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Abstract. We present fixed point results for admissibly compact maps on cones
in Fréchet spaces. We first extend the Krasnosel’skii fixed point theorem with
order type cone-compression and cone-expansion conditions. Then, we extend
the monotone iterative method to this context. Finally, we present fixed point
results under a combination of the assumptions of the previous results. More
precisely, we combine a cone-compressing or cone-extending condition only on
one side of the boundary of an annulus with an assumption on the existence of
an upper fixed point. In addition, we show that the usual monotonicity condition
can be weaken.
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1. Introduction

The classical Krasnosel’skii fixed point theorem is very well known and use-
ful, see [13, 14]. Assuming cone-compression and cone-expansion conditions on the
boundary of two nested bounded, neighborhoods of the origin relative to a cone, it
establishes the existence of nontrivial fixed points of maps on cones in Banach spaces.
Two types of cone-compression and cone-expansion conditions were considered: one
involving the norm and the other involving the order on the space induced by the cone.
This result was extended to Fréchet spaces in [1, 2, 12] using the fact that a Fréchet
space is the projective limit of a sequence of Banach spaces. All those generalizations
rely on at least one cone-compression condition involving the norm of the values of
maps on the relative boundary of suitable bounded, open sets in those Banach spaces.

On the other hand, the monotone iterative method is often applied to deduce
the existence of fixed points of nondecreasing maps f defined on closed intervals [, /]
in ordered Banach spaces, where « is a lower fized point of f (i.e. a < f(a)) and S is
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an upper fixed point of f (i.e. f(8) < ). The fixed points are obtained as the limits
of iterative sequences. This method was introduced by Amann [3] for single-valued
maps and extended to multivalued maps in [7].

In a series of papers, Cabada, Cid, Infante and their collaborators (see [4, 5, 6, 8,
10]) obtained many fixed point theorems on cones in Banach spaces by imposing cone-
compression or cone-extension conditions on the boundary relative to a cone of only
one bounded, neighborhood of the origin instead of two. The usual second condition
was replaced by assuming that the map f is nondecreasing (or nonincreasing) on a
suitable shell and by assuming the existence of an upper fixed point (or a lower fixed
point) instead of assuming the existence of both as in the monotone iterative method.

In this paper, we present fixed point results for maps on cones in Fréchet spaces.
In section 3, we extend the Krasnosel’skii fixed point theorem with order type cone-
compression and cone-expansion conditions instead of norm-type conditions. Our re-
sults will rely on the fixed point index theory for multivalued mapping in cones ob-
tained by Fitzpatrick and Petryshyn [9].

In section 4, we extend the monotone iterative method to Fréchet spaces. In
addition, we show that the monotonicity condition can be dropped. In that case, the
existence of a fixed point is still insured but some precision on its localization is lost.

Finally, in the last section, existence results are presented relying on one cone-
compression or cone-expansion condition combined with one condition of the type
upper fixed point or lower fixed point. It is not assumed that the cone is normal
or solid. Also, a condition weaker than monotonicity is imposed. Therefore, even in
the particular case where the Fréchet space is a Banach space, our results generalize
theorems due to Cabada, Cid and Infante [6].

Using the fact that a Fréchet space is the projective limit of a sequence of
Banach spaces, our results are presented for admissibly compact maps. This notion
was introduced in [11]. It is worthwhile to mention that our results could have been
presented for admissibly condensing maps or admissible maps satisfying a Leggett-
William type condition as in [1]. We first present some preliminaries on the fixed point
index for multivalued maps on closed, convex sets, then on Fréchet spaces, and finally
on admissibly compact maps.

2. Preliminaries

2.1. Fixed point index

In all this text, E denotes a Fréchet space endowed with a family of semi-norms
{I| - lln}nen- Let X, Y be subsets of F and F : X — Y a multivalued map with non-
empty closed values. The map F is compact if F(X) is relatively compact in Y it is
completely continuous if F(B) is relatively compact in Y for every B C X bounded.
It is upper semi-continuous (u.s.c.) if {x € X : F(x) N A # (0} is closed in Y for every
A closed in X.

Let C be a closed, convex set in E. For U a nonempty, open set in F, we denote
Uc=UNC,Uc=UnNC and cU = Us\Uc the boundary of U in C.
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In [9], Fitzpatrick and Petryshyn defined a fixed point index for upper semi-
continuous, condensing, multivalued maps F : Uc — C with nonempty, convex,
compact values such that F' has no fixed point on dcU. This fixed point index is
denoted i (F,U). Here is their Theorem 2.1 in the particular case of compact maps.

Theorem 2.1 ([9]). Let F : Uc — C be a compact, u.s.c., multivalued map with
nonempty, convex, compact values and such that © & F(x) for all x € OcU. Then,
the following statements hold:
(1) If ic(F,U) # 0, then F has a fixed point.
(2) If zo € Ug, then ic({xo},U) = 1, where {zo} denotes the constant map.
(3) If U = Uy U U, where Uy and Us are disjoint open sets and are such that
x & F(z) if ¢ € 0cU; UdcUs, then

ic(F,U) =ic(F,Uy) +ic(F,Us).

(4) If H : [0,1] x Uc — C is a compact, u.s.c., multivalued map with nonempty,
convezx, compact values and such that x & H(t,x) for all t € [0,1] and x € OcU,
then

ZC(H(L )7U) = ZC(H(Oa )7U)

By K, we denote a cone in E; that is a closed set such that, for every x,y € K
and every \,d > 0, Az +dy € K and K N (—K) = {0}. A cone K is called normal if,
for every n € N, there exists ¢, > 1 such that

llzlln < cnllylln for every z,y € K such that y — 2z € K.

Fitzpatrick and Petryshyn [9] obtained the following Krasnosel’skii type fixed
point result which relied on the previous theorem in the particular case where the
closed, convex set is a cone. Using the fact that a Fréchet space is metrizable, they
considered d a metric on E generating the same topology. For r > 0, let

Bi(zg,r) ={x € E:d(z,z0) <r} and Bg(zg,r)={x € E:d(z,z9) <7}
Again, their theorem is stated for compact maps instead of condensing maps.

Theorem 2.2 ([9]). Let r1,7r9 € (0,00), » = min{ry, 7o} and R = max{ry,r2}. Let K
be a cone in E and F : B4(0,R) N K — K a compact, u.s.c., multivalued map with

nonempty, convex, compact values satisfying the following conditions:
(i) (F(LIZ) — Q:) CKifxe 8KBd(0,7"1),'
(i) (z— F(z)) C K if z € OxB4(0,72);
(iii) there exists a continuous semi-norm p, non-vanishing on K, such that
(I — F)(B4(0,71) N K) is p-bounded.

Then, F has a fized point o € Bg(0, R)\Bg(0,r).

It could be difficult to apply this result to deduce the existence of solutions
to differential or integral equations on unbounded intervals. Indeed, in general, the
operator associated to the problem will not be compact on open sets. The problem is
that open sets in Fréchet spaces are big.
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Let us give an example. Let C'(R) be the space of continuous functions on the
real line and, for n € N, the semi-norm

[zlln = max |z(t)].
te[—n,n]

Endowed with the family of semi-norms {|| - ||, }nen, C(R) is a Fréchet space. Let
U C C(R) be a neighborhood of 0. Then, there exist ng € N and r > 0 such that
{r € C(R) : ||z||n, <7} CU.

Also, in this context, it could be more difficult to get non trivial fixed points. For
example, let

B(0,r) ={x € CR) : |z(t)] < r Vt € R}.
From the previous remark, B(0,7) has empty interior. Therefore, there exists a se-
quence {z,} in C(R) such that a,, — 0 and ||z,]|, > r for every n € N.

2.2. Fréchet spaces and projective limits

For sake of completeness, we recall some notations and properties of Fréchet
spaces presented in [11].
Let FE be a Fréchet space with the topology generated by a family of semi-norms
{ll - In}nen. In what follows, we will always assume that the following condition is
satisfied:
|z <||z|l2 <--- for every x € E. (2.1)
For# € E,r >0, R=(r1,79,...) € (0,00)Y and n € N, we denote
B, (z,r)={z € E: ||z — 2|, <t}
By(&,r)={z € E: |z — &, <r},
B(#,R)={z € E: ||z — &||n < r, Vn € N},

B(z,R)={z € E:|z—z&|, <r, Vn € N}

For X C F and n € N, we denote by diam,, the n-diameter of X induced by || - ||x;
that is,

diam,,(X) = sup{|jz — y|l» : z,y € X} € [0,00) U {c0}.
We say that X is bounded if there exists R € (0,00)" such that X C B(0, R); so,
diam,, (X) < oo for every n € N.
Remark 2.3. Observe that if £ is not a Banach space, then
(1) an open set in E is never bounded;

(2) a bounded set in E has empty interior.

The space E is the projective limit of a sequence of Banach spaces {E,, }. Indeed,
for each n € N, we write

x ~y,y ifand only if ||z —yl/, = 0. (2.2)

This defines an equivalence relation on E. We denote by E,, the completion of the
quotient space E/~;, with respect to || - ||, (the norm on E/~,, induced by || - ||,, and
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its extension to F, are still denoted by || - ||). This construction defines a continuous
map u, : E — E, such that

pn(z) = [2]n, (€. pn(®) = pnly) = T Y)

Similarly, for every m > n, we can define an equivalence relation on FE,,, still noted
~n, which defines a continuous map ft, m : Ep, = E,, since E,,,/~, can be regarded
as a subset of E,. So, E is the projective limit of {E,}.

For each subset X C E and each n € N, we set X,, = j,,(X), and we denote X,
and 0,X,, respectively the closure and the boundary of X,, with respect to || - |, in
E,.

The following lemma gives an important property of closed subsets of F.

Lemma 2.4 ([11]). Let E be a Fréchet space endowed with a family of semi-norms
satisfying Q.l), and let X be a closed subset of E. Then, for every sequence {zp}
with z, € X, such that for every n € N, {ptn.m(2m)}m>n s a Cauchy sequence in

X, there exists © € X such that {tn,m(2m)}m>n converges to p,(x) € X, for every
n € N.
For every n € N, let A(n) C E,,. We define
Lim A(n) = {z € E: 3Ny C N infinite and z,, € A(n) for n € Ny
n—oo

such that VY n e N, i, m(zm) = pn(2) (2.3)

as m — oo with m € Ny and m > n}.
Notice that if X is closed, then
X = Lim X,,.

n—oo

Taking into account the fact that many applications in Fréchet spaces lead to
look for solutions in a closed set with empty interior, the notion of pseudo-interior
was introduced in [11].

Definition 2.5. Let X be a subset of E. The pseudo-interior of X is defined by
pseudo-int(X) = {z € X : u,(x) € X,,\0X,, for every n € N}.
The set X is pseudo-open if X = pseudo-int(X).

For n € N, let C), be a closed, convex set in F,. In what follows, the topology
in C,, induced by || - ||, will play a key role. So, we introduce the following notation.
Let U be a nonempty pseudo-open set in E, we denote

Ue, =U,NCy, Ucn =U,NC, and 0c,Up = Ucn\Ucn = (Un\Un) N Ch.
2.3. Admissibly compact maps
Here is the notion of admissibly compact maps introduced in [11].

Definition 2.6. Let X C E and C closed and convex in E. A map f : X — C is called
admissibly compact if it satisfies the following properties for every n € N:
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(i) The multivalued map ﬁn : X,, = C,, defined by
Fulin(w)) = 0 (f({}n.x)) ).

admits an upper semi-continuous compact extension F,, : X,, — C,, with convex,
compact values, where

{x}n,X ={ye X :pun(y) = pn(x)} = u;l([z]n) nx.
(ii) For every € > 0, there exists m > n such that, for every z € X,

diam,, (f({x}mx)> <e.

A map f : X — C is called admissibly completely continuous if it is admissibly
compact on every bounded sets in X.

The following proposition will play a key role in the proof of the forthcoming
fixed point theorems.

Proposition 2.7. Let X C E be closed, C C E closed, convex, and f : X — C an
admissibly compact map. Assume that there exists No C N infinite such that, for every
n € Ny, there exists z, € X,, such that z, € F,(z,). Then, f has a fixed point.

Proof. For m € Ny, F,, has a fixed point z,, € X,,. From the definition of F,,, one
sees that

tnm(Zm) € Fp(tin,m(zm)) for every n < m.
Thus, without lost of generality, we can assume that Ny = N.

The compactness of Fy implies that the sequence {1 x(2k)}r>1 has a sub-
sequence {1 x(2k)}ken, converging to some z; € Xp. It follows from the upper
semi-continuity of Fy that 1 € Fy(xq).

Similarly, the sequence {2 (zk)}ren, has asubsequence {poi(2k)}ren, con-
verging to 1o € Xo, with 2o € Fy(z2). The uniqueness of the limit implies that
,u1,2(172) =T1.

Repeating this argument gives, for every n € N, the existence of x,, € X,, such
that z, € F,(z,) and ppn m(zm) = z, for every m > n. It follows from Lemma 2.4
that there exists € X such that u,(z) € Fy,(un(x)) for every n € N.

We have to show that = f(z). If this is false, there exist n € N and r > 0 such
that ||z — f(z)||n = 7. Let € < r/2. By Definition 2.6(ii), there exists m > n such that

diam,, (f({x}mx)) < e. Observe that

diam,, (f({:c}m,x)> = diam,, (co( ({}m.x ))

On the other hand, since f,,(z) € Fy, (pm (), there is w € co(f({z}n,x)) such that
|z — wl||m < e. Thus,

r=lz—f@)ln <llz —wla+ w—f@)]a
< ||z — w||m + diam,, (co(f({x}myx))) <2<
Thus, z = f(x). O
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3. Krasnosel’skii type fixed point results

In this section, we present Krasnosel’skii type fixed point results with order-type
cone-compressing and cone-extending conditions on the pseudo-boundary of bounded
sets in F.

Let us first recall the following two fixed point results obtained in [12] for ad-
missibly completely continuous maps in Fréchet spaces satisfying norm-type cone-
compressing and cone-extending type conditions. Notice that, for K a cone in E, one
has that K, is a cone in F,, for every n € N.

Theorem 3.1 ([12]). Let f : K — K be an admissibly completely continuous map.
Assume that there exist U,V two bounded, pseudo-open subsets of E satisfying the
following conditions for every n € N:
@) llylln = [lzlln Yy € Fu(x),Ve € 0 Un
(resp. [ylln < [lzlln Yy € Fu(x), Ve € Og Un);
(i) fylln < llzlln vy € Fo(z),Vz € O Va
(res;i lylln > chﬂn Vge Fo(z),Vo € 0, Vo );
(iii) 0 € U \OnU, C U,, C V,\O,V,, for every n € N.
Then, there exists x a fized point of f such that

x € Lim A(n),

n—oo
where A(n) = K, N V,\U, and Lim,,_,, A(n) is defined in (2.3).

In the particular case where U and V are pseudo-balls, the previous result can
be stated as follows.

Corollary 3.2 ([12]). Let f : K — K be an admissibly completely continuous map.
Assume that there exist {r1,} and {rqs,} nondecreasing sequences in (0,00) such
that, for everyn € N,

W) lylln = llzlln Yy € Fu(z), Ve € O, Bu(0,71,0);

(i) flylln <llzlln Yy € Fu(z), Vo € Og, Bn(0,72,n);

(111) T1,n 75 T2,n-
Then, there exists x a fixed point of f such that

x € Lim K,, N B,(0, R,)\Bn(0,7,),
n—oo

where R, = max{ry n,r2n} and r, = min{ry ,,ran}.

Analogous results can be obtained if the norm-type cone-compressing and cone-
extending conditions are replaced by order-type conditions.

Theorem 3.3. Let [ : K — K be an admissibly completely continuous map. Assume
that there exist U,V two bounded, pseudo-open subsets of E satisfying the following
conditions for every n € N:
(i) (Fu(z)—2)NK,\{0} =0 for allz € O, Un
(resp. (@ — F(x)) N K,\{0} =0 for all x € 0 U,);
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(ii) (z — Fu(z)) N K, \{0} =0 for all x € 0 V,

(resp. (Fo(z) — ) N K,\{0} =0 for all x € 8% V,,);
(iii) 0 € U, \0wU, C U, C V,\OnV; for every n € N.
Then, there exists x a fized point of f such that

x € Lim A(n),

n—sco
where A(n) = K, N V,\U,.
Proof. For every n € N, we claim that
3z, € F,,(z,) such that z, € A(n). (3.1)
If this is false, we define
H, :[0,1] xUg — K, by Hy(t,z)=1tF,(z).
For z € 0 U, and t € (0,1}, x ¢ Hy(t, ). Otherwise,

(1 - 1) z € (Folz) —z) NK,,
which contradicts (i). It follows from (iii) and Theorem 2.1(2), (4) that
iz (Fo,Up) =iz (0,U,) = 1. (3.2)
On the other hand, choose @ € K, such that
il > max{[lz = ylln : € Vi, y € Fu(x)}. (3.3)
Such @ exists since V,, and Fn(V?n) are bounded. Let us define
H,:[0,1]x Vg — K, by Hy(t,z)=ti+F,(z).
("), ¢ H,(t,x) for all t € [0,1] and z € O Vn. Tt follows from (3.3) that
z & H,(1,z) for every x € V& . Theorem 2.1(1), (4) implies that
iz (Fn, Vo) =i (Ha(1,7),V,) = 0. (3.4)
Combining (3.2) and (3.4) and applying Theorem 2.1(3) permit us to deduce that
igg, (Fn, Va\Un) = i (Fn, Vi) — g, (Fn, Un) = —

Therefore, (3.1) holds.
The conclusion follows from Proposition 2.7. O

Here is a corollary of the previous theorem in the particular case where U and
V' are pseudo-balls.

Corollary 3.4. Let f: K — K be an admissibly completely continuous map. Assume
that there exist {r1,} and {ra,} nondecreasing sequences in (0,00) such that, for
every n € N,

(i) * — F,(z) C K, Yy€ Fy(x),Va € O, Bn(0,11,0);

(i) F.(z)—x C K, Vye€ F,(z),Vx € %, Bn(0,72,5).
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Then, there exists x a fixed point of f such that
x € Lim K,, N B,(0, R,)\Bn(0,7,),
n—o0

where Ry, = max{ry n,r2n} and r, = min{ry ,,r2n}.

4. Monotone iterative method in cones

Let K be a cone in E and K,, the associated cone in E,, for every n € N. The
cone K defines the partial orderings in £ and in E,, given by
for z,y € E, Xy if and only if y—zx € K,

_ 4.1
forn e Nand z,y € E,, x=2ny if and only if y—z e K,. (41)

For z,y € E such that « <y (resp. z,y € E,, such that z <,, y for some n € N)
we denote
[,y ={z€F:x=32=<Xy} (resp. [, yln ={2 € Ep:x 3p 2 =ny}),
[x,00) ={z € F:z <z} (resp. [z,00), ={z € E, : x =y 2}).

Arguing as in [3], the well-known monotone iterative method permits to get the
following fixed point result in Fréchet space.

Theorem 4.1. Let o < 8 be in E and f : [o, 8] — E a compact map. Assume the
following conditions are satisfied:
(i) @ =2 f(a) and f(B) = B;
(ii) f is nondecreasing; that is, for every x,y € |«, ] such that x < y, one has
fl@) 2 fy).
Then, f has a fired point and the iterative sequences {f*(a)} and {f*(B)} converge
respectively to the smallest and the greatest fized point of f in [a, f].

For some o € E (resp. f € E) such that a £ f(«) (resp. f(8) £ 53), there
could exist some n € N such that pu, () <, pn(f(a)) (resp. pn(f(8) =n 1n(B)). This
remark leads us to consider admissibly compact maps. Since they involve multivalued
maps, different notions of monotonicity can be defined.

Definition 4.2. Let Y be a space endowed with a partial order <, X C Y and
T : X — Y a multivalued map. Let 27,27 € X and y—,y" € Y be such that
2~ <zt and y~ <yt.
(i) The map T is right-nondecreasing on [z~ ,x%| and in [y~,yT] if y= € T(z7)
and, for every x1,x2 € X and every y; € T(z1) such that
a” <z <ap <zt oand yT <y <yt
there exists yo € T'(z2) such that y; <y < y™.
(i) The map T is left-nondecreasing on [z~ , %] and in [y~,y*] if y* € T(2™) and,
for every z1, 29 € X and every ya € T'(z2) such that
a7 <z <wp <zt oand yT <y <y,

there exists y; € T'(x1) such that y~ < y; < ys.
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Similarly, one can define that T is right-nonincreasing (resp. left-nonincreasing) on
[z7,2T] and in [y~,y ™).

The following fixed point result concerns admissibly compact maps which are
nondecreasing in the sense of the previous definition.

Theorem 4.3. Let X C FE be closed and f : X — E an admissibly compact map.
Assume the following conditions are satisfied:
(i) there exists Ny C N infinite such that, for every n € Ny, there exist o, B € X,
such that a, <, Bn in E, and (o, Bnln C Xn;
(ii) for every m € Ny, there exists &, € Fy(an) N [, Buln (resp. ¢ € Fn(Bn) N
[a’ﬂV ﬁn]n);
(iii) for every n € Ny, F, is right-nondecreasing on [, Bnln and in [&n, Brln (resp.
F, is left-nondecreasing on o, Bnln and in [am, Coln)-
Then, f has a fized point
x € Lim A(n),
n— o0
n€Ng
where

A(n) = {z € [an, Bnln : 2 = lm uy with ugy1 € Fr(ug)
k—o0
and Qn =p gn =uy Spu2 2y 2 ﬂn}y
(resp. A(n) = {z € [an, Bnln 1 2 = kli_}ngo v with vgy1 € Fp(vg)

andan =n o SR U2 X U1 :Cn =n 577,})

Proof. For n € Ny, F,, : [an,Bn]n — E, is compact, u.s.c. with compact, convex
values. From (i)-(iii), one can construct a sequence {u}} in [, B,]n such that uf =
§ny Uiy, € Fr(up) and uf =, uj,, for every k € N. Arguing as in the proof of
Theorem 3.4 in [7], one deduces that there exists z, = limg_,o, u} € A(n) such that
zn € F,,(2,). The conclusion follows from Proposition 2.7. O

Observe that assumption (iii) of the previous theorem implies that
Fn(x)ﬁ[an7ﬁn]n #@ Vr € [anyﬂn]na Vn € NO-

In fact, this is sufficient to insure that f has a fixed point. However, we loose some
precision on its localization.

Theorem 4.4. Let X C E be closed and f : X — E an admissibly compact map.
Assume the following conditions are satisfied:
(i) there exists Ny C N infinite such that, for every n € Ny, there exist o, B € X,
such that a, <, Bn in En and (o, Bnln C Xn;
(ii) for every n € No, © € [an, Bnln, there exists u € Fp () N [an, Buln-
Then, f has a fized point

z € Lim [o,, Bnln.
neNy
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Proof. For n € Ny, let us define ﬁn ¢ [, Brln = [, Brln by

The assumptions imply that f‘n is a compact, u.s.c., multivalued map with nonempty,
compact, convex values and defined on a closed, convex subset of the Banach space
E,. The Kakutani fixed point theorem insures the existence of z, € ﬁn(zn) The
conclusion follows from Proposition 2.7. O

Remark 4.5. In the results of this section, one can replace the compactness assumption
by the complete continuity if, in addition, we assume that K is normal. Indeed, in a
normal cone, an interval [«, 5] (resp. [au, Bn]n) is bounded.

5. Fixed point results in cones with mixed type conditions

In this section, we present fixed point results relying on a combination of con-
ditions imposed in the theorems obtained in the two previous sections. In particular,
the existence of suitable pairs (o, 85,) is not assumed. More precisely, the assumption
on the existence of a suitable {a,,} in Theorem 4.4 is removed and replaced by some

conditions on the pseudo-boundary of a suitable pseudo-open set. As before, K, is
the cone in E,, associated to a cone K in FE.

Theorem 5.1. Let § € K and f : [0,3] — K an admissibly compact map. Assume the
following conditions are satisfied:
(i) there exists U a bounded, pseudo-open set in E such that, for every n € N,
0e Ufn\aﬁnUn c U?n C [0, pn(B)]ns
(ii) the set
No={neN:Vx € 0z Uy, (Fu(z)— ) NK,=0
or  Fn(z) 0 [z, pn(B)]ln # 0}
is infinite;
(iii) for every n € No and every & € O U, such that F,, (%) N [&,00), # 0, one has
that Fy,(x) 0 [Z, p1n(B)]n # 0 for every x € [, pn (B)] -
Then, f has a fized point x* such that
z* € Lim A(n),
n—oo
n€Ng

where

A = (U )u( U m®).

:568?" U,

Proof. 1t follows from (i) that, for every n € Ny and every x € 0 U,, one has

Let

N, = {n € Ny : 3o, € O Uy such that Fy, () N [a, 00), # 0}.
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If V; is infinite, then the assumptions of Theorem 4.4 are satisfied with «,, and
Brn = pn(B). Therefore, f has a fixed point

UAS J—*_lglo[anvﬂn(ﬂ)]n C }J_IgIOA(TL)
neN; n€Ng

On the other hand, if N; is empty or finite, then Ny = No\ N, is infinite and,
for every n € Na, (Fy,(2) —2) N K, = () for every z € O U,. Arguing as in the proof
of Theorem 3.3, one deduces that the fixed point index

ifn(Fqun) =1 Vne NQ.

Hence, there exists z, € Ug such that z, € F,(z,). Proposition 2.7 permits to
conclude that f has a fixed point

x € Lim Up C Lim A(n).
n—oo n n— oo
neNs n€No

We obtain the following corollary by adding a monotonicity condition.

Corollary 5.2. Let 8 € K and f : [0,5] — K an admissibly compact map satisfying

conditions (1) and (ii) of Theorem 5.1. In addition, assume that

(iii’) for everyn € Ny and every & € O, Un such that Fo.(2)N[Z,00), # 0, there exists
9 € F,(Z) such that F, is right-nondecreasing on [&, i, (8)]n and in [§, tin(8)]n-

Then, f has a fized point.

In [6], Cabada, Cid and Infante consided completely continuous maps de-
fined on a solid, normal cone in a Banach space and which are nondecreasing on
[0, B]\B(0,7/c). Here is a corollary of Theorem 5.1 for admissibly completely contin-
uous maps satisfying a monotonicity condition analogous to the condition imposed
in [6].

Corollary 5.3. Let K be a normal cone and f : K — K an admissibly completely
continuous map. Assume there exist 8 € K and {r,} a nondecreasing sequence in
(0,00) satisfying the following conditions:

(i) Bn(0,7,) N K, C [0, tn(B)[n;
(ii) the set
No={neN:Vzedg B,(0,r,), (Fu(x) —z)NK,=10
or  Fy(z) N [z, pn(B)]n # 0}

is infinite; o

(i) for everyn € Ny and every & € K, \B,(0,r,/cn) such that Fp,(Z)N[0, pn (8)]n #
0, one has that F, is right-nondecreasing on [%, un(8)]n and in [§, pn(B8)]n for
every § € Fi,(2) N[0, pn(B)]n-

Then, f has a fized point.
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Proof. Since K is normal, [0, 8] is bounded and hence, f : [0, 5] — K is admissibly
compact. Moreover,

2, i (B)]n € Kn\Bn(0,7n/cn) Vi €8x Bn(0,7,).
So, (iii) insures that condition (iii’) of Corollary 5.2 is satisfied. O

Adding extra assumptions to Theorem 5.1 permits to obtain more precision on
the localization of the fixed point.

Theorem 5.4. Let f € K, X C K closed such that [0,5] C X and let f: X — K be
an admissibly compact map satisfying conditions (i)-(iii) of Theorem 5.1. In addition,
assume that the following conditions are satisfied:

(iv) there exists V' a pseudo-open set in E such that, for every n € Ny,
0 Vg \0g Vo CVg CUg \Og Un,
(resp. 0eUxg \Og UnCUg, CVg \Og Vu CVg C Yn);
(v) for every n € Ny, the fized point index
ix, (Fn, Vi) = 0.
Then, f has a fized point x* such that
z* € Lim A(n),

neNo
where
Am) = (Ug,\Vx, ) u( U = m®h),
wedg, Un
(resp. E(n) = (V?“\UF") U ( U [, pun (B n))
2€dg Un

Proof. Tt follows from the proof of Theorem 5.1 that f has a fixed point

velim( U @),

neNy xea?nUn

or, there exists No C Ny infinite such that iz (F,,U,) = 1 for every n € Na.
Theorem 2.1(1), (3), and assumptions (iv) and (v) imply that, for every n € Na,

i, (Fn, Un\Vy) = =1 (resp. i (Fy, V\Un) = —1).
So, there exists
Zp € Fp(zn) NUzz \V?n (resp. zp, € Fy(zn) N an\ﬁfn).
The conclusion follows from Proposition 2.7. 0
Remark 5.5. The fixed point obtained in the previous theorem is non trivial if

0 ¢ Lim A(n).
ne Ny
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Remark 5.6. Even in the particular case where F is a Banach space, Theorem 5.4
generalizes Theorem 2.3 in [6]. In particular, the cone is not assumed to be normal
and solid, and no monotonicity condition is imposed on f.

Corollary 5.7. Let f € K, X C K closed such that [0,5] C X and let f : X — K be
an admissibly compact map satisfying conditions (1)-(iv) of Theorem 5.4. In addition,
assume that

(v)) for every n € Ny, (z — Fy(z)) N K,\{0} =0 for every x € O V-
Then, f has a fized point x* such that

2* € Lim A(n),
n—oo
neNoy

where A(n) is defined in Theorem 5.4.

Proof. Arguing as in the proof of Theorem 3.3, one can show that, for every n € Ny,
F,, has a fixed point in 5?71 V,, or

iz (Fos Vi) = 0.

The conclusion follows from Theorem 5.4. O

Condition (iii) in Theorem 5.1 insured that, for suitable z, there exists y € F,,(x)
such that y < p,(5). In the next result, we assume the opposite inequality.

Theorem 5.8. Let « € K, X C K closed such that [0,a] C X and f : X — K an
admissibly compact map. Assume the following conditions are satisfied:

(1) there exists U a bounded pseudo-open set in E such that, for every n € N,
0e€ U?n\a?nUn C U?n C [O,Mn(a)}n;
(ii) the set

No={neN:Vz € dg Upn, (x—Fu(x))NK,=0 or Fu(z)C [z,00),

is infinite;
(iii) there exists V a pseudo-open set in E such that, for every n € Ny,

0V, \0g Vo C Vg CUg \Og Un,
(resp. 0e Ufn\(??n U, C Ufn C V?n \8F" V. C an C Yn);
(iv) for every n € Ny, the fized point index
iz (Fo Vo) = 1.
Then, f has a fized point x* such that

z* € Lim A(n),
n— 00
neNy
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where

. ()] ).

U,

(Um\vm) u ( U
vedg

(resp. A(n) = (an\Ufn) U ( U [xaﬂn(@)}n>>-
z€0g, Un
Proof. Tt follows from (i) that, for every n € Ny and every = € O, Un, one has
x =<y ().
Let
Ny = {n € No : 3z € 0 Uy such that (:c — Fn(x)) NK, #0}.

If Ny is infinite, then, for z, € 0 U, such that there exists u € F,(z,) with
2n —u € K, one has Fy,(2,) C [2n,00)n. S0, 4 =y 2, =n u. Thus, z, € F,(2,) and
f has a fixed point

x € Lim ( U [x,,un(a)]n) C nLﬁlr&K(n)

n—oo
neN, 1‘66?" U, n€Ng

On the other hand, if Ny ijempty or finite, then No = Ny\N; is infinite and,
for every n € Ny, (z — F,(2)) N K,, = 0 for every z € O, Un. Arguing as in the proof
of Theorem 3.3, one deduces that the fixed point index

iFn(Fn,Un) =0 VYné& N,.
Theorem 2.1(3), and assumptions (iii) and (iv) imply that, for every n € Na,
i?n(Fn,Un\Vn) =—1 (resp. i?n(Fn,Vn\Un) =-1).
So, there exists
Zn € F(zn) NUgz, \V?n (resp. z,, € Fp(zn) N V?n\U?n).
The conclusion follows from Proposition 2.7. O
Remark 5.9. Even in the particular case where F is a Banach space, Theorem 5.8

generalizes Theorem 2.5 in [6]. Again, the cone is not assumed to be normal and solid,
and no monotonicity condition is imposed on f.
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