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Global existence and blow-up of a Petrovsky
equation with general nonlinear dissipative
and source terms

Mosbah Kaddour and Farid Messelmi

Abstract. This work studies the initial boundary value problem for the Petrovsky
equation with nonlinear damping

82u 2 / p—2 AN :

5 +A%u— Au + [ulP P u+ag (u) = Bf (u) in Qx[0,4o00[,
where 2 is open and bounded domain in R™ with a smooth boundary 9Q2 = T,
a, and 8 > 0. For the nonlinear continuous term f (u) and for g continuous,
increasing, satisfying g (0) = 0, under suitable conditions, the global existence of
the solution is proved by using the Faedo-Galerkin argument combined with the
stable set method in H3 (). Furthermore, we show that this solution blows up
in a finite time when the initial energy is negative.
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1. Introduction

This paper devoted to the global existence, uniqueness, and the blow-up of so-
lutions for the nonlinear general Petrovsky equation

Ou 4 A2 (t) — A (8) + |ulP 2 u(t) + ag (' (1) = Bf (u(t)), in Q x R,

u=0pu=0, onT x[0,400[, (1.1)
u(z,0) = up(x), v (z,0) =uy(z) in Q.

Recently, in the absence of the strong damping term —Au’ (¢) and in the case where
B (w(t)) = —q (@) u (e, t) + [ul" " u(l)
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for g continuous, increasing, satisfying g (0) = 0, and ¢ : 2 — R™, a bounded function,
the problem (1.1) becomes the following

u 2 / ; +

el + A% (t) + q(z)u(x,t) + g (¢) =0, in Q@ x RT.
This equation together with initial and boundary conditions of Dirichlet type was
considered by Guesmia in [5], he proved a global existence and a regularity result
of the solution, the author under suitable growth conditions on g showed that the
solution decays exponentially if g behaves like a linear function, whereas the decay is
of a polynomial order otherwise. Without the strong damping term —Aw’ (¢) with

ag (u' (1) = |u' (1) o/ (1)
and
Bf (u(®)) = b+ 1) u @) *u(t), b>0,

the problem (1.1) reduced to the following problem

0%u 9 L NT=2 1 p—2 : +

@—FA w(t)+ [ @) " @) =blu@) " u(t), in QxR
this problem has been considered by Messaoudi in [9], where he investigated the global
existence and blow-up of solution. More precisely, he showed that solutions with any
initial data continue to exist globally in time if ¢ > p and blow-up in finite time
if 0 < p and the initial energy is negative. He used a new method introduced by
Georgiev and Todorova [4] based on the fixed point theorem for the proof. In [12],
Wu and Tsai showed that the solution of the problem considered in [9] is global under
some conditions. Also, Chen and Zhou [11] studied the blow-up of the solution of the
same problem as in [9]. In the presence of the strong damping, in the case where

Bf () = B+1) [u(®) u(t),
g (' (1) = ' O o' (1), b >0,
general Petrovsky problem as in (1.1) becomes

2

% + A2u(t) — A/ (t) + o (t)|071 w () = blu )P u(t), (1.2)
this problem was considered by Li et al. [6], in [10] and in [2], the authors obtained
global existence, uniform decay of solutions without any interaction between p and
o, the blow-up of the solution result was established when ¢ < p . Very recently,
Pigkin and Polat [10] studied the decay of the solution of the problem (1.2). In this
paper, our aim is to extend the results of [9], [12] and others’ established in a bounded
domain to a general problem as in (1.1). The nonlinear term f in (1.1) likes

F () =a(@)u(@)] 2 u(t) —b(@) u(t)]*ut)
with 7 > ¢ >1and a(z), b(z) > 0, and g in (1.1) likes
g (W (z,8)) = a () [u' ()7 ' (1)

with o > 2 for a : 2 — RT a function, satisfying a; > a (z) > ag > 0. For these
purposes, we must establish the global existence of solution for (1.1), we use the
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variational approach of Faedo-Galerkin approximation combined with the monoto-
nous, compactness, and the stable set method as in [9], [11] and in [10] with some
modification in some passages to derive the blow-up result in the infinite time of the
solution.

2. Hypotheses

Let us state the precise hypotheses on p, g, and f. Let p be a positive number
with

2<p§2::46(n25)(2§p<ooifn=1,2,3,4), (H1)
g is an odd increasing C! function and
zg (z) > do x|, VeeR, p>o>2,
{ 9 (@) < dy | +da |27, Ve €eR, p>0o>2, di>0. (H2)
Let f(z,s) € C* (Q x R), satisfies:
sf(xz,s) + k1 () |s| > pF (z,s), p> 2, (H3)
and the growth conditions
0
f (@) <t (sl + k2 () )

Fo (@) <t (s + ks (@) in QxR

where F' (z,s) = fos f (z,¢) d¢, with some Iy, I; > 0 and the non-negative functions
ki(z), ko (z), k3 (z) € L (), ae. 2 € Q,and 1 < < § < L.

3. Local existence

In this section, we establish a local existence result for (1.1) under the assump-
tions on f, g, and p.

Theorem 3.1. Let (ug,u1) € WNLP(Q) x HZ (Q)NL2°2(Q). Assume that (H1)-(H4)
hold. Then problem (1.1) has a unique weak solution u (t) satisfying:

u€ L>®(0,T;WNLP(Q)), (3.1)
u' € L°°(0,T; HE (), (3.2)
g (' (t) . (t) € L' (0,T; L)), (3.3)
u” € L=(0,T; L*()), (3.4)
where
Hg(Q):{goEHZ(Q):(p:[)n(p:O onaﬂ},
and

W ={peH" (Q)NH;Q): Ap=0,Ap =0 on IQ}.
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Note that throughout this paper, C' denotes a generic positive constant depend-
ing on 2 and as all given constants, which may be different from line to line, and is
capable of being examined and modified.

Proof. We adopt the Galerkin method to construct a global solution. Let T' > 0
be a fixed, and denote by V,, the space generated by {¢1, ¢2,..., ©m}, where the
set {¢m; m € N} is a basis of L3(Q), HZ (), and H*(Q) N HZ (Q). We construct
approximate solutions u,, (m =1,2,3,...) in the form

= Kjm(bw;,
j=1

where K, are determined by the following ordinary differential equations:

(ury, w;) + (A, Aw;) + (Vul,, Vw;) (3.5)
(Il s w3) + @ (g (W) wg) = B () wy),
um (0) = Z (uo, wj)w I w0 (3.6)

in H* (Q) NHF (Q)NLP(Q),

u, (0) = upy, = Z (ur, w;) w; ™ TSy (3.7)
i1
in H3 (Q) N L*%(Q),

with ug, uy are given functions on 2, by virtue of the theory of ordinary differential
equations, the system (3.5)-(3.7) has a unique local solution on some interval [0, ¢,,).
We claim that for any 7" > 0, such a solution can be extended to the whole interval
[0, 77, as a consequence of the a priori estimates that shall be proven in the next step.
We denote by C, C), or ¢i the constants which are independent of m, the initial data
uo and uq.

Multiplying the equation (3.5) by K’ (¢) and performing the summation over
7 =1,...,m, the integration par parts gives

EL, () + |V, (O + a (g (ul, (1)), ul, (£)) =0, Yt >0, (3.8)
where
B () = 5 1 (0 + 5 180 OF + (015 = 8 | Fl@un(®)do. (39

by (H3), and Young inequality, we have

—/QF(Lum)d:rZ—%/le (x) \um|dx—%/gumf(x,um)dm (3.10)

> O [ A (D] — Ce [l (2)]? — }) / i f (2, ) d,
Q
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by using hypotheses (H4), Young’s inequality yields

1 / 1
- umf Ty Um d.]? S - f Ty Um Um
o) (@, um) pl( ) |

12 20 2 c(e,p) 2
< pg/Q(\um| ks @) do+ £ /Q|um| du

<m
p 2|2 (3.11)

l2
;dhﬂw+*lb(ﬂ+

12 p—20 20
< < B, mp> feucz ()
p P

1
+Cl (Eap) + E ||’LLm||§7
substituting (3.11) in (3.10), and chosen & < Cp = min (ﬁ, ﬁ;l), (3.9) becomes
* 1

Em () > 5 [ul, ()] + C1 [Au (8)]* + Cs um|? — C3 (1 + K1 + K3),  (3.12)

]
2
or

[th () + [t (1) + [t [} < Ca (B (1) + K1+ K3+ 1), (3.13)

where

1 202+1
0<Cl§(170003)’0<c2§ S AT Co |,
2 p?

12 2 _
C3 = max (Ce,z-: C' (e, )-l—L P 20)
p p

1
04 = max (HW703> .

Thus, it follows from (3.8), and (3.12) that, for any m = 1,2,..., and ¢ > 0,

(O + [ Dt (O + i ()] + / Vudl (5)% ds (3.14)
+a/0 (g (t, () ity ()) ds < Ci (B (0) + Ky + Ko +1).

By assumption (H2)-(H4), according to the Holder’s inequality, we have

1 1
/F(x,uOm)dx < f/kl (z) |u0m\dx—|—f/u0mf (x, uom,) dz (3.15)
Q P Ja pJa

< C (JumO)F + k1 @)1 + [l Q)7 + [k (@) + s () -
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Then using (3.6), (3.7), (3.8), and (3.9) we obtain that

En (t) < En ( ) = |u1m| +— ||u0m||

1
+5 | Augm|® — 5/ F (z, uom) dz (3.16)
Q
< Cu (Jurml + luom I + |Atom * + [uom|* + K1 + K2 ) < C,

for some C' > 0, where K; = Hleio, Ky = ||k2||iO
Hence, for any ¢ > 0, and m = 1,2, ..., from (3.14), and (3.16) we get

t
i, ()] + | At (8 + / Vs, (5)[ ds + [[um (£)]]2

va [ [ ot 6 (5 o
<C

By the growth conditions, the estimate (3.17), and as 20 < p, we have
1F () < O (Jum ™ + k2 @) ) < € (luml 2+ [R2]%) < C.

With this estimate we can extend the approximate solution wu,, (t) to the interval
[0,T] and the following a priori estimates

um is bounded in L* (0,T; L?(2)),
7, is bounded in L (0,T; L*(Q)

(3.17)

7

)
Vu is bounded in L? (0 T; L*()) , (3.18)
g (u;n) ul,, is bounded in L' (Q x (0,7)), '
Ay, (t) is bounded in L (0,T; L*(12)),
f (up) is bounded in L> (0,T L2( ) s
hold. O

Lemma 3.2. There exists a constant K > 0 such that

llg (ul, (t))HLﬁ(QX[O,T]) <K,

for all m € N.

Proof. From (H2), Holder’s, and Young’s inequalities gives
/ [ ot 1dxdt:/ [ lallo )l 7 o
/ ’ / o—1 1
< [ [ 1o it ()] (i 01+ iy (0177
0 Q
T _1
< [ [ gt @)1 (i 01 + fu (0)]) dace
0 Q
T 1
= [ [ 1o )] ()7 doc
0 Q
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+C/ /|g )] |ul, (t)| dzdt
7= 1dxdt—|—C’ / /|u 7T dpdt
+c/ /|g D) [u, (£)] decdt,

/ /|g = 1dacclt<C’ / /|u 7T dudt
+C'/ /|g )] |ul, (t)| dzdt
<c/ et (8)]13 1dt+C/ /|g )| i, (1)) devdt,

hence, by (3.18), we deduce

//|g ”1dzdt<K O

Lemma 3.3. There exists a constant M > 0 such that

therefore

0+ 18 01+ [ 1900 0l < 0
for all m € N. 0
Proof. From (3.5) we obtain
37, (0)] < Juom "™ + [ A%t + [Aurin| + g (urm)| + B1f (uom)|
by (H4) we have
1 (o) * < b (Juom |’ + k2 @)°) < € (|1 Auomll3” + k2ll2,)
Since g (u1,,) is bounded in L? (Q) by (H2), from (3.6) and (3.7) we obtain
|uy (0)] < C.
Differentiating (3.5) with respect to ¢, we get
(us ;) + (A% w;) = (A wy) + (p = 1) (Jul”2 ) 05)
+a (g’ (ug,) s w5) = B (f (), w;) - (3.19)

Multiplying it by K ;’m(t) and summing over j from 1 to m , according to the Holder’s
inequality, to find

”( wn O + 18u), ) + [Vu, OF +a g (u,) i, ur) (3.20)

r
po1 /|um|” 2|l Id:v+ﬁ/|f ()| [t [



220 Mosbah Kaddour and Farid Messelmi

By choosing X satisfies the inequalities

/\+1<min<ﬁ,ﬁ> it n > 5,
A+1< 2(0 ) ifn=1,2,3,4,

then by using (H4), estimates (3.18) and generalized Holder’s inequality, we deduce
that

/ 7 (ot [l ||

= [ (oY) | I [ e A

A
6—1
(R YT YT A
A(O— A
< C (Jfumll ™ + ks (@)1 ) 110 1 N
< Cs (I, O + 18w, (1)), (3.21)

where C; and Cy are positive constants independent of m and ¢ € [0,T].
By same manner, using condition (H1), Young’s inequality, Sobolev embedding, and
estimate (3.18) we reach to

[ =2 o < [ il el
< Cllauply iy < Cs (jui (O + A, <t>|2). (3.22)

Combining

—

3.20), (3.21) and (3.22) we deduce
& (g (O 128, () + 1Vt (1 + o a0
< Co (Jup (01 + 1au), (1))

Integrating the last inequality over (0,¢) and applying Gronwall’s lemma, we obtain

DN =

[ (8)] + | A, (¢ |+/ |V ( )| ds < C for all t > 0.

Therefore

ulr, is bounded in L™ (0,T; L*(2)),

Aul, is bounded in L™ (0,T; L*(Q2)), (3.23)
V), is bounded in L* (0,T;L*(Q2)) ,

it follows from (3.23), (ul,) is bounded in L* (0,T; H3(2)) .

m
Furthermore, by applying the Lions-Aubin compactness Lemma in [7], we claim that

/
um

is compact in L* (0,7T; L*(Q2)), (3.24)
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From (3.18) and (3.23), there exists a subsequence of (uy,), still denote by (uy,), such
that
Uy, — u weak star in L™ (07T; Hg(ﬂ)) ,
Uy, — u strongly in L2 (O,T; LQ(Q)) ,
ul, — v/ weak star in L (0,T; H3(Q)),
ul, — v’ strongly in L? (0, T; L*(Q2)), (3.25)
ull, — u” weak star in L> (0,T; L?(Q2)),
g (u))) — x weak star in L7-1 (Q x (0,T)),
f (um) — ¢ weak star in L> (0, T; L*(Q2)) .

Using the compactness of HZ(Q) to L?(12), it is easy to see that

T T
/ / |ty [P 2 wpvddt — / / |u[P"? wvdadt, for all v € L7 (0,T; H3 (),
o Ja o Ja

as m — 0o.
By (H2), and estimates (3.25) we have

g ) — g') aein Q x (0,T).

Therefore, from [7, Chapterl,Lemmal.3], we infer that
g (ul,) — g (u') weak star in L7-1 (0,T;L7"7),

as m — oo, and this implies that

/ / m) vdxdt — / / "Yvdzdt for all v e L7 (0,T; Hg (1)) .

By the same manner using the growth conditions in (H4) and estimate (3.25), we see

that
T 041
|15 7 o
0 Q

f(um) — f(u) aein Q x (0,7),

is bounded and

then
f (um) — f (u) weak star in L5 (O,T; L%) ,

as m — oo, and this implies that
T T
/ f (up) vdzdt — / f (v) vdzdt for all v € LY (0, T HOQ(Q)) )
Q 0o Ja

It follows at once from all estimates that for each fixed v € L? (0,T;HZ(2)) N
L7 (0,73 H§ () ,

T
/ / u" + A2uy, — A, F | um + ag (ul,) — Bf (um)) vdxdt
0 Jo

T
— / / (u” + A% — Au + [uP P u+ ag (W) — Bf (u)) vdxdt,
o Jo

as m — o0.
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Consequently

T
/ / (u” + A% — Ad + [ulP P u+ag (W) — Bf (u)) vdzdt = 0,
0 Q
vu e LY (0,T; H3(Q)) N L7 (0,T; H3 (Q)) .

This means that the problem admit a weak solution w satisfying (1.1), and (3.1)-
(3.4). O

Theorem 3.4. Under the hypotheses of the Theorem 3.1, we have the solution u given
by Theorem 3.1, is unique.

Proof. Let u and v are two solutions, in the sense of the Theorem 3.1. Then w = u—v
satisfies

" 4 (A% — A%) — Aw' +a (g (W) — g (v)))

+H(ul P u = P 0) = B(f (w) = f (v)), (3.26)
w(0) = w'(0) =0 in , (3.27)

w= Oyw=0onx, (3.28)

w e LP(0,T; W N LP(Q)), (3.29)

w' € L*(0,T; HE (Q)). (3.30)

Let’s multiply the two members of (3.26) by w’ and integrate on 2. According to the
Green’s formula and conditions (3.28), integrating by part the result on [0, ], using
conditions (3.27) to find that

1 i - -
§(|u/(t)|2—|—|Aw|2 S/ /‘|u|p 2u— P o] jw'| dads (3.31)

+8 / / 1 () — £ ()] || dads.

According to the Holder’s, Young’s inequalities, condition (H1), the estimates (3.25)
the first term on the right-hand side of (3.31) can be estimated as follows:

t
//‘|u|p72u7|’u|p72fu’|w'|dxds
0 JQ
K 2 2
_ p— p— /
<0 [ (107 107 ) T 2 g 0y

-2
< O/ \u||Ln<,, 2)(Q) + ||”||Z£n<p—2>(g)> ”AwHL?(Q) HU’/HLZ(Q) ds (3.32)

<C / Al + 1015250, ) 18wl 2 g 10/l 2 ds

< c/ot <|w'(8)|2 +]Aw (s)|2> ds.
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Now let U = eu+ (1 — &) v, 0 < e <1, by the growth conditions, for the second term
of the right side to (3.31), we have

/\f ||w|dmdt‘

/ I / =
gll/o/ﬂ/o |U5|971+\k3(m)|) lu — v| |w'| dedxds

<c / t / (1l o1+ ks (@)1) o ()] o (5)] dvs = 1.

Using the generalized Holder’s, Young’s inequalities, and the estimates (3.25), and
choosing A such that

dsw dxds

o) de| |w'| dzds

o) de| |w'| dzds

2<A+1l<ocoifn=1234,

we infer
"l e-1 o—1 A
- - /
r<c [+ pl " @I el Fol,
<o [ () R ks @ ) ol 10l ds
= o S(A+1) 2(A+1) 2(A+1) 2(A+1) 2
t
<C / (a3 + 1 A0l3C™0 + llks @)1, ) 1wl o', ds
t t 9
<c [Nsulylwlyds < [ (WOF +dwEP) s (33)
0 0
Combining (3.31), (3.32) and (3.33) to obtain
t
' (1) + |aw () < / (1w () + | Aw (5)*) ds.

The integral inequality and Gronwall’s lemma show that w = 0. 0

4. Global existence

In this section, we discuss the global existence of the solution for problem (1.1).
In order to state and prove our main results, we first introduce the following functions

) = 1) =|dut |—ﬁ/f w(zt) dz — B /lﬁ Vi (2, 6)] dz, (A1)

T(t) = J(u(t)) = % Au)? - ﬁ/QF(x,u) da, (4.2)
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B(®) = B(ul(t)'(0) = J (u(6) + 5 [u(6) 3 + 7 ulo)I} (13)
And the stable set as
W={u:ueH;Q),I(t)>0}u{0}. (4.4)

The next lemma shows that our energy functional (4.3) is a nonincreasing function
along with the solution of (1.1).

Lemma 4.1. E(t) is a nonincreasing function for t > 0 and

E(t)=—|Vd O) — o /Q u' (t) g (v (t))dx <0. (4.5)

Proof. By multiplying equation (1.1) by «’ and integrate over 2, using integrate by
parts and summing up the product results,

E(t)—E(0)= —/01|Vu’ (s)|2ds—a/0 /Qu’ (s)g (v (s))dxds for t >0. O

Lemma 4.2. Suppose that (H1)-(H4) hold, let ug € W and uy € H3(Q) such that

6—1

y=pett (J25E0) T bl @+ I @) <1 (@)

Then u € W for each t > 0, where Cy is the Sobolev—Poincaré embedding such that
forall2 <p< %(n >5),(2<p<oifn=1,234) we have

lu@®ll, < CullAu(®)]l,, Yu € HF(S).
Proof. Since I (0) > 0, by the continuity, there exists 0 < T;,, < T such
I(t)>0,Vte|0,Ty],
this gives from (4.2), and (H3),
1 p— 2 2
Ef)>Jt)=-1(t)4+——|Au
(t) = J (1) ) (t) o | Aul
B p—2 2
+= fude+ | ki (z)|ulde—p [ F(z,u)dx) >——|Aul|". (4.7)
P \Ja Q Q 2p

By using (4.7), (4.3), and (4.5),

2 2 2
|Auf? < prQJ(t) < %E(t) < pfsz(O). (4.8)
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By recalling (H1), (H2), (4.8), (4.6), Cauchy-Schwartz inequality, and Sobolev em-
bedding we have

B/Qf(u)ud:chﬁ/ﬂkl(x)IUIda:SB/QIf(U)I\uldx+ﬂ/ﬂ\k1(x)lluldm
0+1
sﬂzl/ﬂw dx+ﬂll/ﬂ\kz(x)lIUIdx+B/QIk1 ()] |u] dz

< Bl lu @11+ B (1 |1k (@)oo + [lk1 (2)]10) llu (@) ]]g1}
< BLCITY | Au(®)|"T + BOITY (1 ||ka ()| + k1 (2)]]o0) |Au(®) T (4.9)
= BLCI | Au(t)” ™ [ Au(t)?
HBCITY (1 Ik ()] + 1K1 (@)]o0) 1Au(®)] " | Au(t)?

o
6—1

2 2
<5027 (S2IE0) T 0 bl @)l + i )]0 18
< |Aul* on [0,T,,].

Therefore, by using (4.1), we conclude that I (t) > 0 for all ¢ € [0,T,,]. By repeating
this procedure, and using the fact that

0—1
i 5027 (2B @) T kil @l + I @)l < D <1,

t—Tm
T,, is extended to T. O
Lemma 4.3. Let the assumptions (4.6) holds. Then there exists n =1 — 7 such that
5 [ fwyuda 5 [ b @) fulds < (1) Aaf, (4.10)
Q Q

and therefore

|Aul? < %I(t). (4.11)
Proof. From (4.9) we have
B/Qf(umdww/gkl (2) Jul e < | Af?

We get (4.10) by taking n = 1 —+ > 0, and by using (4.10), from (4.1) we get the
result (4.11). O

Theorem 4.4. Suppose that (H1)-(H4) hold. Let ug € W satisfying (4.6). Then the
solution of problem (1.1) is global.
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Proof. Tt sufficient to show that [ju||5 + |Au/* is bounded independently to ¢. To see
this we use (4.1), (4.3), and (H3) to obtain

BO) 2 B(t) = 518" = 8 [ Plo.wdo+ 5 WOl + - Julo)l
1 2 p B
2§|Au| —p!f(u)udm—pﬂ/kl(x)qu

L., 2 1 P _1 2 1 . 2
o @5+ -l = 5 180l + (1) ~ 1)

1 2 1
+o 1 @5 + > ()],
_ p— 2 2 1 1 / 2 1 P
= |Aul” + Ef(t) 3 v (O)I5 + > [u®)ll,
1 2 p— 2 2
Z 5 [’ (8]l + o |Au(t)]7,
since I (t) > 0, and p > 2. Therefore

2
o/ (1)]12 + | Auf* < max (z, ]3_1’2) £(0).

These estimates imply that the solution wu(t) exist globally in [0, +-00[. 0

5. Blow-up of solution

In this section, after some estimates, we show that the solution of problem (1.1)
blows up in finite time under the assumption E(0) < 0, where

, 1, 1 1 ,
B() = Blult). /() = 5 10 (OF +5 180 O+ =5 [ P (o) da. (5.1)

Remark 5.1. We set
H({t)=-E(t), (5.2)
we multiply Eq.(1.1) by —u«’ and integrate over Q, using (H2) to get
H' (t) = |V (£)]> + a/ u' (t) g (W (t)dx > ady W/ #)||7 ae t€[0,T], (5.3)
Q
H (t) is absolutely continuous, hence

O<H(O)§H(t)§ﬂ/F(m,u)dx, (5.4)
Q

when
E(0) <O.

We need the following lemma, easy to prove by using the definition of the energy
corresponding to the solution
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Lemma 5.2. Let 2 < p < % ifn>5and 2 <p < oo ifn < 4. Then there exists a
positive constant C' > 1, depending only on 2, such that

lu()l; < € (@) + 1A @) , with2 < s <p, (55)

for any u € HZ (). If u is the solution constructed in Theorem 3.1, then

lu@®)l, < C (H (&) + (I} + |’ ()] +ﬂ/QF(1‘,U(t))dI) ; (5.6)
with 2 <s<pon[0,T).
Theorem 5.3. Let the conditions of the Theorem 3.1 be satisfied. Assume further that
E(0) <O. (5.7)
Then the solution (3.1) blows up in a finite time T.
Proof. We pose

we define the function
G(t)=H"(t)+eL (t) — 3speT*tB/ F(z,u(t))dx
Q
+met ||k (x)]| o + et k2 (z)]|2,, t >0, (5.8)

where 71, 72, € > 0 are positives constants to be specified later, and

. (p—2 p—o
< .
0<a_m1n( o ,(0+1)(0_1)><1, (5.9)

derivative the Eq. (5.8), using Eq. (1.1), and hypotheses (H3) we obtain

%G( )= —a)H " (t) H' () + eL” (t) + 7€ k1 ()

+y2¢ || k2 (z jt( 3pee’ ™ tﬁ/ (z,u ))dm)
= (L—a) H=" (t) H' (t) + 2¢ o/ (8)]" + 2¢ (u (1) ,u" (¢))
ek (@)l o + 72e k2 ()15
+3pee’ ~ tﬁ/ (z,u(t)) dr — 3pee’ ~ tﬁ/ f(u@®)d (t)de (5.10)

—(1—a)H () H' () + 2 o (£)]* + QﬁE/Qu(t)f(u (1)) da — 2¢ | Au ()]
—25/ u (t) Au' () do — 2¢ [lu ()17 + yie ||k (2) ]| o + v2e (k2 (2)]12,
Q

T—t —3peelt U u r—20 U u .
T 3pee ﬁAF@mwmx&E BAf(@)UM zsA (t)g (' (1) d
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We then exploit Holder’s, Young’s inequalities, and the hypotheses on g, to estimate
the last term in (5.10) as

/uwwmex
Q

20

< 2a5d1/ [u" ()] |u (t)| dz + 2a5d2/ [/ ()7 |u(t)] da
Q )

5 _ .
< 2aed; — |Ju (t)]|% + 20ed; Z 40 (5.11)
ag o—

1. o o
o= [l (#)ll,

60’
+2aedy— ||u ()] + 2aedy 7
o

0 .
=2(d1 +dz) —azllu(®)ll;

+20e 7" L5 (d1||u’(t)|\g+d2||u'(t)|\j),5>o,

because ~%5 < o, then by (5.3) we have

do
—H'(t
=0

-2 d
sc*dlcm) 7l Ol + - H (1)
0

(C*dlC( Q) +d2) H' (t). (5.12)

di [/ (| 722 +da [’ (D] < C()7 du|Ju (1)]]17T +

- Oéd()
By the boundary conditions we derive the following estimates

/u(t) Au' (t) do = / Au () () dz < i Au @) + o (1) (5.13)
Q Q

Using hypotheses (H4), Holder’s, Young’s inequalities, conditions (5.9), and (5.3) we
have

/v DI ©lde <t [ (el O]+ e @] 1 (0)]) da

Q

g 1 _o a'% 50 o
<y [lu (8)] 150 1w’ (9)]l; + b 0= |l (Ol 225+l k2 ()15

l 1, o
< 20 (5,0)07 [[u(t)ll3 + 8™ |l (][5

g
+1

1. o - 07 -
077 |’ (172 + = ke (@),
) o—2

<200 (3,0)C Q)T [Jull]

1 -2 _ o o
+-LCTC (@) 6T | (1))

o 1 . L—z o 50- (o
4, =IO C(Q) (@)l + b ke @)1

ll g=2 o
< —C*'C(Q) 2 §T=H'(t
7adOC’ C () (t)

l oo20 o &7 -
+2C(8,0)87CTC(Q) 7 [Jul[7 + b [Ik2 (2)]%
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By the hypotheses (H3), and the estimate (5.4) we have

Y

25 [u(®) f)ds > 20p [ Fo)de—25 [ k(@) (o) do
Q Q

Q

Y

2pH (t) — Qﬁ/kl (@) |u(z)| dz, (5.14)
Q

and by Holder’s, Young’s inequalities,

[ @h@lds < @a) k@], + 205 [u@lf. (6519
Q

By substituting in (5.10), and using (5.11)-(5.15), yields,

d
@G(t)

> 0£21 B a) = (t) a—2 H (t

=\t (Bpee" O C () F 205 (CHiC(Q)T 4 ) ) 677 Q

20 (1) = 2 Ju (I~ 2e|Bu () + (n — 26C (0, 0))< [ (0)]

+ (e = 3vee 0 ) e ko) + 38 [ F (o, (9) d
Q

o

o—20 0
e (39peT*t,3zlc (6,0) C*C ()T + 280 (dy + dg)) ). (5.16)
Vo, e > 0.

At this point, for a large positive constant A to be chosen later, picking § such that
07— = AH%(t) > 0 in (5.16) we arrive for all t > 0 at

Sam)
z( e (3 o et (om0 )H—“u)H’(t)
- <3p€e BC*C ()T + 20e2=L (0 d,C ()7 +d2))
+3ﬂpe/QF (2, w) da — 2 |lu (£)]|% - ge |Au (t)]? + 2peH (t)
+ (11 = 2BC (0,a)) e [|k1 (z)]| (5.17)
+ (s an D) el @

l1—0o

o—260 A [
—< (30peTBLC (0,0) C*C (@) T + 280 (dy +dy) ) “—H"" (8) Ju ()17,
Vo, € > 0.
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By exploiting (5.4), we have

a(oc—1)
H““”@HM&MSﬁ““”(/F@wDM) ol (619)

Q
from (H3) we have

/QF(JJ,u) dz S% (Q/W(t)le“ d + (ks ()] + [k (w)I)UI)

l
pn w(®)pr + iumuwmm+Waummnmumﬁh

<c—u<>%ﬂ (5.19)

by condition (5.9), and the estimates (5.6) we confirm that

a(o—1)
/F (z,u)dx

Q
U pa(o— 041\~ o
< oL ”0|<mMJ w13

Iy o— 0 a o
—C;ﬂ” Yl ()15550 D u ()]

ey [lu ()11

o

Iy a(o— 0+1)a(oc—1 o
<o Dl OIS ()14

ll aloc— 0+1)a(c—1)+o
= O3 lu )

1 gao-1) u(®)||” + [/ ()] z,u)dr
<2 C(H@)HI@M+I(UI+6!F(,)d>

Schﬂw1><H@)Hmwﬁ+hﬂwf+ﬂfF@mﬁh>
p

Q
+ k1 (@)oo + k2 (@)1
substituting (5.20) in (5.17) we obtain

(5.20)

d A 3peeT BC*C (Q) T . )
7G( )= <(1 —o- ady ( +2ae 21 (C*dlC (Q)%2 —|—d2) )) B @O H (1)

+3pﬁ€/F(x,u) da — gg A () — 2¢ [lu ()|
Q
+e (11— 28C (0, a)) [|k1 (2)]] o

I -
+e ('72 - 3pseTﬁl10> |k ()2, (5.21)
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2pH (t) — ( 30pe” B, C (6,0) C*C () T + 280 (dy + do) ) AL gao-1)
+e ( H (&) + lu@)|2 + [/ () + B [ F (2, u) dz )
xC Q
+lk1 (@)l + N2 (@)1
or

(1—a)
%G(t) = N 3p€6TﬁC*O(Q)%§ H™(t)H' (1)
o\ 4200 (CHC(Q)T 4 ds)

+3pﬂ€/ F(z,u)dx — gs A (8)* = 2¢ [|u (£)||?
Q

+e (11 — 28C (0, )) [|k1 (2)]| o (5.22)
+e ('72 — 3p€eTﬁl1(i:> k2 ()],
(5p— 1) H (1)

+25C¥ (dl + dg)

H (6) 4+ [u®I + [/ ()2 + 8 f, F (. u) d
XC( e (@) o, + e (@), )

By using the definition (5.2), the estimate (5.22) gives

(I-a)
d =2
—G(t) > 3peel BC*C (Q) =
dt ( ~ads ( +20e251 (o*dlc(m‘%g +d2) ) )
xH™*(t) H' (t)

(%57)

o—26
_c 30pe’ B, C (6,0) C*C (Q) 7 /\17—”1715(1(071)
+2Ba (dy + da) g P

2

_ [ 30pe™B0C (5,0) CC (@) T xie s gutom)
+e o P —e(Bp—1)H(¢).

lloo

+£

x [u (1)

3p—1 5 )
+( 5 —2>E|Au(t)|

(’YI - 250 (0-7 a))

+e | o[ 30pe”BLC (5.0)CC (Q) T A=t 1y ooy || IR (@)l
+2Ba (dy + da) s P

(v2 — 3peeT Bl 2)

te | o[ 30pe”BLC (5.0)CC (Q) T 27t gae-ny || k2 @15
128 (dy + da) o p
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(5

te 30peT BLC (5,0) C*C () T | pi=r
_C pe” BLC (6,0) C*C () AZ7 L ga(o-1)
+25a (d1+d2) g P

x Jlu @I,

3p—Bp-1)

+e _C 30pe™ Bl,C (8, 0) C’*C’(Q)UQ_TEIQ Egﬁa(g,l) ﬁ/F(x,u) dz
+260& (d1 + dg) N Q

(5p—1)

o—26
+e | o [ 30peTBLC (5,0)C*C(Q) T | Aoy goo-n | | H (t).
—‘1-2604 (d1+d2) g P

pose

o—20
O =C 30peT BILC (6,0) C*C (Q) 2= | 1L gate=1 | |
+2B0a (dy + da) op

we arrive at

(1-a)

%G (t) > o, 3peTﬂC*O (Q):,T_ZQ e (t) )2 (t)
ado” | 9ol (C*dlC Q)= + dg)
3p—1 3p—1 5
te [ vl cwl-”} W (5] + ( Pl 2) 1A (1)
+e ((m1 = 2BC (0,a)) — CLA ™) ||k1 ()] o
re((sa - et ) o= ) I
+e [p ; Ly Cl)\l_”} Ju ()} +e [1-CiA 7] B/F (x,u)dz (5.23)
Q

+e((5p—1) — CLA"7) H (t).

chosen v; = 1+ 28C (0,a),72 = 1+ 3pseTBllg and A satisfying the following

inequality
. _ 201 _ pC'1 _ _ Cl
A > )\ — o—1 o—1 o—1 C( o—1
= A0 mln( \/3}?_1’ \/p—].’ vV Y1, 5p_1>
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so that the coefficients of H (t), [u' (£)[%, [Au(t)2, [u (D)7, [k @), k2 @)]

and [ F (z,u)dx in (5.23) are strictly positive, hence we get
Q
(1—-a)

%G(t) N 3peT HCC () H= () H' (2)

ado® | 49q0=1 (C*dlC(Q)T n dz)

H () + o/ () + u @)} + [o F (z,u) da )
+we p o Ja A , 5.24
G H TR AT o2

where w is the minimum of these coefficients. We pick € small enough, so that
1—a — :
\ 3peT BC*C () 27
. —_— o—2
0<e<egg=min| =% +20¢"7’1 (C’*dlC Q)= + d2>
H~%(0)
—L'(0)+3peT B [, F(x,ug)dx

therefore (5.24) take the form
d H )+ [ (O + Ju () )
LG#) > we A 5.25
= ( P () de 4+ [k @), + e @)%, (5.25)

hence
G (t) > G(0) >0 for all t > 0.

The second term in (5.8), by applying Young’s inequality we can estimate as follows

L) = (u(t) o (1) < el O @], < e (ju @PC + Ju @), =),

p

SO
1

(@), ™ <O (I OF + Ju@lF=)

using Lemma (5.2) and the condition (5.9) we obtain

(u(t), o' (£)| 7"
<C <H (1) + |’ ()] + [lu ()2 + /Q F (z,u) dx) , Vit > 0. (5.26)

Consequently we have
1

—a

G (t)ﬁ _ (Hla (t) + 2€/Qu (z,t)u (t) de + et ||k1 ()| o + Y2et || k2 (x)||go) '

1
1—

1 1
1—a

a 1—a (o2
Fimet [k (@)ool + Ioet k2 ()11 ]

25/Qu (x,t)u’ (t) dw

gC(H(t)Jr

<C (H (&) + [ OF + [u @] +/QF($7U) da + [[ky (2)[| o + (k2 (@H;) - (5.27)
We then combine (5.25), (5.26), and (5.27), to arrive at

%G(t) > pG ()T, (5.28)
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where p is a constant depending on C, w, and ¢ only, and not depend of u.
Integrate (5.28) over (0,1) to get

a 1
G 2 —=

G (0) —tz2gp

Therefore G (t) blows up in a finite time 7™ where

T* < 1_70(1_ 0
apGT== (0)
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