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A FIXED POINT APPROACH OF THE ASYM PTO TIC BEHAVIOR  
OF SOLUTIONS FOR DIFFERENTIAL EQUATIONS OF SECOND

ORDER

O C T A V IA N  M U S T A F A , C E Z A R  A V R A M E S C U

A b stra ct. In an adecquate Banach space the integral operator associated 

to the initial value problem

f ti" +  /(*,ti,ti') =  0, t>t0
\ u(to) = Uo

for some to >  1 (for simplicity) satisfies the requirements of the Schauder- 

Tychonov theorem if /(£ , u, t;) is under a Bihari type restriction. The fixed 
point u(t) of this operator is asymptotic to at -f 6 as t —> -f oo, where a, 6 
are real constants.

1. Introduction

Starting with the paper by Bellman [3], functional analysis is frecquently 

involved in studying the asymptotic behavior of solutions for differential equations. 

Papers such as those of Massera and Schaffer [5] are now fundamental.

Another important step is made by Corduneanu [4] who uses certain function 

spaces to analyze those solutions which go to +oo in the same way as some positive 

test function g , i.e, solutions x(t) such that |x(t)| =  0(g(t)).

Corduneanu introduces Banach spaces like (C ,̂||.||̂ ) below:

Cg =  { x e  : Xx > 0,|æ(f)| < Axg{i), t £ R }

with the norm

ii*nff =  su p ^ f
t>o 9v)

Lucrare elaborată  în cadrul con tractu lu i de cercetare cu CN CSIS no. 196, cod  303, din 14.06.1999.
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Such spaces are used also by Avramescu [1] for solutions x(t) such that 

\x(t)\ =  o(g(t)).

Following these ideas an adecquate Banach space is introduced herein to study 

the solutions u(t) of problem (1) which go to some aut + bu as t —> -foo, where au, bu 
are real constants.

2. T he fixed point technique applied to  the study o f  asym ptotic behavior

Consider the initial value problem

u" +  /(* ,« ,  u') =  0,* > *o

u(t0) — Uo u'(t0) = U\

when the following hold true:

(i) The function /(£ ,u ,u ) is continuous in £> =  {(* ,« , u) : t G [to,+ 00), u, 

u G l }  and /(* , 0, 0) =  0 for every t > to.

(ii) There exist three continuous functions ft, <71, </2 : K+ —>■ M+ such that

|/(<,« 1, Vi) -  / ( t ,u 2, V2 )\ < h{t)gi( Ûl t U2hg2(k i - V 2 \) (2)

where for s >  0 the functions #i(s), #2(5) are positive and nondecreasing,
00

A =  I sh(s)ds < +00
t "to

and

r
sup , v =  +00r>to0 i(rm (r )

and

51(0)52(0) =  0.

On the real linear space X (/o) =  {u G C 1(to>+oo;IR) : lim u'(t) =  aUi
t - ¥  +  OO

 ̂lim [u(t) — aut] =  aUl bu £ M} we introduce the norm

||w|| =  sup{|u'(t)| +  |u(<) -  aut\ +  ■■■" —}.
t>to ^

P roposition  2.1. The space (X(<o), ||.||) w complete.

( 3 )

( 4 )

( 5 )
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Proof. Consider (fn)n> 1 a Cauchy sequence in X(to). Then the sequence of deriva

tives, (fn)n>l) is uniformly convergent on [to,-foo) to a continuous function g while 

(fn) n>i is pointwise convergent on [to, + 00) to a certain function / .  The Weierstrass 

theorem regarding sequences of derivable functions (see Niculescu [7], Theorem 6.5.4, 

p. 283-284) shows that /  is a C1— function on [to,-boo) and / '  =  g. Furthermore, 

(/n)n> 1 has local uniform convergence to /  since for every e > 0 there exists N(e) > 0 

such that

for every n >  N(s). In this way,

sup If n(t) -  f { t )I <  eT, n > N(e)
t€[to,T]

for T  >  0 fixed. The usual e — N(e) technique shows that /  £ X(to) and

and goes uniformly to on [to ,+ 00) as n 4  +00 and f n(t) — afni goes

uniformly to f(t) — a,ft on [to, + 00) as n —> + 00.

Finally, f n goes to /  in X (t0) as n -*  + 00. □

The operator T  : X (to) —> A"(to) is defined by

One has the following estimations:

00

|(Tui -  Tu2)'{t)I < 5i(j|ui -  U2 ||)</2 (||wi -  W2 II) f  h{s)ds
< to

OO
K r«i-T „3)(t)| <  tfl(||Ul _  U2||)52(||Ul _  U2||) f  h(s)ds
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and
oo ooJ | /(s ,u i,u i)| d s- j \f{s,u2,u'2)\ds (6)

< 9i(\\ui -  t i 2| | ) 5f 2 ( | | « i  -  « 2 I I )

OOJ sh(s)ds

for « 1, u2 G X(tfo) and t >to.  The values of arpu, bru can be computed from
00

aTu — U\ -  f  f{s, u, u')ds
to

bru =  Uo + f  sf(s,u,u')ds,
to

since lim {t f  f(s, u, u ')ds} =  0 for every u G X(to)- Using n(t) =  0, this follows
t—>-+oo

easily from (6) since f ( t , 0, 0) =  0 for t > to. We need also the formula (Tu)(t)~ajut =
t 00

Uq +  f  sf(s, u, u')ds +  t f  f(s,u,u')ds.
to t

All of this shows that TX q C X q and

\\Tu! -  Tu2II < 3Agi(\\iti -  u2\\)g2{\\ui -  ti2||), ultu2 E X{i0). (7)

A compactness criterion on X(/o) is the one below.

Proposition 2.2. Let M  C X(2o) satisfy the next properties:

(i) For every e > 0 there exists L > 0 such that

K M I < L, |u(t) — aut\ < L

for every t > t0 and u G M .

(ii) For every e > 0 there exists 6(e) > 0 such that

|u'(<: ) -  u'(t2)\ < e, |«(ii) -  u(t2) -  au{ti -  t2)\ < e

for every t\, t2 > to, with |U — t2\ < J(e), and u G M .

(iii) For every e > 0 there exists Q(e) > 0 such that

-  au \ < e, | « ( t )  -  aut -  bu\ < e

for every t > Q(e) and u G M .

Then, M is relatively compact in X(to)>
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Proof. A simple consequence of the compactness criterion on C& =  {u £ C(to, +oo; Mn) 

lim tt(tf) =  lu £ Mn}. See Avramescu [21. □
t —h +  OO

We introduce the straight line a?o(J) = t/i* +  Uo- Thus, T(0) =  x q . According 

to (4) s u p g i (||g 0 ||+ r )rg 3 (||x0||+r) =  +oo and from (3) there exists b > ||x0|| such that
r > t  o

3  /  sh (s)ds <  si(||xo||+6)g3(tk «||+t.)-
to

The set D q =  {u G -ST(to) : ||« — x q \\ < 6} is closed and convex.

T heorem  2.3. The requirements below are satisfied:

(a) TDq Ç D0.

(b) If H is bounded in X(to) then TH is relatively compact in X(io).

(c) The operator T is continuous in X(<o)*

Proof. For (a) one has the estimation

oo
||Tu -  x0|| < 35i (||x0|| +  6)52(||xo|| +  b) j sh {s )ds  < b.

t0

For (b) one has to test the properties (i), (ii) and (iii) from Proposition 2.2.

For (i), if M  =  sup ||ft|| then 
h£H

\\Th\\<L = \\xo\\ + aA9l{M)g2(M),

according to (7) since T(0) =  x q . For (ii), if tx > t2 > to then one has the following 

estimations:

ti
l(T «)'(ti) -  (Tuy(t2) \ < 9l(M)g2(M) j  h(s)ds

t-i

and

\(Tu)(ti) -  (Tu){t2) -  a,Tu\t\ -  <2)|
OO ti

< 9i(M)g2(M){Jh(s)ds + J h(s)ds}(h -  t2).
to t2
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For (iii), again, one has the estimations below:
oo

\(Tu)'(t) -  aTu\< gi(M)g2{M) J h(s)ds
t

and
oo

|(Tu)(<) -  OTut -  6tu| <  9i{M)g2{M) J sh(s)ds +  |iî(«)| (t),
t

OO

where R(u)(t) =  t f  /(s ,  u, uf)ds. According to (6), ^Jim R(u)(t) =  

respect to u G H since R(0) =  0 and

0 uniformly with

oo

|Æ(u)(<)| <  gi(M)g2{M) J sh{s)ds, U Ç . H .

t

The requirement (c) is justified by (5). If un goes to u in X(to) as n -4  +oo

then

\\Tun -  Tu\\ < 3A0i(||un -  u\\)g2(\\un -  u\\) -> 0

as n —> -foo. □

According to the Schauder-Tychonov theorem (see Rus [9], Theorem 7.42, p. 

58-59) the operator T  has a fixed point u(<) in X(tfo). This is exactly the desired 

solution of problem (1).

Note. Whenever (2) is replaced by the Lipschitz type restriction

\f{t, Ui, Vi) -  f(t, u2, v2)| <  h ( t ) +  |vi -  w2|)

and (3) is valid the operator T : X(^o) -> A(<o) becomes a contraction under some 

Bielecki type norm. See Mustafa [6].

In what regards the term in (2) it appears to be a natural requirement.

See Rogovchenko [8], Theorems 1-3.

Since (4) implies that

/
ds

> sup-0l(*)ff2(s) ~ r>t0gi(r)g2(r)
=  +oo,
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which is the standard Bihari condition, (4) itself can be properly refer to by a Bihari 

type condition.
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