)\{0}

∫
Ω

|∇u|pN dx∫
Ω

|u|p dx
, (2.7)

λN1 (p; Ω) := inf
u∈W 1,p(Ω)\{0}

∫
Ω

|∇u|pN dx∫
Ω

|u|p dx
,
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λR1 (p; Ω) := inf
u∈W 1,p(Ω)\{0}

∫
Ω

|∇u|pN dx+ α

∫
∂Ω

|u|p dσ(x)∫
Ω

|u|p dx
.

All these minimization problems possess minimizers which are corresponding eigen-
functions for the eigenvalues λD1 (p; Ω), λN1 (p; Ω) and λR1 (p; Ω). These minimizers be-
long to a certain Hölder space C1,β(Ω) (for some β ∈ (0, 1)) and do not change sign
in Ω. On the other hand, the eigenvalues λD1 (p; Ω), λN1 (p; Ω) and λR1 (p; Ω) are simple
and isolated. Moreover, we recall that

λD1 (p; Ω) > 0 and λR1 (p; Ω) > 0, ∀ p ∈ (1,∞) ,

while

λN1 (p; Ω) = 0, ∀ p ∈ (1,∞) .

Since the lowest eigenvalue of problem (2.1)+(2.3) vanishes it is important to present
the variational characterisation of the second eigenvalue λN2 (p; Ω) (that is the first
positive eigenvalue of the problem), namely

λN2 (p; Ω) := inf
u∈Xp(Ω)\{0}

∫
Ω

|∇u|pN dx∫
Ω

|u|p dx
,

where Xp(Ω) := {u ∈W 1,p(Ω) :
∫

Ω
|u|p−2u dx = 0}.

2.1.2. The∞-eigenvalue problem under the Dirichlet boundary conditions. For each
p ∈ (1,∞) we can rewrite problem (2.1)+(2.2) as{

−∆pu = λ|u|p−2u in Ω,
u = 0 on ∂Ω .

(2.8)

The asymptotic behavior as p → ∞ of problems (2.8) with λ = λD1 (p; Ω) has been
studied by Fukagai, Ito, & Narukawa [11] and Juutinen, Lindqvist, & Manfredi [15]).
A first step in this direction was to show that

lim
p→∞

p

√
λD1 (p; Ω) =

[
max
x∈Ω

dist(x, ∂Ω)

]−1

,

where dist(·, ∂Ω) stands for the distance function to the boundary of Ω, (recall that
dist(x, ∂Ω) := infy∈∂Ω |x − y|N , for all x ∈ Ω). Next, since the corresponding eigen-
functions of λD1 (p; Ω) are, actually, minimizers for the minimization problem (2.7)
that do not change sign in Ω, we can let, for each p ∈ (1,∞), up > 0 to be an eigen-
function corresponding to the eigenvalue λD1 (p; Ω). Juutinen, Lindqvist & Manfredi
showed in [15] that there exists a subsequence of {up} which converges uniformly in
Ω to a nontrivial and nonnegative viscosity solution of the limiting problem min

{
|∇u|N −

[
max
x∈Ω

dist(x, ∂Ω)

]−1

u, −∆∞u

}
= 0 in Ω,

u = 0 on ∂Ω,

(2.9)



Perturbed eigenvalue problems: an overview 59

where ∆∞ is the∞-Laplace operator, which on sufficiently smooth functions u : Ω→
R is given by ∆∞u := 〈D2u∇u,∇u〉 =

∑N
i,j=1

∂u
∂xi

∂u
∂xj

∂2u
∂xi∂xj

. Note that dist(·, ∂Ω) is

not always a viscosity solution of (2.9), but, in the particular case when Ω is a ball it
turns out that dist(·, ∂Ω) is the only viscosity solution of (2.9). However, for general
domains Ω the convergence of the entire sequence up to a unique limit, as p→∞, is
an open question.

2.1.3. The case of unbounded domains. In the first part of this section we will let
Ω ⊆ RN (N ≥ 3) be a general open set (bounded or unbounded) and V : Ω → R be
a function which satisfies the hypotheses{

V ∈ L1
loc(Ω), V + = V1 + V2 6= 0, V1 ∈ LN/2(Ω),

lim
|x|N→∞

|x|2NV2(x) = 0, lim
x→y
|x− y|2NV2(x) = 0 for any y ∈ Ω. (2.10)

Note that in particular the function V may change sign in Ω.
In [25] Szulkin & Willem analyzed the eigenvalue problem

−∆u = λV (x)u, u ∈ D1,2
0 (Ω) , (2.11)

where D1,2
0 (Ω) stands for the closure of C∞0 (Ω) under the L2-norm of the gradient.

Using an elementary argument based on a simple minimization procedure it was
proved in [25, Theorems 2.2 & 2.3] the existence of infinitely many eigenvalues of
(2.11). A similar result was obtained in the case when instead of the Laplace operator
was considered the general p-Laplace operator in equation (2.11) (naturally, in this
new case conditions (2.10) were slightly modified in order to be compatible with the
new situation).

In the second part of this section we let Ω ⊂ RN (N ≥ 2) be a simply connected
bounded domain, containing the origin, with C2 boundary denoted by ∂Ω and we
denote by Ωext := RN \ Ω the exterior of Ω. Let K : Ωext → (0,∞) be a function
having the property that K ∈ L∞ (Ωext) ∩ LN/p (Ωext), for some p ∈ (1, N). Chhetri
and Drábek studied in [6] the eigenvalue problem −∆pu = λK(x)|u|p−2u, for x ∈ Ωext,

u(x) = 0, for x ∈ ∂Ω,
u(x)→ 0, as |x|N →∞ .

(2.12)

In particular, they showed that the lowest eigenvalue of problem (2.12) has the fol-
lowing variational characterization

λ1(p; Ωext) := inf
u∈C∞

0 (Ωext)\{0}

∫
Ωext

|∇u|pNdx∫
Ωext

K(x)|u|pdx
. (2.13)

Moreover, λ1(p; Ωext) is simple, isolated and its corresponding eigenfunctions have
constant sign in Ωext. In particular, the results from [6] complemented to the case
of exterior domains the results obtained on the classical eigenvalue problem of the
p-Laplacian on bounded domains subject to the homogeneous Dirichlet boundary
conditions (that is problem (2.1)+(2.2), or, equivalently, problem (2.8)).
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2.2. The case of the nonlocal p-Laplace operator

Let Ω ⊂ RN (N ≥ 2) be a bounded domain with Lipschitz boundary ∂Ω. For
each p ∈ (1,∞) and s ∈ (0, 1) we define the nonlocal nonlinear operator

(−∆p)
su(x) := 2 lim

ε↘0

∫
|x−y|N≥ε

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+sp
N

dy, x ∈ RN . (2.14)

Since for p = 2 the above definition reduces to the linear fractional Laplacian, (−∆)s,
we will refer to (−∆p)

s as being a fractional (s, p)-Laplace operator.
The eigenvalue problem for the fractional (s, p)-Laplacian reads as follows{

(−∆p)
su(x) = λ|u(x)|p−2u(x), for x ∈ Ω,

u(x) = 0, for x ∈ RN\Ω .
(2.15)

Problem (2.15) was extensively studied in the literature in the last decade. Among the
results related with this problem we just recall some facts from the paper by Lindgren
& Lindqvist [17]. First, in order to explain the notion of eigenvalue for problem (2.15)

let us denote by W̃ s,p
0 (Ω) the fractional Sobolev space where it is natural to seek weak

solutions for this problem. Next, for simplicity, for each p ∈ (1,∞) and s ∈ (0, 1) we
will consider the notation

Es,p(u, v) :=

∫
RN

∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
N

dx dy , (2.16)

for all u, v ∈ W̃ s,p
0 (Ω). A real number λ ∈ R will be called an eigenvalue of problem

(2.15) if there exists a function u ∈ W̃ s,p
0 (Ω) such that

Es,p(u, v) = λ

∫
Ω

|u(x)|p−2u(x)v(x) dx, ∀ v ∈ W̃ s,p
0 (Ω) . (2.17)

Further, we define

λ1(s, p) := inf
u∈W̃ s,p

0 (Ω)\{0}

∫
RN

∫
RN

|u(x)− u(y)|p

|x− y|N+sp
N

dx dy∫
RN

|u|p dx
. (2.18)

It is known that λ1(s, p) is attained at some u ∈ W̃ s,p
0 (Ω) \ {0} (see [17, Theorem 5]),

with ‖u‖Lp(RN ) = ‖u‖Lp(Ω) = 1 and∫
RN

∫
RN

|u(x)− u(y)|p

|x− y|N+sp
N

dx dy∫
RN

|u|p dx
= λ1(s, p) .

Moreover, it holds true that

Es,p(u, ϕ) = λ1(s, p)

∫
RN

|u(x)|p−2u(x)ϕ(x)dx, ∀ ϕ ∈ W̃ s,p
0 (Ω) ,

which means that λ1(s, p) is an eigenvalue of problem (2.15).
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Next, let us recall a result on an eigenvalue problem involving the fractional
Laplacian studied on the whole Euclidean space RN . More precisely, the second author
of this survey studied in [12] the eigenvalue problem

(−∆)
s
u(x) = λV (x)u(x), ∀ x ∈ RN , (2.19)

where s ∈ (0, 1) is a given real number, λ is a real parameter and V : RN → R is a
function that may change sign and which satisfies the hypothesis

V ∈ L1
loc(RN ), V + = V1 + V2 6= 0, V1 ∈ L

N
2s (RN ) and

lim
x→y
|x− y|2sN V2(x) = 0, for all y ∈ RN and lim

|x|N→∞
|x|2sN V2(x) = 0.

(Ṽ )

It was shown in [12, Theorem 1.3] that under condition (Ṽ) the problem (2.19)
has an unbounded, increasing sequence of positive eigenvalues. In particular this result
extended to the case of nonlocal operators the result by Szulkin & Willem from [25,
Theorems 2.2 & 2.3].

3. Perturbed eigenvalue problems for the p-Laplace operator

In this section we will analyze some perturbations of classical eigenvalue prob-
lems. All the perturbed eigenvalue problems are, actually, nontypical eigenvalue prob-
lems since the differential operators involved in their constructions are inhomogeneous.
However, their formulations are similar with those of the typical eigenvalue problems
and for that reason we will continue to call the parameter λ involved in these equations
an eigenvalue if the corresponding problem possesses a nontrivial weak solution.

3.1. The perturbation of the (local) p-Laplace operator

3.1.1. The case of bounded domains. In this section we will assume that Ω ⊂ RN
(N ≥ 1) is a bounded domain with smooth boundary ∂Ω. Let p ∈ (1,∞) be a given
real number. We will call a perturbation of the eigenvalue problem (2.1) a problem of
type

−∆pu−∆qu = λ|u|p−2u, in Ω , (3.1)

where q ∈ (1,∞) \ {p} is a given real number and λ ∈ R is a real parameter. Our goal
will be to determine the set of all parameters λ for which problem (3.1) has nontrivial
solutions, under different boundary conditions. This kind of parameters will be called
eigenvalues of problem (3.1).
I. The case of the Dirichlet boundary conditions. We consider the case when problem

(3.1) is investigated subject to the boundary conditions (2.2). More precisely, we
consider the problem {

−∆pu−∆qu = λ|u|p−2u in Ω,
u = 0 on ∂Ω .

(3.2)

For this problem a weak solution is a function u ∈W 1,max{p,q}
0 (Ω) such that∫

Ω

(|∇u|p−2
N + |∇u|q−2

N )∇u∇φ dx = λ

∫
Ω

|u|p−2uφ dx, ∀ φ ∈W 1,max{p,q}
0 (Ω) .
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We will say that λ from the above relation is an eigenvalue of problem (3.2) if

u ∈ W 1,max{p,q}
0 (Ω) \ {0}. In that case we will refer to u as being an eigenfunction

corresponding to the eigenvalue λ.

Independently, Tanaka [23] and Bocea and the third author of this paper [5,
Theorem 1.1] proved the following result.

Theorem 3.1. The set of eigenvalues of problem (3.2) is exactly given by the open
interval (λD1 (p; Ω),∞). Moreover, for each λ ∈ (λD1 (p; Ω),∞) there exists a nontrivial
and nonnegative weak solution for problem (3.2).

Note the interesting fact that in the case of the perturbed eigenvalue problems
under the Dirichlet boundary conditions, such as (3.2), the set of eigenvalues can be
entirely described and it is a continuous set. In particular, this is in sharp contrast
with the situation which occurs in the case of the Laplace operator when the set of
eigenvalues is discrete.

We would like to point out that similar results with those obtained in Theorem
3.1 were obtained by Bhattacharya, Emamizadeh, & Farjudian in [3] and by the
first author of this paper in [8, Theorem 1] but for a class of anisotropic differential
operators.

Further, let us assume that for each real number p ∈ (1,∞) the parameter
q ∈ (1,∞) \ {p} which is involved in the construction of problem (3.2) depends on
p. In other words we assume that q : (1,∞) → (1,∞) is a function which depends

on p, i.e. q = q(p). Furthermore, we assume that lim
p→∞

q(p)
p = Q ∈ (0,∞) \ {1}, and

where either q(p) < p if Q ∈ (0, 1) or q(p) > p if Q ∈ (1,∞). In [5] the authors
investigated the asymptotic behavior of positive solutions of the problems (3.2) as
p → ∞. They showed that for any Λ ∈ [(max

x∈Ω
dist(x, ∂Ω))−1,∞) and each sequence

{λp}, with λp ∈ (λD1 (p; Ω),∞), such that limp→∞(λp)
1/p = Λ the sequence of positive

weak solutions of (3.2) with λ = λp possesses a subsequence which converges to a
nontrivial and nonnegative viscosity solution of the limiting problem{

min
{

max{|∇u|N , |∇u|QN} − Λu,−∆∞u
}

= 0 in Ω,

u = 0 on ∂Ω.
(3.3)

On the other hand, it was shown that for all Λ ∈ (−∞, (max
x∈Ω

dist(x, ∂Ω))−1) there are

no nonnegative and nontrivial solutions of problem (3.3). Thus, in comparison to the
well-known problem (2.9), the analysis of (3.3) reveals a markedly different situation:

while for the original problem a single value of Λ, namely

[
max
x∈Ω

dist(x, ∂Ω)

]−1

, is

known for which the corresponding viscosity solution is nonnegative, in the case of
problem (3.3) this situation extends to the entire interval [(max

x∈Ω
dist(x, ∂Ω))−1,∞)

(see [5, Theorem 1.3] for details).

II. The case of the Neumann boundary conditions. We consider the case when prob-
lem (3.1) is investigated subject to the Neumann-type boundary conditions. More
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precisely, we consider the problem{ −∆pu−∆qu = λ|u|p−2u in Ω,

(|∇u|p−2
N + |∇u|q−2

N )
∂u

∂ν
= 0 on ∂Ω .

(3.4)

where p, q ∈ (1,∞) and p 6= q. For this problem a weak solution is a function u ∈
W 1,max{p,q}(Ω) such that∫

Ω

(|∇u|p−2
N + |∇u|q−2

N )∇u∇φ dx = λ

∫
Ω

|u|p−2uφ dx, ∀ φ ∈W 1,max{p,q}(Ω) .

We will say that λ is an eigenvalue of problem (3.4) if u ∈ W 1,max{p,q}(Ω) \ {0}. In
that case we will refer to u as being an eigenfunction corresponding to the eigenvalue
λ.

Problem (3.4) was investigated in the case when p = 2 and q ∈ (1,∞) \ {2} by
three of the authors of this paper in [19, Theorem 1.1] (for the case q ∈ (2,∞)) and
[9, Theorem 1] (for the case q ∈ (1, 2)) while the case p ∈ (2,∞) and q ∈ (1,∞) \ {p}
it was analyzed by Moroşanu and the third author of this paper in [21, Theorem 1.1].
We summarise all the results on problem (3.4) in the following theorem.

Theorem 3.2. Assume that p ∈ [2,∞) and q ∈ (1,∞)\{p}. For each such two numbers
p and q define

Xp,q(Ω) :=

{
u ∈W 1,max{p,q}(Ω) :

∫
Ω

|u|p−2u dx = 0

}
.

Then the set of eigenvalues of problem (3.4) is precisely

{0} ∪ (µ1(p, q; Ω),∞) ,

where

µ1(p, q; Ω) := inf
u∈Xp,q(Ω)\{0}

∫
Ω

|∇u|pN dx∫
Ω

|u|p dx
,

is a positive constant.

Note that in the case when q ∈ (1, p) and p ≥ 2 we have µ1(p, q; Ω) = λN2 (p; Ω)
and thus the constant µ1(p, q; Ω) does not depend on q in this case. On the other
hand, in the case where q ∈ (p,∞) the constant µ1(p, q; Ω) depends on q since in
this case W 1,max{p,q}(Ω) = W 1,q(Ω). In that case we can deduce only the fact that
µ1(p, q; Ω) ≥ λN2 (p; Ω).

The conclusion of Theorem 3.2 is interesting if we compare it, for example,
with two classical well-known results on similar problems. First, recall the fact that
when q = p = 2 then problem (3.4) reduces to the eigenvalue problem for the Laplace
operator under the homogenous Neumann boundary conditions. In that case we recall
the well-known fact that the problem possesses a discrete set of eigenvalues which can
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be organized as an increasing and unbounded sequence of positive real numbers. On
the other hand, if we consider for instance the problem

{ −∆u = λ|u|q−2u in Ω,
∂u

∂ν
= 0 on ∂Ω ,

(3.5)

with q ∈ (1,∞) \ {2} then the set of all parameters λ for which problem (3.5) has
nontrivial weak solutions is exactly the interval [0,∞). In that case the set of eigen-
values of problem (3.5) is continuous. The case of problem (3.4) with p = 2 and
q ∈ (1,∞) \ {2} brings to our attention a new situation when the set of eigenvalues
of the problem possesses on the one hand, a continuous part, that is the interval
(µ1(2, q; Ω),∞), and, on the other hand, one more eigenvalue, i.e. λ = 0, which is
isolated.

Finally, we would like to point out three similar results with those obtained
in Theorem 3.2. The first result was recently obtained by Abreu & Madeira in [1]
in the case when in problem (3.4) we have p = 2, q ∈ (1,∞) \ {2} but working
under parametric-type boundary conditions instead of the Neumann-type boundary
conditions. The other two results are due to Costea & Moroşanu [7] and Barbu &
Moroşanu [2] for some Steklov-type eigenvalue problems.

III. The case of the Robin boundary conditions. Assume that we are working in an
Euclidean space having dimension N ≥ 2. We consider the case when problem (3.1)
is investigated subject to the Robin-type boundary conditions. More precisely, for a
given real number α > 0 we consider the problem

{ −∆pu−∆qu = λ|u|p−2u in Ω,

(|∇u|p−2
N + |∇u|q−2

N )
∂u

∂ν
+ α|u|p−2u = 0 on ∂Ω ,

(3.6)

where p, q ∈ (1,∞) and p 6= q.
For this problem a weak solution is a function u ∈W 1,max{p,q}(Ω) such that∫

Ω

(|∇u|p−2
N + |∇u|q−2

N )∇u∇φ dx+ α

∫
∂Ω

|u|p−2uφ dσ(x) = λ

∫
Ω

|u|p−2uφ dx ,

for all φ ∈ W 1,max{p,q}(Ω). We will say that λ is an eigenvalue of problem (3.6) if
u ∈ W 1,max{p,q}(Ω) \ {0}. In that case we will refer to u as being an eigenfunction
corresponding to the eigenvalue λ.

The perturbed eigenvalue problem (3.6) has been investigated by Gyulov &
Moroşanu in [14]. In order to recall their result let us define two quantities which play
an important role in the analysis of the problem. More precisely, we define

λ? := α
mN−1(∂Ω)

mN (Ω)
,
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where mN−1(∂Ω) and mN (Ω) denote the corresponding N − 1 and N dimensional
Lebesgue measures of the boundary ∂Ω and the set Ω, respectively, and

ν1(p, q; Ω) := inf
u∈W 1,max{p,q}(Ω)\{0}

∫
Ω

|∇u|pN dx+ α

∫
∂Ω

|u|p dσ(x)∫
Ω

|u|p dx
.

By [14, Remark 2] it is clear that λ? > ν1(p, q; Ω). Moreover, we point out that
if q ∈ (1, p) then W 1,max{p,q}(Ω) = W 1,p(Ω) and, consequently, in that case
ν1(p, q; Ω) = λR1 (p; Ω). By contrary, if q ∈ (p,∞) then W 1,max{p,q}(Ω) = W 1,q(Ω)
and, consequently, in that case ν1(p, q; Ω) ≥ λR1 (p; Ω). The main result on (3.6) is a
consequence of Theorems 1-3 from [14].

Theorem 3.3. For each p, q ∈ (1,∞) in the interval (−∞, λR1 (p; Ω)] there is no eigen-
value of problem (3.6). If q ∈ (p,∞) then each λ ∈ (ν1(p, q; Ω), λ?) is an eigenvalue of
problem (3.6). If q ∈ (1, p) then each λ ∈ (λR1 (p; Ω), λ?) is an eigenvalue of problem
(3.6).

The case λ ≥ λ? is open.

3.1.2. The case of unbounded domains. In the first part of this section we will let
Ω ⊆ RN (N ≥ 3) be a general open set (bounded or unbounded) and V : Ω → R a
function which satisfies the hypothesis (2.10).

Motivated by the results from [25] on the eigenvalue problem (2.11) in [22] the
last two authors of this paper studied the set of parameters λ for which the following
perturbed eigenvalue problem has nontrivial solutions

−∆u−∆pu = λV (x)u, u ∈ D1,Φp

0 (Ω) , (3.7)

where p ∈ (1, N)\{2} and Φp : R→ R is given by Φp(t) := t2

2 + |t|
p

p , the Orlicz-Sobolev

type space D1,Φp

0 (Ω) is obtained as the closure of C∞0 (Ω) under the Luxemburg-type
norm

‖u‖ := inf

{
µ > 0;

∫
Ω

Φp

(
|∇u(x)|N

µ

)
dx ≤ 1

}
,

(see [22, Section 2] for more details regarding the definition and properties of Φp and

D1,Φp

0 (Ω)). We recall that in the above framework we say that u is a weak solution of

equation (3.7) if there exists u ∈ D1,Φp

0 (Ω) \ {0} such that∫
Ω

∇u∇w dx+

∫
Ω

|∇u|p−2
N ∇u∇w dx = λ

∫
Ω

V (x)uw dx, ∀ w ∈ D1,Φp

0 (Ω).

The main result on problem (3.7) is formulated in the following theorem.

Theorem 3.4. Assume condition (2.10) is fulfilled. Then the set of parameters λ
for which problem (3.7) possesses nontrivial solutions is exactly the open interval
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(λ1,+∞), where λ1 is given by

λ1 := inf
u∈C∞

0 (Ω)\{0}

∫
Ω

|∇u(x)|2N dx∫
Ω

V (x)u2(x) dx

. (3.8)

Note that by [25, Theorem 2.2] it is obvious that λ1 defined in (3.8) is achieved

in D1,2
0 (Ω) which is larger than D1,Φp

0 (Ω) (see [22, Section 2] for details).

In the second part of this section we let Ω ⊂ RN (N ≥ 2) be a simply connected
bounded domain, containing the origin, with C2 boundary denoted by ∂Ω and we
denote by Ωext := RN \Ω the exterior of Ω. Let K : Ωext → (0,∞) be a function having
the property that K ∈ L∞ (Ωext) ∩ LN/p (Ωext) for some p ∈ (1, N). Let λ1(p; Ωext)
be the first eigenvalue of problem (2.12) given by relation (2.13). In [13] the second
author of this paper investigated a perturbation of problem (2.12) obtained when we
perturb the p-Laplacian by a q-Laplacian with q 6= p. More precisely, he studied the
problem  −∆pu−∆qu = λK(x)|u|p−2u, for x ∈ Ωext,

u(x) = 0, for x ∈ ∂Ω,
u(x)→ 0, as |x|N →∞,

(3.9)

where p, q ∈ (1, N) with p 6= q. Note that the natural function space framework for

problem (3.9) is given by the Orlicz-Sobolev space W
1,Ψp,q

0 (Ωext) constructed with

the aid of the N -function Ψp,q : [0,∞) → R, given by Ψp,q(t) := tp

p + tq

q . In that

framework, we say that u ∈W 1,Ψp,q

0 (Ωext) is a weak solution of problem (3.9), if the
following relation holds∫

Ωext

(|∇u|p−2
N + |∇u|q−2

N )∇u∇ϕdx = λ

∫
Ωext

K(x)|u|p−2uϕdx,

for all ϕ ∈W 1,Ψp,q

0 (Ωext) .

The main result on problem (3.9) is given by the following theorem.

Theorem 3.5. The set of all parameters λ for which problem (3.9) possesses nontrivial
weak solutions is the open interval (λ1(p; Ωext),∞).

3.2. The perturbation of the nonlocal (s, p)-Laplace operator

Let Ω ⊂ RN (N ≥ 2) be a bounded domain with Lipschitz boundary ∂Ω. In [10]
three of the authors of this paper studied a perturbation of the eigenvalue problem
(2.15), namely{

(−∆p)
su(x) + (−∆q)

tu(x) = λ|u(x)|r−2u(x), for x ∈ Ω,
u(x) = 0, for x ∈ RN\Ω ,

(3.10)

where s, t, p and q are real numbers satisfying the assumption

0 < t < s < 1, 1 < p < q <∞, s− N

p
= t− N

q
, (3.11)
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r ∈ {p, q} and λ ∈ R is a parameter. The goal was to determine all the parameters
λ for which problem (3.10) possesses nontrivial weak solutions. By a weak solution of

problem (3.10) we understand a function u ∈ W̃ s,p
0 (Ω) such that

Es,p(u, v) + Et,q(u, v) = λ

∫
Ω

|u(x)|r−2u(x)v(x) dx, ∀ v ∈ W̃ s,p
0 (Ω) , (3.12)

where the quantities Es,p(u, v) and Et,q(u, v) are given by relation (2.16).
Define

λ1 :=

{
λ1(s, p), if r = p,
λ1(t, q), if r = q ,

(3.13)

where λ1(s, p) and λ1(t, q) are given by relation (2.18). The main result on problem
(3.10) is given by the following theorem (see [10, Theorem 1.1]).

Theorem 3.6. Assume condition (3.11) is fulfilled. Then the set of all real parameters λ
for which problem (3.10) has at least a nontrivial weak solution is the interval (λ1,∞),
with λ1 defined by relation (3.13). Moreover, the weak solution could be chosen to be
non-negative.

Next, we recall a result obtained by the second author of this paper in [12] on a
perturbation of problem (2.19), namely

(−∆)
s
u(x) + (−∆p)

t
u(x) = λV (x)u(x), ∀ x ∈ RN , (3.14)

under the assumption

0 < t < s < 1 and s− N

2
= t− N

p
, (3.15)

where λ is a real parameter and V : RN → [0,∞) is a function satisfying the hypoth-

esis (Ṽ). Note that in the case of problem (3.14) we have V = V +. We will say that

λ ∈ R is an eigenvalue of problem (3.14), if there exists u ∈ Ds,20 (RN ) \ {0} such that

Es,2(u, ϕ) + Et,p(u, ϕ) = λ

∫
RN

V (x)u(x)ϕ(x) dx , (3.16)

for all ϕ ∈ Ds,20 (RN ), where the quantities Es,2(u, v) and Et,q(u, v) are given by re-
lation (2.16). Furthermore, u from the above relation will be called an eigenfunction
corresponding to the eigenvalue λ.

Define

λ̃1 := inf
u∈C∞

0 (RN )\{0}

∫
RN

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
N

dxdy∫
RN

V (x)u2 dx

. (3.17)

The main result regarding problem (3.14) is given by the following theorem (see [12,
Theorem 1.5]).

Theorem 3.7. Assume that V : RN → [0,∞) is a function which satisfies condition

(Ṽ). Under assumption (3.15), the set of eigenvalues of problem (3.14) is the open

interval (λ̃1,∞). Moreover, the corresponding eigenfunctions can be chosen to be non-
negative.
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Remark. A simple analysis of the proof of Theorem 1.3 from [12] shows that in the

case when function V satisfies V (x) ≥ 0, for all x ∈ RN , then λ̃1 defined in relation
(3.17) is the smallest eigenvalue of problem (2.19).

3.3. A perturbed eigenvalue problem involving rapidly growing operators
in divergence form

Let Ω ⊂ RN (N ≥ 2) be a bounded domain with smooth boundary ∂Ω. In this
section our goal is to recall some results on the perturbation of the classical eigenvalue
problem of the Laplace operator subject to the homogenous Dirichlet boundary con-
ditions (that is problem (2.8) with p = 2) with a so-called rapidly growing operator

in divergence form (that is div(e|∇u|
2
N−1∇u)). More precisely, we are concerned with

the problem {
−div(e|∇u|

2
N−1∇u)−∆u = λu in Ω,

u = 0 on ∂Ω.
(3.18)

This problem was investigated by Bocea and the third author of this paper in [4].
Using a similar terminology as in the case of the classical eigenvalue problems a
real number λ is called an eigenvalue of problem (3.18) if the problem possesses a
nontrivial weak solution. Note the fact that the nature of the problem asks for a

function space framework involving an Orlicz-Sobolev space, say X0 := W 1,Ψ
0 (Ω)

which is constructed with the aid of the N -function Ψ : [0,∞)→ R, given by Ψ(t) :=

et
2 − 1.

Next, note that the Euler-Lagrange functional associated to the problem (3.18)
is Λ : X0 → R defined by

Λ(u) :=
1

2

∫
Ω

Φ(|∇u(x)|N ) dx+
e

2

∫
Ω

|∇u(x)|2N dx− λe
2

∫
Ω

|u(x)|2 dx.

If Λ was smooth on X0, then one could define an eigenvalue for (3.18) as a real number
λ for which there exists a function u ∈ X0 \ {0} such that∫

Ω

e|∇u|
2
N∇u∇v dx+ e

∫
Ω

∇u∇v dx− λe
∫

Ω

uv dx = 0, ∀ v ∈ X0 .

Unfortunately, in our framework, the functional Λ is not smooth on X0. However, the
functional g : X0 → R defined by

g(u) :=
e

2

∫
Ω

|u(x)|2dx (3.19)

is of class C1(X0,R), and we have 〈g′
(u), v〉 = e

∫
Ω

uv dx for all u, v ∈ X0. On the

other hand, the functional f : X0 → R given by

f(u) :=
1

2

∫
Ω

Φ(|∇u(x)|N )dx+
e

2

∫
Ω

|∇u(x)|2Ndx (3.20)

is convex, weakly? lower semicontinuous, and coercive but f 6∈ C1(X0,R). To over-
come this drawback, we will work with the following reformulation (à la Szulkin [24])
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of the problem (3.18) as a variational inequality:{
f(v)− f(u)− λ〈g′

(u), v − u〉 ≥ 0, ∀ v ∈ X0,
u ∈ X0.

(3.21)

A real number λ such that (3.21) has nontrivial solutions u ∈ X0 is called an eigenvalue
for the problem (3.21). In this context the main result on problem (3.18) is given by
the following theorem (see [4, Theorem 1])

Theorem 3.8. The set of eigenvalues for problem (3.18) is the open interval((
1 +

1

e

)
λD1 (2; Ω),∞

)
,

where λD1 (2; Ω) stands for the first eigenvalue of the Laplace operator under the ho-
mogenous Dirichlet boundary conditions (see relation (2.7) with p = 2).

3.4. The spectrum of the relativistic mean curvature operator

In this section our goal is to characterize the spectrum of the relativistic mean
curvature operator, i.e.

Mu := −div

(
∇u√

1− |∇u|2N

)
,

acting on maps u defined in an open, bounded domain Ω ⊂ RN (N ≥ 1) with
smooth boundary ∂Ω, subject to the homogeneous Dirichlet boundary conditions.
More precisely, our goal is to analyze the problem{

Mu = λu in Ω,
u = 0 on ∂Ω.

(3.22)

The starting point in the study of problem (3.22) is to explain the function space
framework that will be considered in the sequel. Thus, we note that the structure of
the relativistic mean curvature operator asks for a condition of type |∇u(x)|N ≤ 1 for
a.e. x ∈ Ω. That fact and the homogeneous Dirichlet boundary conditions involved
in problem (3.22) imply that a good candidate for the functional space framework
would be a subset of

W 1,∞
0 (Ω) := {u ∈W 1,∞(Ω) : u = 0, on ∂Ω} ,

namely

K0 := {u ∈W 1,∞
0 (Ω) : |∇u(x)|N ≤ 1, a.e. x ∈ Ω} .

We remark that K0 is a convex and closed subset of W 1,∞(Ω) which is the dual of
a separable Banach space. This leads to the idea of constructing the Euler-Lagrange
functional associated to the relativistic mean curvature operator as I : W 1,∞(Ω) →
[0,∞] defined by

I(u) :=


∫

Ω

F (|∇u|N ) dx if u ∈ K0 ,

+∞ if u ∈W 1,∞(Ω) \K0 ,
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where F : [−1, 1] → R is given by F (t) := 1 −
√

1− t2 for all t ∈ [−1, 1]. Then, the
Euler-Lagrange functional associated to the problem (3.22) is Jλ : W 1,∞(Ω) → R
defined by

Jλ(u) := I(u)− λ

2

∫
Ω

u2 dx, ∀ u ∈W 1,∞(Ω) .

We observe that Jλ is the sum of a convex, lower semi-continuous function and a
C1-functional, and, consequently, it has the structure required by Szulkin’s critical
point theory (see [24]). More precisely, the functional Jλ is the sum of the functional
hλ : W 1,∞(Ω)→ R defined by

hλ(u) := −λ
2

∫
Ω

u2 dx ,

which belongs to C1(W 1,∞(Ω),R) and has the derivative given by

〈h′λ(u), v〉 = −λ
∫

Ω

uv dx, ∀ u, v ∈W 1,∞(Ω) ,

with the functional I which is convex and weakly∗ lower semicontinuous. Then, we
will work with a reformulation of problem (3.22) as a variational inequality, namely{

I(v)− I(uλ) + 〈h′

λ(uλ), v − uλ〉 ≥ 0 for all v ∈W 1,∞(Ω),
uλ ∈W 1,∞(Ω) .

(3.23)

or, equivalently,{
I(v)− I(uλ) + 〈h′

λ(uλ), v − uλ〉 ≥ 0 for all v ∈ K0,
uλ ∈ K0 .

(3.24)

In this context a real number λ ∈ R is called an eigenvalue for problem (3.22) if
problem (3.24) has a nontrivial solution uλ ∈ K0. uλ will be called an eigenfunction
corresponding to the eigenvalue λ. According to the terminology from [24], we refer
to uλ as being a critical point of functional Jλ.

The main result on problem (3.22) is given by the following theorem (see [20,
Theorem 1.1]).

Theorem 3.9. The set of eigenvalues for problem (3.22) is the open interval
(λD1 (2; Ω),∞) where λD1 (2; Ω) stands for the principal frequency of the Laplace op-
erator in Ω subject to the homogeneous Dirichlet boundary conditions (see relation
(2.7) with p = 2). Moreover, for each eigenvalue λ we can choose a corresponding
eigenfunction uλ ∈ K0 which is nonnegative on Ω and minimizes Jλ.

Note that problem (3.22) can be regarded as a perturbation of the classical eigen-
value problem of the Laplace operator subject to the homogenous Dirichlet boundary
conditions (that is problem (2.8) with p = 2). Indeed, first note that the function

F : [−1, 1]→ R, given by F (t) := 1−
√

1− t2, for all t ∈ [−1, 1], admits the following
extension into power series

F (t) =
1

2
t2 +

∑
n≥2

ant
2n, ∀ t ∈ [−1, 1] ,
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where for each integer n ≥ 2 we let an := (2n−3)!!
2nn! . Thus, the above simple remark

suggests to us that the differential operator,

u 7→ −div

(
∇u√

1− |∇u|2N

)
,

on the left hand side of the PDE in (3.22) can be regarded as being equivalent with
the differential operator

u 7→ −∆u−
∑
n≥2

an∆2nu ,

where ∆2nu stands for the 2n-Laplacian of u (i.e. ∆2nu = div(|∇u|2n−2
N ∇u)), for each

positive integer n. Thus, problem (3.22) can be reformulated as{
−∆u−

∑
n≥2

an∆2nu = λu in Ω,

u = 0 on ∂Ω.
(3.25)
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