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Abstract. In single-time autonomous optimal control problems, the Hamiltonian
is constant on optimal evolution. In addition, if the final time is free, the opti-
mal Hamiltonian vanishes on the hole interval of evolution. The purpose of this
paper is to extend some of these results to the case of multitime optimal con-
trol. The original results include: anti-trace problem, weak and strong multitime
maximum principles, multitime-invariant systems and change rate of Hamilton-
ian, the variational derivative of volume integral, necessary conditions for a free
final multitime expressed with the Hamiltonian tensor that replaces the energy-
momentum tensor, change of variables in multitime optimal control, conversion
of free final multitime problems to problems over fixed interval.
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1. Introduction

The scientific sources for this paper are: necessary conditions for multiple inte-
gral problem in the calculus of variations [1], lower semicontinuity of integral function-
als [2], time-optimal control of the Bi-Steerable Robot [4], Pontryagin functions for
multiple integral control problems [6], multitime maximum principle and multitime
dynamic programming [7]- [3].

We give a positive answer to an important question: does the Hamiltonian at-
tached to multitime control problems have properties similar to the Hamiltonian at-
tached to single-time control problems?

Section 2 underlines properties of Hamiltonian in single-time optimal control.
Section 3 studies the Hamiltonian in multitime optimal control. Section 4 analyses
the strong multitime maximum principle. Section 5 is dedicated to multitime-invariant
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dynamical systems and change rate of Hamiltonian. The variational derivative of
volume integral is analysed in Section 6. The necessary conditions for a free final
multitime are given in Section 7. The change of variables in multitime optimal control
is described in Section 8. The conversion of free end multitime problems to problems
over fixed interval is realized in Section 9. Section 10 contains conclusions.

We tested the theory in relevant applications: multitime control strategies for
skilled movements [3], minirobots moving at different partial speeds [16], optimal
control of electromagnetic energy [5], multitime optimal control for quantum systems
[10] etc.

The basic results are consequences of some properties that deserve to be empha-
sized: (1) the controlled PDEs used in the paper are completely integrable and this
means symmetry conditions, (2) in Section 4 are used the Goursat-Darboux system
and Goursat (hyperbolic) PDE, which are totally symmetric, and (3) the dynamical
systems analysed in Section 5 are multitime-invariant.

2. Hamiltonian in single-time optimal control

2.1. Maximum principle with algebraic constraints

Single-time optimal control problem. Find
e J(w) = dalto),2(t1) + [ L(x(t). u(t)) .
subject to
(i) é(t) = X (w(t), u(®)), ¢ € (torty),
(1) w(t) e U, te(to,ty),
(itd) (e (to), x(ts)) € K .

Wehave z : R - R",u: R— R, L : R"XR! - R, ¢: R"xR" — R, X :
R"xR! - R", ®: R"x R" - RF, U C R™, K C R*. Usually U is bounded and K
is compact and convex.

Consider the Hamiltonian

H:R"xR"xR!— R, H(z,p,u) = L(z,u) + (p, X)
and the endpoints Lagrangian

U:R"x R" x R* 5 R,

(2o, x5),v) = ¢(z(to), x(ty)) + (b, ®(x(to), 2(ty)))-

Our problem becomes: find max J(u), where

T () = ¥(anap) )+ [ HEO.p0).u(0) - (60, X (20, u(®) dr.

to
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Proposition 2.1. The optimal solution (z*,p*,u*) satisfies the conditions

(@ (0 = 5 @ 0.7 (0,0 (0).
() 5(6) = ~ 2 (@ (1), (), w* (1)
(€) H(" (1), ()" (1) = mas H 2 (1), (1), ).

(@) 2°(t1) = (o (t0).a"(17).0°),

(e) p (tO) = _&’C (x (tO)’aj (tf)vw )7
0
and * is an element of the normal cone to K at the point (x*(to), z*(ts)) .

If the final time is free, we consider it as a new control which maximizes
tf )
T = Walto),alty) ) + [ (HG(0),u)p(0) - pil0)3' (1) .
to
The necessary condition for extremum, using (d), is
N ov ¥
0= Eh:tf = %3«" limt; + (H — pi@*) 1=, = H(ty).
Hence, according with the Proposition 2.1, we have

Proposition 2.2. Let z*, p*, u* be the optimal solution for a free final time autonomous
problem. Then H*(t) =0 on the hole interval to <t < ty.
2.2. The Hamiltonian as a first integral

For any kind of single-time autonomous problem with bounded control, the fol-
lowing statement is true:

Proposition 2.3. Let x*, p*,u* be the optimal solution and

H™(t) = H(z"(t),p" (1), u" (1)) (2.1)
the pull-back of Hamiltonian on this solution. Then H*(t) = constant.

Proof. According with maximum principle, in any interval of continuity, for each 7
and o, we have

H*(r) — H"(0) 2 H(z"(7),p"(7),u"(0)) — H"(0) .
Then, for 7 > o, by the state and costate equations:
lim H*(1) — H*(0) > lim H(z*(7),p*(1),u*(0)) — H*(0)
Tlo T—O0 TlOo T—O0
_OH 0H
= 5, (@7(0),p°(0),u"(0)) 37(0) + aﬁp( z*(0),p"(0),u"(0)) p"(0) = 0.
Taking 7 < o , we obtain in a similar way the opposite inequality. Hence H *(o) =0.
The result follows.
With a bit completions at a point of discontinuity we have H*(t) = ct. O
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2.3. Conversion to problems over a fixed interval
For an optimal problem with free end time T, consider the change of variable
7 =1t/T. Then the final time in the new variable is 1.
The functions of time expressed in this new variable become Z(7) = z(77T),
(1) = uw(rT), the evolution is T' X (x,u) and the running cost is T L(z, u).
Viewing T as a new state variable for the new problem, with T"= 0 and costate
q, the new Hamiltonian will be H = T H. The optimality condition gives us
OH
0= 57 ; q(0) =q(1)
Then
1
0=q()~q(0) = [ H(r)dr
0

and, according with the Proposition 2.2, we have H*(7) = 0.

3. Hamiltonian in multitime optimal control

Generally, a multitime optimal control problem [7]-[3] is formulated in the fol-
lowing way: find

max Q(u(-)) :/ L(z(t), u(t))w + g(x(to))
Qotg
subject to
oz’
ot
a controlled PDEs evolution system which is completely integrable (m-flow), where
Qo¢, C RY is the parallelepiped determined by the diagonal opposite points 0 and g,
x(t) = (21 (t), ..., z™(t)), t = (t1,...,t™) € Qqy, is the state vector, u(t) € U, t € Quy,
is the control vector, the C! function L(x,u) is the running cost, w = dt* A ... A dt™
is the volume element, and g is a C'' function that defines the terminal cost.
The multitime maximum principle [7]- [3] involves the Hamiltonian H = L + p? X},
the initial and adjoint PDEs

(t) = Xa(x(t),u(t), t€Qo, C RY,

oz'  OH 0p} = OH

ot Op¢’ ot Ot
and the condition max,, H. Since the adjoint PDEs have too many solutions, we attach
an anti-trace problem which involves the Hamiltonian tensor field Hg = %65% +

p;?‘Xé, the initial and adjoint (completely integrable) PDEs
or' _om oy __0H;
ot Op¢’ otF  Oxt
and the condition max, H.

Anti-trace property: Any solution of the anti-trace problem is solution of multitime
mazimum principle.
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Remark 3.1. The complete integrability condition for the adjoint PDEs is essential.
Generally, we can write the anti-trace adjoint PDEs in the Pfaff form

L oms
dpi = 7@6&‘\{

Then, let us consider w = dt' A ... A dt™ and w, = %j w. The (m — 1)-forms p$ w,

have the exterior differentials d(p$f wa) = dp$ A we. This suggests to use

«

OHS
dp§ N we = — 5 Ldt" A wg
ml

and the identities dt® A w, = 0% w. We find the divergence PDEs system
opy  OH

ot~ Oxi
if and only if w # 0 on the solutions (complete integrability conditions).

For any type of autonomous multitime problem with bounded control, let
z*, p*, u* be the optimal solution and we denote H*(t) = H(x*(t),p*(t),u*(t)), where
t=(t',...,.t™).

Theorem 3.2. Suppose we have an autonomous multitime optimal problem (multitime-
invariant dynamics and Lagrangian), with bounded control. If the Lagrangian L is
independent on x = (x') and the optimal solution x*,p*,u* fulfills the anti-trace
PDEs, then H* is constant on the optimal m-sheets.

Proof. According to the multitime maximum principle for any fixed o in any m-
interval of continuity, 7 € R™ and ¢ € R we have

H*(oc+er)— H"(0) > H(z" (0 +e7),p* (0 + e7),u*(0)) — H (o) .
Then, for € > 0,

H*(o 4+e1)— H*(0) H(z*(o +eT),p" (0 +e71),u*(0)) — H*(0)

lim > lim
el0 5 el0 IS
_ |oH Ozt oH op;e

= |5 @5 (0).0(0) G (o) + S 00 (o) () (o) 77
By hypotheses (anti-trace property of multitime maximum principle), at 2*(o), p*(o),
u*(o), we have

1 X )
Hf = EégL +piXp, H=L+piX,.
o' OH 0op}  OHY

ot~ ape’ Aty dwi

It follows
87H_6H8xi+37H8p? B 8L8mi+8pf‘
oty Oxt oty - OpP Ot Ozt oty - Ot

0L

- Oxt

; 0X! 0xI
X! >
o TP oz oty

% 1 a i
X’Y (1 — m) +p; [X’y»XOL] =0,
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([X5, Xa] = 0 means the complete integrability condition), i.e., H is a first integral
of the anti-trace PDEs.
Hence

lim H*(oc+e1)— H*(0)
€l0 e
Taking € < 0, we obtain in a similar way the opposite inequality; the derivative of H*
at o in any direction 7 vanishes. The result follows.
With some additions for points of discontinuity, it follows H*(t) = ct. O

>0.

4. Strong multitime maximum principle

This Section discusses the differences between two kind of evolution systems in-
volved into multitime optimal control problems: (i) a full completely integrable PDEs
system and (ii) a hyperbolic (diagonal) PDEs system which is completely integrable
via an m-order hyperbolic PDE.

4.1. Full PDEs evolution system, no running cost
This case involves the PDEs evolution system (m-flow)
oz’
ot
with i =1,...,n, a =1,...,m, and a terminal cost.
The Hamiltonian and the Hamiltonian tensor are respectively
H('Tvpa u) = pzaX(Zy(x7 U) ) Hg(.f,p, ’LL) = p?Xé(ﬂ?, U) )

p being the costate variables. The (PDEy) can be written g%: = %—{I_y. According

to the strong multitime mazimum principle, we can built an optimal costate function
via the adjoint equations

(PDEy) () = Xi (e(t) ult), t € Qo C R

opy _ OH %__31{5‘
ot 9xt’ ot Oxt

4.2. Missing equations in PDEs evolution system, no running cost

(ADJ1,2)

Let us suppose that a PDEs evolution system does not contain all equations

previously indexed by i = 1,...,n, a = 1,...,m. An example could be a diagonal
system (hyperbolic system, Goursat-Darboux system)
ox®

Y (t) = X3 (x(t),u(t)), a=1,....,m (no sum).

To include these kinds of PDEs in the set of all first order normal PDEs, let us
use an indicator (characteristic) function y which, generally, is a function defined on
a set A that indicates membership of an element in a subset A of A, having the value
1 for all elements of A and the value 0 for all elements of A not in A. In our case,
x = 1, if the equation with indices ¢ and « appears in the initial evolution system and
x =0, if not. So the (PDEy) can be written

ox’

() = X4 (@(t), ult), t € oy, C R
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withi=1,...n,a=1,..,m.
Then the Hamiltonian and the Hamiltonian tensor are respectively

H(z,p,u) = pf xXa(z,u), H§(z,p,u)=pf xXj(z,u),

p§ being the costate variables.
According to the strong multitime maximum principle, we can built an optimal
costate function via the adjoint equations
Ovpe OH  Oyp® 0HY
(ADJ 1, 2) b _ 02 OXB 5

ot ox'’  Oth o’
Remark 4.1. In the case of missing equations in PDEs evolution system, we work only
with the ”active” equations. The formalism of characteristic function is doing this.

4.3. Free endpoint problem with running cost

Let us consider that the cost functional include a running cost, i.e.,

) QU = [ XOa(t),u(®)w + glz(to)),

Qot,
where z(t) = (z1(t), ..., x™(t)) is the state vector, Qo is the parallelepiped determined
by the diagonal opposite points 0 and g, the running cost X°(x,u) is a C! function,
and g is a C' function associated to the terminal cost. Suppose the controlled PDEs
evolution system

Ox? -
S (1) = XA (a(t), u(t), t € Qoy, C RY
is full.
Adding new variables. Introducing new variables z"*!, ..., 2"*™ and new costates

P 1o (), we convert the theory to the foregoing case. The new state variables are con-
strained by the diagonal PDEs system (hyperbolic system, Goursat-Darboux system)

a n+a 8 n+m
:gta :ZL'ZJFO‘ — gntatl I,m—1, ztm :)(0(2517“'7xn,u)7
equivalent to the Goursat (hyperbolic) PDE
amxn+1
W == XO(Z'I, ceey xn,u) ;

denote also, for convenience, "™+l = X0(2! .. 2" u).

We introduce a costate matrix p(-) = (p§'(-)) ® (pi4 o (-)). For the new equations
and new costates, py +,8(~), the values of the indicator x are summarized by 55.

The control Hamiltonian is

m
H(@,pw) = pf Xi(w,u) + 3 plly o™+t
a=1
and the control Hamiltonian tensor field HE‘ must have the form

- X o) it arp
HY = ik
FEP0 = poxt(on) Lo i a2 (a0 um upon )
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To understand that the matrix Hf is the anti-trace of H, we need to have in
mind the diagonal matrices operations.
According to the strong multitime maximum principle, we can built a costate

* Q¢

function p*(-) = (p*§'(-)) ® (p*; 1o (+)) satisfying

. oOH . 3H§‘
EDP1 xp =——— or x, = ——=, (nosum), o,f=1,m i=1,n,
(EDPY) o 5 (0 s
H HY
(EDP2) it = 8a or xte = % , «=1,m (no sum),
apn-i—a 8pn+oz
pe H op% H
(appy O O e O T (o sum)
ope oHf P+ OHY
(ADJ2) 9% = gt i=1,n; St = ppnta ,a=1,m (no sum).

All these PDEs systems are completely integrable.

5. Multitime-invariant dynamical systems and
change rate of Hamiltonian
Let us refer to open-end-multitime optimization problem. In the conditions of

Section 3, we have H* = constant as an alternative scalar necessary condition for
optimality.
0
Let us consider w = dt! A ... Adt™ and w, = —— | w. Since the final multitime

ote

ty is free to vary, we rewrite the functional

o 4
J:/ vawa—‘,—/ (H_p? xQ)w
Q01 Qot ot
= Divv—i—/ <H—p?8x)w,
Qos ¢ Qotp ot
] . ov® N
where v(z(t)) = (v*(x(t))) is the generating vector field, and %(tf) = p§'(ts). Now

ty is an additional control variable for maximizing J. Consequently the cost sensitivity
via the total mixed operator D;1_ ;m, to final multitime ¢7, should be zero, i.e.,

Bt o=t
Consequently, H* = 0 in the closed interval 0 < ¢ < ¢y, i.e., in the hyperrectangle
Qot, -

Ov® 9z’ o Ot
0=Dp_gmd|i=t, = (H —1j 675“) li=t, = H(ts).

Lemma 5.1. Let ¢ be a terminal cost, 1 be an algebraic condition for the terminal
point, both of class C™, and v be a generating C' wvector field related by the PDE
Dy ym (¢ 4+ v) = Divv, where v is a constant Lagrange multiplier.

(i) Given v, there exists ¢ + vib; (ii) given ¢ + v, there exists v.
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Proof. (i) Consequence of the formula ¢(z(t)) + vip(z(t)) = Divvw.
Qoy
1 1
(ii) Explicitly v! = —Dya__gm (¢ + v2), ..., v™ = —Dy__ym—1 (¢ + ). O
m m

This Lemma shows that the cost functional can be written also as

7= otale) +votete)+ [ (m-a i)

6. The variational derivative of volume integral

For a domain that evolves with the velocity v from €y to 2. and for the function

- /Q St

ZZ( O)/QD <g§+div(fv))w

If we want that the hyperrectangle Qg = [0, T] to become Q. = [0,T + ¢ §t] , it should

we have

take the transformation ¢t — ¢+ ev(t), where for example, v = (v®), with v = Ta ote
(no summation). Then, for the function

5—>I(x(~)+5h(-)'T—|—55t):/Q L(2(t) + 2h(t), a(t) + cha(t))w,

% T ot (ngz )] W
+ [ [ata ( ) dinl Lo, (0) )]
-/, {af ot (ff)} e

oL t
+/ dap h' 4+ L(2(t), 2,(t)) == 0t ) n’ do,
990 Oz, T
with the transversality tensor

oL o
Gt I+ L0 24(0) 7 6t

In this way we have consistency because on the initial faces the integrand is 0,
since h* = 0, t* = 0 and canonical normals, and on the final faces t* = T“. Moreover,
using the vector v, we find the connection between h and dt on the faces, from their
relationship to the final multitime 7.

On the faces, h is related to dt. Indeed

x(t + ev) + eh(t + ev) = ¢(t + ev),

we find

==, lar

Ta
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whence, differentiating at € = 0, we find

ox oo , ot Ox!
bVl = 2 i _ 2l
50 +h oA h < pTe 8t7> v,

The transversality vector becomes

(%

oL (0¢" Ox'
= axl <8t'y - at’y> U’Y +L($(t),$»y(t))'l}’y

B <8L o¢°  OL ox

where T is the energy-momentum tensor.

Case of boundary integral

OL 0¢*
— s | — — -T2 Y B
0 /8055< o O ,Y)U n” do,

’U7|t'y:T’v - 5{77 ’U’y|t'y:0 - 0

We can write

where

(2m faces, m terms of summation). Hence

i oL o¢" .,

Since §t7 is arbitrary, it follows

R oL 99",
=% ). o)

Here we have an algebraic system of m equations with m unknowns 7

Case of multiple integral

B B oL 9" .\
“Aaw((axgaw Tv)”)“"

Consequently

g oo
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7. Necessary conditions for a free final multitime

Let us look for optimization of the functional

Halyit) = [ Lalt)z,(0) o
Qot,
where the final multitime ¢; is free to vary.

Setting the final time free means that we want to use the final time as yet another
parameter for optimization. Let us return back to the calculus of variations, having
in mind that understanding of the boundary conditions is crucial.

The key idea: derive the necessary conditions with the end point ¢y of o, on
a sheet prescribed by the function ¢ : Qq;, — R", t — ¢(t). This trick is, that the
stretching or shrinking of the hyperrectangle g, is done by perturbing the stationary
value of the final multitime, denoted ¢, with the same € as we use to perturb the
functions z(t):

I(x(-) + €h(-);ty +edty) = / L(z(t) + €h(t), z(t) + ehy(t))w.

Qovpesty

Using the differentiation of a multiple integral with a parameter, we impose the nec-

essary condition
d oL oL .
0= —1(€)|e=0 = - — D, — | '
de (&)le=o /Qotf (3$Z 7 ozl ) @

+/ bap (aL h’ +L5tj:) ndo.
901, oy,

Via Euler-Lagrange equations, it remains the only condition

0 :/ b < oL hi+L5t}‘> nbdo,
Ome 8x

7
(o7
where
6tl—o =0, Vo, B =1, ..., m.
The surface integral represents the flux of the vector field

oL
o« = T pi 4 Lot
T = o i+ Lot§

[e3%

through the surface 0,
Obviously h(t) and 0t are related since z(t) is requested to lie in the sheet ¢(t) on the
end faces t* =%, i.e.,

x(t + edt) 4 eh(t + €dt) = ¢(t + €dt), on the end faces of Q.

Differentiating with respect to € and evaluating at € = 0, we find

0T o= 99

ate.
ote ote
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Computing h(t), and replacing in T%(t), we get the transversality vector

T (0) = ga(thy (1) (555 0) = 5020 08" + Lla(o) - (15507
0L Ot
— (g a0, 0) 505 (0~ T5 1)) o,

where T is the energy-momentum tensor. Since 6t° is arbitrary, and the normal
vector field n® of each face of (2o, belongs to the set of canonical orthonormal versors
and their opposites in R™, the transversality relation can be written as

oL g’ L .
Dal (x(¢), mv(t))w(t) —Tg(t) = 0, t € union of end faces.

The energy-momentum tensor T = p?x’ﬁ —L 67 can be changed into Hamiltonian ten-
sor H = pf‘xzﬁ - % L 55 by scaling the partial velocities. The trace of the Hamiltonian
tensor is H = p§'x!, — L. It follows that for a free-final-multitime and fixed-final-state
scenario, in which ¢(t) = ¢, ¢ € R™, the transversality condition simplifies to

HE(t) =0= H(t) = 0, t € union of end faces.
Consequently, H* = 0 in the interval 0 <t <y, i.e., in the hyperrectangle Qo .

Remark 7.1. (i) The transition from the multitime calculus of variations to the mul-
titime optimal control, especially when it comes to the definition of Hamiltonian, is
somewhat tricky.

(ii) The classical Reynolds’ transport theorem is:

i flz,e)dV = 2f(x, €)dV + / (vb -n) f(x,€)dA,
o (e)

de Q(e) Q(e) 86
where n(z,€) is the outward-pointing unit-normal, x is a point in the region and is

the variable of integration, and dV, dA are volume and surface elements at x, and
vP(x, €) is the velocity of the area element - so not necessarily the flow velocity.

8. Change of variables in multitime optimal control

In order to transform the control conditions to other coordinates and, over all, to
converse a free end multitime problem to a fixed end one, we must use the transforma-

tion of the independent variables as t = w(7), i. e. t* = w*(r!,...,7™),a = 1,...,m.
Then a function z will change in Z(7) = x(w(7)). Consider the Jacobian matrix of
ow®
the transformation, J = 98 and assume that det(.J) is not zero at all points of
T

the domain €. In the new variables, the domain €2 becomes €2, the volume element
is transformed as
dt'..dt™ = det(J)dr'...dr™

and the partial derivatives in variables t* become in the new variables
o« (oz' 9P\ ox' |
ot \orP ote ) Or '
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Let us consider a non-autonomous multitime control problem given by a con-
trolled functional

I(“)Z/L(t,x(t),u(t))dtl...dtm
Q
and a non-autonomous PDE system

oz’ i
o (0) = XLt 2(0),u(t).

We may transform this non-autonomous problem by a change of the multitime
in two ways.

8.1. Change the problem
The multitime controlled functional I becomes

I - / Llw(r), 5(r), a(r)) det(J) dr*...dr™

.

and the constraints change in
or' 0z owP ; ow?
o T i T i il
ore = ot gre el 2w F
or .
o = X" (w(r), &(r),a(r)) J
5 = w(T),Z(T),a(T .

Then we obtain the Lagrange functional, with adjoint vectors ¢; = (¢f*) ,

7= [ [zt atam) + Trac) (X, at.am) 1 - o)

x det(J) drt...dr™ .
The new Hamiltonian is
Hy = (L(w(T),f(T), a(7)) 4+ Tr q;(7) X (w(7), (1), a(T)) J) det(J)
=H det(J)
and the corresponding variational equations are:
oOH  oF _ O0H 57{_0

0 ay

ore

8.2. Change the variables in the Lagrange functional

The Lagrange functional, with adjoint vectors p; = (p%), is

J:/Q[L(t,x(t),u(t))—i—p?(t) (Xg(t,x(t),u(t)) axiﬂdtl...dtm.

ot

Changing the multitime by ¢ = w(7), the Lagrange functional becomes
, oz’
J :/ |:L(’w(T),.T(T),U(T)> + Trpi(7) (X’(w(T),m(T),u(T)) - 593 J_l)]
QT

x det(J)drt...dr™




236 Constantin Udriste and Ionel Tevy

- [ [rwts.amy + 700 pi) (it 00 7= 5 )]

x det(J)drt...dr™.

The new Hamiltonian is
K= (L(w(T),i(T),ﬂ(T)) + TTZ_)i(T)Xi(w(T),Q_S‘(T), E(T))) det(J) = K det(J).

For the two ways commute, the costates p; and ¢; must be related in a change of
variable following the rule

pi(r) = J ai(7).
8.3. Conversion to problems over a fixed interval

1
By the multitime transformation s® = —— %, where T = t$, for constants

>0 a free-end multitime problem is converted to problem over the fixed interval

Qo1 = [0,1]™. The unknown end multitime T is represented by an additionally state
(7

T
variable T = (T%), for which or” = 0 and T'(0) = t; is assumed. The evolution

dsP
PDEs will be 53 T
T {07
S = Sap T’ Xo 57 =00 T(0) = ty.
Using the Jacobian A =T -..T™, it follows
J = L(x(t), ., (t))dt"...dt™ = / L(z(T% s%),u(T* s*)) Ads'...ds™
Qosp Qo1

_ / TV T™ L(&(s), als)) ds*...ds™ .
Qo1

Denoting ¢ the costates associated with the variables T we have the following new
extended Lagrangian
L=T"-T"(L(z,1) +p{ X, T — pi'al, — ¢iT§)
=T T™ (M~ piag, — aaT5)
where H = L(Z,u) + p?X:T* is the new Hamiltonian.
The variational Euler equations with respect to &, p,u, T and g, respectively give us

oH  Op¢ oH ; oH
, =0, — —7,=0, — =0
o7 " 9sa O gpe  Te TV g T
0 q”
Tl...T7n J:O TQZO
(’9T“( i+ 0sP A
Let us consider that there exist functions @, such that
O4n _ _0"Qa
0s8  Ost..0sm’
Then we have, by an integral on g1,
0 0" Qa

(T T™ H)ds*...ds™ = — ds'..ds™ = Qu(1) =0.

0o, 0T Qp, 081...05™
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8.4. Generating costates

In a multitime optimal control problem there exist generating costates p; such
that

N 3m71pi
P = —/——————
otl...otx>..otm
(analogously for ¢). So we have
1 OH 0" p; 1 OH 0™ (o
——+————=0and — =0.
m OF! + Osl...0s™ e aTe + Osl...0s™
By an integral on 2p; we obtain
T .. To.T™ Hds' ds™ = —m | -2 9o g ggm = q.(1)=0.
Qo1 Qo1 85185771 ( )
But H*(t) = ct and hence H*(t) = 0.
opy

(divergence form, complete

. . . a"LpI _
Let us consider the duality relation T o = gie

integrability condition).
1) If p¥(t) are given, then

opy 1 .
i(t) = Y e = ~(t)dt"..dt™, with p;|s_g =0,
= [ pre=[ S0 with pils o

where w, = (—1)%1dt!...dto...dt™ |
Generally: If

0
_ gl _
w=dt- AN ANdt™, wafij,
then
/ P Wa = d(pf* wa)
0o+ Qo
8 7”
/ p; dt® Aw by, / —
Qo Ot Qo Ot ott. 6‘tm

= pi(t) = Zapi(t)re=0 + Tazpi(t)|te=0,5=0 = - + (=1)"pi(0).
2) If p;(t) is given, then we can take

1 3m71pi
o) = — —————
pi ) m otl.. .ot .otm

(t).
9. Conversion of free end multitime problems to
problems over fixed interval

The control problems considered so far are free end multitime problems, as
the end multitime ¢y of the interval Qo;, = [0,y] is unspecified. By the multitime
transformation s* = é t® (no sum) for constants t >0, such problems are converted
to problems over the fixed interval Q97 = [0, 1]. The transformed problems are called
fixed end multitime problems. The unknown end multitime ¢; is represented by an
addition state variable y = (y,), for which aya =0 and y(0) = ty is assumed.
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Definition 9.1. [Transformed multitime-optimal control problem with fixed end mul-
titime] A multitime optimal control problem is considered. Let z = (Z,y) be the
extended state, M x R’ the extended state space, and

Azt = ya Xads®, dy =0

the extended control system. The problem to find an initial condition y(0) = ¢; and
an input map «(-) such that a solution z(-) results which satisfies z(0) = (zo,ty) and
z(1) = (zy,t;) and gives the minimal value of the cost function I(z(-),a(-)) = ty is
called transformed multitime-optimal control problem with fixed end multitime. Any
solution (z(-),@(-)) to this problem is called transformed multitime-optimal solution.

Let us consider a free end multitime functional

J= L(x(t), ., (t)) dt'...dt™.
Qovp

We introduce the changing of variables t* = % s*, that moves Qot, to Qo1 and

ox Jox 0s® 1 Ox

o bs on 107
Using the Jacobian A = t}...t}”, it follows
1
J= / L(r(t).a(8) de oo™ = A [ L(@(t5 s%), = 2 (13 5)) ds" ..ds™.
Qo Qo1 tf

In this way, the free end multitime variational problem is changed into a fixed end
multitime variational problem.
Let us consider a free end controlled multitime functional

I(u) = /Q L(x(t), ult)) dt*...de™,

We introduce the changing of variables t* = t %, that moves o, to o1. Using the
Jacobian A = t}...t?ﬁ it follows

1:/ L(x(t), u(t)) dit...de™ = L((t5 ), u(tg s)) ds" ..ds™.
Qotf Qo1 '

In this way, the free end controlled multitime problem is changed into a fixed end
multitime problem.

Remark 9.2. The evolution PDEs are

oz Yo
I Xy, e = t;.
o = Y 558 = 0 9(0) =1;
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10. Conclusions

We start with a single-time optimal control problem. The Hamiltonian is a func-
tion used to solve such a problem for a dynamical system. It was introduced by Lev
Pontryagin for single-time optimal control problems as part of his maximum princi-
ple. The idea is that a necessary condition for solving an optimal control problem
is that the control should be chosen so as to optimize the Hamiltonian. From Pon-
tryagin’s maximum principle, special conditions for the Hamiltonian can be derived.
When the final time 7 is fixed and the Hamiltonian does not depend explicitly on
time (is autonomous), we have H(z*(¢),u*(t),p*(t)) = ct, or if the terminal time is
free, then H (z*(t),u*(t), p*(t)) = 0. Further, if the terminal time tends to infinity, a
transversality condition on the Hamiltonian applies and lim;_,, H(t) = 0.

The main question: do some of these properties from uni-temporal problems
survive for multi-temporal problems? Our goal was to provide positive answers where
possible, which we did in this paper.

In order to give positive answers, we had to go through the following steps of
original research: any solution of the anti-trace problem is solution of multitime maxi-
mum principle, weak and strong multitime maximum principle, multitime-invariant
dynamical systems and change rate of Hamiltonian, Hamiltonian tensor, change of
variables in multitime optimal control, generated costates. All these combine ideas
from differential geometry, multitemporal variational calculus and optimal multi-
temporal control, topics to which we have made an essential contribution in recent
years [5], [7]-[3].

Acknowledgments. The authors are indebted to the reviewers who insisted on getting
an improved version both scientifically and linguistically.
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