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A FIXED POINT APPROACH OF THE ASYMPTOTIC BEHAVIOR
OF SOLUTIONS FOR DIFFERENTIAL EQUATIONS OF SECOND
ORDER

OCTAVIAN MUSTAFA, CEZAR AVRAMESCU

Abstract. In an adecquate Banach space the integral operator associated

to the initial value problem

u"+f(t1U,“')=0, tZtO (1)
u (to) =l u'(to) =U,

for some to > 1 (for simplicity) satisfies the requirements of the Schauder-
Tychonov theorem if f(t,u,v) is under a Bihari type restriction. The fixed
point u(t) of this operator is asymptotic to at + b as t = 400, where a, b

are real constants.

1. Introduction

Starting with the paper by Bellman [3], functional analysis is frecquently
involved in studying the asymptotic behavior of solutions for differential equations.
Papers such as those of Massera and Schaffer [5] are now fundamental.

Another important step is made by Corduneanu [4] who uses certain function
spaces to analyze those solutions which go to 4+oco in the same way as some positive
test function g, i.e. solutions z(t) such that |z(t)| = O(g(?)).

Corduneanu introduces Banach spaces like (Cg, ||.||,) below:
Cg={z € C(R4,R™): Az > 0, [2(t)] < Azg(t), t €R}
with the norm

l=(®)|

||f'3“g = fggm

Lucrare elaboratX in cadrul contractului de cercetare cu CNCSIS no. 196, cod 303, din 14.06.1999.
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Such spaces are used also by Avramescu [1] for solutions z(t) such that
|z()| = o(g(2))-

Following these ideas an adecquate Banach space is introduced herein to study
the solutions u(t) of problem (1) which go to some a,t + b, as t — 400, where ay, b,

are real constants.

2. The fixed point technique applied to the study of asymptotic behavior

Consider the initial value problem
u’ + f(t,u,u') =0,t > 1
{ u(to) =Uo  u'(t0) = Ui
when the following hold true:
(1) The function f(t,u,v) is continuous in D = {(¢,u,v) : t € [to, +00), u,
v € R} and f(¢,0,0) = 0 for every t > ¢o.

(i1) There exist three continuous functions h, g1, g2 : Ry — Ry such that

£t w1, 0) = £t )] < hD0s (U272 (o — wa) @

where for s > 0 the functions g,(s), g2(s) are positive and nondecreasing,

[oe]

A= [ sh(s)ds 00
to/ (s <+ 3)
and
r
312]591(7')92(") =t @
and
91(0)g2(0) = 0. (5)

On the real linear space X(t) = {u € C*(to, +oo;R) : t_l)l_l_m u'(t) = ay,
p 0

t_l}g_noo[u(t) — ayt] = by; ay, by € R} we introduce the norm

lull = supu(6)] + hu(t) = at] + 420y
t>to

Proposition 2.1. The space (X (to),]|.||) is complete.
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Proof. Consider (f;)n>1 a Cauchy sequence in X(tp). Then the sequence of deriva-
tives, (f},)n>1, is uniformly convergent on [to, +00) to a continuous function g while
(fn)np1 is pointwise convergent on [to, +00) to a certain function f. The Weierstrass
theorem regarding sequences of derivable functions (see Niculescu [7], Theorem 6.5.4,
p. 283-284) shows that f is a C'—function on [tg,+o0) and f' = g. Furthermore,
(fn)n>1 has local uniform convergence to f since for every € > 0 there exists N(g) > 0

such that

10}
t

t
- $l <eg t>1g
for every n > N(e). In this way,

sup |fa(t) — f(t)| <eT, n> N(e)
t€fto,T]

for T'> 0 fixed. The usual € — N(g) technique shows that f € X(¢o) and

ngr-il-looaf" = nBToobf" =bs

and %ﬂ goes uniformly to -f—%ﬂ on [tg,+00) as n — +oo and f,(t) — ay,t goes
uniformly to f(t) — ast on [to, +00) as n — +o0.
Finally, f, goes to f in X(¢y) as n — +oo. a

The operator T : X (tg) — X (20) is defined by

(Tw)(t) = Urt + Uy — f (t — 5)f (s, u, o) ds.

to

One has the following estimations:

Ty — Tuz) (1)) < 01 (lles — wallg(flus — uzu)f h(s)ds
@ =Tu)Ol < g, ([uy - us g2 (lus - uzu)fms)ds
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and

00

/|f(s,u1,u’1)|ds——/lf(s,uz,ug)lds (6)

t

gu(lws = uslgalus —wall) [\
< , t/sh(s)d.s

for uy,us € X(to) and t > to. The values of ary, bry can be computed from
o0
ary = Uy — [ f(s,u,u')ds
to
bro =Uo+ [ sf(s,u,u’)ds,
to
since lim {t f f(s,u,u')ds} = 0 for every u € X(to). Using u(t) = 0, this follows

easily from (6) since f(¢,0, O) = 0fort > t;. We need also the formula (T'u)(t)—aryt =
Uo+fsf(s u, u ds+tff.s u,u')ds.

to
All of this shows that T Xy C Xy and

ITu1 — Tusll < 3Ag1(J|ur — uall)ga(|lur — wal]), w1, ua € X(to). (7)
A compactness criterion on X (?g) is the one below.

Proposition 2.2. Let M C X(to) satisfy the next properties:
(1) For every € > 0 there exists L > 0 such that

W' () < L, u(t) —aut| < L

for everyt >ty andue M.
(i1) For every e > 0 there exists §(e) > 0 such that

Iu’(tl) - u’(tz)l <eg, Iu(tl) - u(tg) - au(t1 - tz)l <E&g

for every ty, ty > to, with |t; —t2| < d(e), and ue M.
(ii1) For every € > 0 there exists Q(¢) > 0 such that

[U/(t) — au] <&, |u(t)—aut—by| <e

for everyt > Q(e) andu € M.
Then, M 1is relatively compact in X (to).
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Proof. A simple consequence of the compactness criterion on C{ = {u € C(to, +o0; R™) :

lim u(t) =y, ly € R®}. See Avramescu [2]. O
t— 400

We introduce the straight line 2o(t) = Uit +Up. Thus, T(0) = z¢. According

to (4) f’;lggl(llroll+f5rya(llroll+f) = 400 and from (3) there exists b > ||zo|| such that

b
g1{[zol[+b)ga([[zoll+5) -
The set Do = {u € X(to) : ||u — zo|| < b} is closed and convex.

[ee]
3 [ sh(s)ds <
to

Theorem 2.3. The requirements below are satisfied:
(a) TDo C Do.
(b) If H s bounded in X (to) then TH is relatively compact in X (to).

(c) The operator T s continuous in X (ip).

Proof. For (a) one has the estimation

o]

ITu — o]l < 3g1(llzoll + b)ga(lzoll + b) [ sh(s)ds < b.

to

For (b) one has to test the properties (i), (ii) and (iii) from Proposition 2.2.
For (i), if M = sup ||h|| then
heH

ITh|| < L = ||zo]| + 3Ag1(M)g2(M),

according to (7) since T'(0) = xq. For (ii), if ¢; > t2 > to then one has the following

estimations:
[(Tw)'(t1) — (Tw)' (22)| Sgl(M)QZ(A{)]Ih(S)dS
and 2
[(Tw)(t1) — (Tw)(t2) — azuits —2)|
Sgl(M)yz(M){fh(S)ds+]lh(8)ds}(t1 —t3).
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For (iii), again, one has the estimations below:

(T4 () — aral < 9 (M)2(30) [ h(s)ds
and

[(Tu)(t) — arut — bru| < 91(M)g2(M) / sh(s)ds + |R(u)| (),

(e o)

where R(u)(t) =1t [ f(s,u,u')ds. According to (6), tJE_IPwR(u)(t) = 0 uniformly with
t

respect to u € H since R(0) = 0 and

|R(u)(t)| < gl(M)gg(M)/sh(s)ds, u€ H.

The requirement (c) is justified by (5). If u, goes to u in X(¢o) as n = +o0
then

I Tun — Tull < 3Ag1(Jlun — ull)g2(llun — ull) = 0
as n — +00. O

According to the Schauder-Tychonov theorem (see Rus [9], Theorem 7.42, p.
58-59) the operator T" has a fixed point u(t) in X (¢o). This is exactly the desired
solution of problem (1).

Note. Whenever (2) is replaced by the Lipschitz type restriction
U —u
17t wa,00) = £t w2, 00)] < B2 1 1oy — )

and (3) is valid the operator T : X(to) — X (fo) becomes a contraction under some
Bielecki type norm. See Mustafa [6].

In what regards the term h‘-‘—{"—" in (2) it appears to be a natural requirement.
See Rogovchenko [8], Theorems 1-3.

Since (4) implies that
= +o00,

ds r
/ 7(9205) = 2R G ga(r)

to
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which is the standard Bihari condition, (4) itself can be properly refer to by a Bihari

type condition.
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