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THE MARKOV PROPERTY FOR THE SOLUTION OF THE
STOCHASTIC NAVIER-STOKES EQUATION

HANNELORE LISEI

Abstract. We consider the stochastic Navier-Stokes equation of Navier-
Stokes type containing a noise part given by a stochastic integral with
respect to a Wiener process. The purpose of this paper is to prove that
the solution of this nonlinear equation is a Markov process. We take into

consideration the properties of the Galerkin approximations.

1. Introduction

The stochastic Navier-Stokes equation has important physical and technical
applications. It describes the behavior of a viscous velocity field of an incompressible
liquid. The equation on the domain of flow G C IR” (n > 2 a natural number) is
given by

O _ JAU = —(U, VU + f - Vp+ ()22

divU =0, U(0,z)=Us(z), U(tz)l|sc=0,t>0, z€q,
where U is the velocity field, v is the viscosity, A is the Laplacian, V is the gradient, f
is an external force, p is the pressure, and Uy is the initial condition. Realistic models
for flows should contain a random noise part, because external perturbations and the
internal Browninan motion influence the velocity field. For this reason equation (1)
contains a random noise part C(U )?ﬂ Here the noise is defined as the distributional

ot

derivative of a Wiener process (w(t)) 017 whose intensity depends on the state U.
tefo,
Throughout this paper we consider strong solutions ( “strong” in the sense of

stochastic analysis) of a stochastic equation of Navier-Stokes type (we will call it a
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stochastic Navier-Stokes equation) and define the equation in the generalized sense as
an evolution equation, assuming that the stochastic processes are defined on a given
complete probability space and the Wiener process is given in advance.

An important property in the study of the solutions of stochastic differential
equations is the Markov property. This property is used for example in dynamic
programming approaches (see [4]) to formulate Bellman’s principle, in the theory of
random dynamical systems (see [1]) to determine invariant measures, in investiga-
tions of the long-time behaviour of the processes (see [8]). In the case of stochastic
processes which are also Markov processes we can describe its properties by studying
the properties of the corresponding Markov semigroup.

In this paper we prove that the solution of the stochastic Navier-Stokes equa-
tion is a Markov process. This property was proved by B. Schmalfu§ [6] for the
stochastic Navier-Stokes equation, but only for the case of additive noise. Our hy-
pothesis are more general.

The structure of the paper is as follows: In Section 2 we give the assumptions
for the Navier-Stokes equation and mention some results concerning the convergence
of the Galerkin approximations to the solution of the considered equation. We also
prove that the solution depends continuously on the initial data. Section 3 contains
the main result of our paper. We prove that the solution of the stochastic Navier-
Stokes equation is a Markov process. In Section 4 we give some auxiliary results from

stochastic analysis.
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Frequently Used Notations

- weak convergence (in the sense of functional analysis)
I, indicator function for the set A

EX mathematical expectation of the random variable X
£3(Q) space of all F-measurable random variables u : Q@ = V

with E||ul|? < oo

L3 (Q % [0,T]) space of all F x B([0,T])-measurable processes

u:Q x [0,T] = V that are adapted to the filtration
T

(Ft)eepo,r) and E [ |[u()|ly dt < oo
0

2. Assumptions and formulation of the problem

First we state the assumptions about the stochastic evolution equation that

will be considered.

(i): (8, F, P) is a complete probability space and (F;):¢[o,r] is a right con-
tinuous filtration such that Fy contains all F-null sets. (w(t)):epo,7] is a
real valued standard F;-Wiener process.

(ii): (V, H, V™) is an evolution triple (see [10], p. 416), where (V,]| - ||v) and
(H,]|-|l) are separable Hilbert spaces, and the embedding operator V «— H
is assumed to be compact. We denote by (-, -) the scalar product in H.

(iii): A : V — V* is a linear operator such that (Av,v) > v||v||} for all
v € V and (Au,v) = (Av,u) for all u,v € V, where » > 0 is a constant
and (-,-) denotes the dual pairing.

(iv): B:V x V = V* is a bilinear operator such that
(B(u,v),v) =0 forallu,veV
and there exists a positive constant b > 0 such that
(B(w, v), 2)I* < BllzIf¥ lfullllullvilell|lv]lv

for all u,v,z € V.
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(v): C:[0,T] x H — H is a mapping such that
(a): |IC(t,u) — C(t,v)||2 < Al|u — v||? for all ¢t € [0,7], u,v € H, where )
is a positive constant;
(b): C(t,0) =0 for all t € [0,T];
(c): C(,v) € L4[0,T) forall v € H.
(vi): ®:[0,7]) x H — H is a mapping such that
(a): ||®(t,u) — (¢, v)||?> < pllu—v||? for all t € [0,T], u,v € H, where
is a positive constant;
(b): ®(¢,0) = 0 for all t € [0, T,
(c): ®(-,v) € L4[0,T) forallv e H.
(vii): z¢ is a H-valued Fo-measurable random variable such that E|jzo||* <
0.
Definition 2.1. We call a process (U(t))te[o,T] from the space £Z (Q x {0, T]) with
E|U@)||? < oo for all ¢t € [0,T] a solution of the stochastic Navier-Stokes

equation if it satisfies the equation:

t

+O/(AU(s), v)ds = (zo,v) +O/(B(U(s), U(s)),v)ds (2)

+ /(C[)(s, Ul(s)),v)ds +/(C(3, U(s)),v)dw(s)

0
forallve V,t €[0,7] and a.e. w € Q, where the stochastic integral is understood in

the Ito sense.

Remark 2.2. ff weset n =2,V = {u eW; (G) : divu = 0} H = VL@ and

(Au, v) .~/ Z(‘?:, (;?;l (B(u,v) / Z u, Ba; z]d.v ®(t,u) = f(t)

1,7=1

for u,v,z € V,t € [0,T], then equation (2) can be transformed into (1).

Let hy, ha, ..., hn,--- € H be the eigenvectors of the operator A, for which we
consider the domain of definition Dom(A) = {v € V | Av € H}. These eigenvectors
form an orthonormal base in H and they are orthogonal in V. For each n € N we
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consider H,, := sp{hy, ha,...,hn} be equipped with the norm induced from H. We
write (Hp, || - |lv) when we consider H, equipped with the norm induced from V. We

define by II,, : H — H,, the orthogonal projection of H on Hj,

n

Ik = " (h, hi)hs.

=1
Let A, : Hy, = Hp, By : Hy X Hy — Hp, ®,,C, : [0,T] x H, = H, be defined
respectively by

n n

Ayu= Z(Au, hidhi,  Ba(u,v) = 3 (B(u,v), hi)hi,

Co(t,u) =T1,C(t,u), ®n(t,u) =1L 8@, u), zon =1z

for allt € [0,T], u,v € Hy,.

The existence of the solution of the Navier-Stokes equation (2) is proved by
approximating it by means of the Galerkin method, i.e., by a sequence of solutions of

finite dimensional equations (P,),n > 1.

For each n = 1,2,3,... we consider the sequence of finite dimensional evolution
equations

¢ ¢
(Pa) (Un(t),0) + / (AnUn(8), v)ds = (20n, ) + [ (Bn(Un(s), Un(5)), v)ds

0
t

0
+ / (@n(s, Un(s)), v)ds + / (Ca (5, Un(s)), v)duw(s),
0

0

for allv € H,,t €[0,T] and a.e. w € Q.

We use an analogous method as in [9]. Let (XM) be a family of Lipschitz

continuous mappings such that
1, if 0<e<M,
xm(z)=4 0, if z>M+1,
M+1—z, if z€(M,M+1).
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For each fixed n € N we consider the solution U, of equation (P,) approxi-

mated by (U,’,"’ ) (M =1,2,...) which is the solution of the equation

t

(PM) UFO0) + [(AUH(©),0)ds = (z0m,)
0 .

4 a0 @B (U (), U (), v)ds

t

+ / (B, UM (s)), v)ds + / (Ca(s, UM (5)), v)duw(s),
0

0
for all v € H,, t € [0,7T], and a.e. w € Q. For this equation we apply the theory
of finite dimensional Ito equations with Lipschitz continuous nonlinearities (see [5],
"Theorem 3.9, p. 289). Hence there exists UM € ﬁfH" i) (2 % [0, T7]) almost surely

unique solution of (PM) which has continuous trajectories in H.

Theorem 2.1. For each n € N, equation (P,) has a solution U, € L% (Q2 x [0,T)),
which s unique almost surely and has almost surely continuous trajectories in H. For

each n € N it holds

M—00 te(0,T]

P( lim sup ||[UM(t)-U,(t)|? = 0) =1L

Theorem 2.2. The Navier-Stokes equation (2) has a solution U € L2 (Q x [0,T)),
which is almost surely unique and has almost surely continuous trajectories in H. The

following convergence holds
Jim E||U () - UB?=0 forall te(0,T).

Lemma 2.3. There exists a positive constant ¢ such that

T
2
E sup [[U()]*+ B( / lU(s)i}ds)” < cBllzoll*
te[0,T] 4

The proofs of these results can be found in [2].
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Before we investigate the Markov property for the solution of the stochastic

Navier-Stokes equation, we prove that the solution U of (2) depends continuously on

the initial data zg.
Theorem 2.4. Let (z}Y) be a sequence in H and let o € H be such that
; N _ .2 =
Jim {lzg’ — 2o||* = 0.
Then for each t € [0,T)] it holds

o _ 2 _
Jim E||Un(t) - U@ =0,

N

where Uy is the solution of (2) satisfying the initial condition Uy (0) = zy .

Proof. For allt € [0,7] and a.e. w € Q let

e(t) = exp{ - %/llU(s)”%,ds -(A+ 2\/ﬁ)t},

It follows by the Ito formula that

cOIU() - Un @2 + 2 / e(s)(AU (s) — AUN(5), U(s) — Un (s))ds

¢

= lleo == I +2 [ e()(BU().U(5) = Bl (5), Un(s)),U(s) = Un(e))ds

0
t

0

+ 2/6(3)(@(3,U(s)) —®(s,Un(s)),U(s) — Un(s))ds
+ [etslliet UG - s, Un(a))IPds
0

+ 2/e s)(C(s,U(s)) — C(s,Un(s)),U(s) — Un(s))dw(s).

_ g/e(s)uu(s)n%, lU(s) = Un(s)]|*ds — (A + 2@/e(s)llU(5) —Un(s)|I’ds
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In view of the properties of B we can write

2B(U(s),U(s)) — B(Un(s), Un(5)), U(s) — Un(s))

I

2AB(U(s) — Un(s),U(s)), U(s) — Un(s))

IA

b
;IIU(S)H%/HU(S) Un(s)I* +|U (s) = Un(s)lly-
Now we use the properties of A, ®, C, and those of the stochastic integral to obtain

E sup e(s)||U(s) = Un(9)II* < llzo — 23|I
s€[0,t]

+ 4B sup | f e(r)(C(r, U(r)) = C(r, Un (1)), U(r) — Un (r))du(r)
s€[0,t]

IA

’“F/ sup {e0(r) ~ Ut e
+ §E sup e(s)HU(S) Un ()%,
s€fo,t

where k; is a positive constant and ¢ € [0, T]. By Gronwall’s Lemma we get

E sup e(s)||U(s) — Un(s)lI* < 4eT|jzo — 27 ||?
8€[0,t]

for all t € [0, T1].
We take t := 7}4] , Where Tg is the following stopping time

T, if /nU(s)u%,ds <M
Tlg = ° t
inf {t €[0,T] :/||U(s)||%,ds > M}, otherwise.
0

Using the hypothesis and the above inequality it follows that for each fixed M € N

we have

lim B|U(TH) - Un (T = 0.
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Applying Proposition 4.1 for T := t, Tar := TY, Qu(T) := |[U(T) = Un(T)|?> we
obtain

. 2 _
Jim BIUN () - UG)IP =o0.

3. The Markov property
Let us introduce the following O-algebras
Owey =0{U(s)}, Ow(ryr<s) :=0{U(r): 7 < s}
and the event
Ow(s)=y) ={w:U(s) = y}.

For the solution U of the Navier-Stokes equation (2) we define the transition func-
tion
P(s,z,t,A) = P(U(t) € AlO(s)=+])
with s,t € [0,T],s<t,z € H,A€ B(H).
In the following theorem we prove that the solution of the Navier-Stokes
equation is a Markov process. This means that the state U(s) at time s must

contain all probabilistic information relevant to the evolution of the process for times

t>s.

Theorem 3.1. (i) For fized s,t € [0,T),s <t,A € B(H) the mapping
y€Hw Ps,y,t,A) €eR
is measurable.
(ii) The following equalities hold
P(U(¢) € AlF,) = P(U(t) € AlO(u(sy)
and
P(U(t) € AIUIU(T):rSs]) = P(U(t) € A|0[U(s)])

foralls,t€[0,T],s<t,yc H,A€ B(H).
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Proof. (i) Let s,t € [0,T],s < t,y € H. We denote by ([7(t.s, y))te[s’T] the solution
of the Navier-Stokes equation starting in s with the initial value y, i.e. U(s,s,y) =y
for a.e. w € Q2.

Let A € B(H). Without loss of generality we can consider the set A to
be closed. Let (an,) be a sequence of continuous and uniformly bounded functions
an, : H - IR, n € N such that

lim Jlan(y) — Ia(y)]| =0 forally € H. (3)

n—oo

By the uniqueness of the solution of the Navier-Stokes equation and from the

definition of the transition function we have

P(s,y,t, A) = E(IA(U(t))|0[U(3):y]) = E(IA(L?(L s, y))).

We consider an arbitrary sequence (y,) in H such that lim ||y, — y|| = 0.
n— 00

By using Theorem 2.4 (instead of starting in 0 we start in s) it follows that
im_ BN (t5,5) = Ut 5,9)]12 = 0. (1)

Therefore (ff(t, s, yn)) converges in probability to U(t,s,y). Using (4) and the
Lebesgue Theorem it follows that for all k € N

lim Fay (ﬁ(t,s,yn)) = Fay (U(t,s,y)).

n—00

We conclude that for each k£ € N the mapping
yeH— Eak(lj(t,s,y)) eR

is continuous. Hence it is measurable. By the Lebesgue Theorem and (3) we deduce

that for all y € H

lim Eay (ﬁ(t,s,y)) = EL(U(t,5,9)).

k—o00
Consequently, P(s,-,t,A) = El, ((7(t, s, )) is measurable, because it is the pointwise
limit of measurable functions.
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(ii) First we prove that for each fixed s,t € [0,T],s < t,y € H the random vari-
able U(t,s,y) (considered as a H-valued random variable) is independent of F,. By

Theorem 2.1 we have

lim ||OM(t,s,9) - Ua(t,s,9)|| =0 foreachn € Nand ae. weQ, (5)
M =00

and by Thecrem 2.2 it follows that there exists a subsequence (n’) of (n) such that

lim [|Un(t,s,9) = U(t,s,y)]| =0 forae weQ, (6)
n'—o00

where (ﬁ,fl(t, s, y))te[a,ﬂ and (17,, (t, s, y))tE[’.Tl are the solutions of (PM) and (P,),
respectively, if we start in s with the initial value y. Since for fixed n, M the
random variable (NJ,{” (t,s,y) is approximated by Picard-iteration and each Picard-
approximation is independent of Fs (as a H-valued random variable), it follows by
Proposition 4.2 that U,(t, s, y) is independent of F,. Using (5), (6), and Proposition
4.2 we conclude that U(t,s, y) is independent of F,.

Let A € B(H). Now we apply Proposition 4.3 for F o= Fs, f(y,w) =

Is (f](t,s,y)), &(w) :=U(s). Hence

(1 (0wsv@)|7) =B (u(@wsv@)owm). @

Since the solution of the Navier-Stokes equation is (almost surely) unique it follows

that

U(t,s,U(s)) =U(t) forallte[s,T]and a.e. w € Q.

Then relation (7) becomes

E<1,, (U(t))

f,) = E(IA (U (t)) |0[u<sn)-

Consequently,

P(U) e AI}‘,) =P(Ut) e A]a[U(s)]). ®)
We know

Ows) C Owiryr<s) C Fa-
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Taking into account the properties of the conditional expectation and (8) we deduce

that

P(U(t)GAlo[U(r):rSa]) = (E(U(t)GAIfa)lO'[U(r)zrsd)

E(E (U (t) € AIUlv(an) |0[U<r):r5sl>

P(U(t) € AIU[U(,)]) .

O

Using results from [3] (Chapter 3, Section 9, p. 59) we deduce the following corollary.
Corollary 3.2. (i) For fizred s,t € [0,T),s < t,y € H the mapping
A€ B(H)w P(s,y,t,) ER

is a probability measure.

(ii)) The Chapman-Kolmogorov equation
P(s,y,t,A) = / P(r,z,t, A)P(s,y,r, dz)
H
holds for any r,s,t € [0,T],s<r<t,y€ H,A€ B(H).

Remark 8.3. We have the autonomous version of the stochastic Navier-Stokes
equation if for t € [0,T], h € H we have C(t,h) = C(h) and ®(t,h) = ®(h). In

this case (Uq;(t)) 0.1 is a homogeneous Markov process, i.e., we have
tefo,’

I_’(O,y,t—s,A):P(S,y,t,A) (9)

for all 5,t €[0,T],s<t,y€ H,A € B(H).

Now we prove the above property. Let s,t € [0,T],s < t,y € H. The solution

Us of the Navier-Stokes equation, which starts in s with the initial value y satisfies
t

Ua(0,0)+ [(AVa(r),0)dr = () + [ (B (1), Vo), e

s

t

+ /(<I>(Uq,(r)),v)dr+ /(C(Uq,(r)),v)dw(r)

s
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for allv € V and a.e. w € Q.
We take U(r) = Us(s + r),@(r) := w(s +r) — w(s) for r € [0,t — s]. Then
for U(t — s) we have

-0+ [(AT,0)ar = @)+ [BOE),T0),vdr
0 0

+

O~—T

@O),o)dr+ [ (€O, 0)da()

for all v € V and ae. w € Q. Since (zi)(r)) and (w(r)) have the

ref0,t—s] r€(s,t]
same distribution and because of the uniqueness of the solution of the Navier-Stokes

equation, it follows that U (t — s) and Ug(t) have the same distribution. Hence (9)
holds.

In the case of a homogeneous Markov process we denote
ﬁ(yy tv A) = P(O, y,t, A)

for all t € [0,T],y € H,A € B(H). The Chapman-Kolmogorov equation (see Corol-

lary 3.2) can be rewritten as
ply, s +1,4) = / p(z,t, A)p(y, s, dz) (10)
H
for each s,t € [0,T),y € H, A € B(H).
We consider the following set of probabilty measures on Q2
§:={ul [ llell'uidz) < o0}
H

and define

Tip(T) := /Hﬁ(a:,t, I)p(dz)
for each p € S, t € [0,T]. This mapping has the following properties:
(a) T, : S = S,
(b) Top = p for each p € S,

(¢) Tt4s =Tt o Ty =Ty o T, for s,t,s+t €[0,7T].
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We deduce the result in (a) by observing that Tip is the distribution of U (t) if the
initial condition ¢ has the distribution p (1 € S because of hypothesis (vii)). Then
by using Lemina 2.3 we have Ty € S. For (b) one can make some easy calculations
and (c) follows from (10). Hence (7;); satisfies the semigroup property.
4. Some results from stochastic analysis
Proposition 4.1. Let (Tyr) and T be stopping times, such that
lim P(Ty <T)=0.
M—o00

Let (Qx) be a sequence of processes from the space L% ([0, T] x Q) such that for each
fized M we have

lim E|Qn(Tu)| =0
n—00
and there exists a positive constant ¢ independent of n such that
E|lQn(T)|?<c¢ forall neN.
Then
Jim EJQu(T)| =0.

Proof. Let €,6 > 0. There exists My € N such that

P(nlo <T) S

N ™

By the hypothesis it follows that for this My we have lim E|Qn(7a,)| = 0. Conse-
n—00
quently, there exists ng € N such that

S E1Qn(Thto)| <

N ™

for all n > ng. We write

P(IQn() > )

IA

P(TM0 < ’T) + P({TMO =T}A {lQ"(T)| > 5})

€ e 1 E €
< = P nl{ /M s —F n o a5 =
< 5+ P(10n(Tn) > 6) < 5+ ZEIQu(Tan) < 5+ 5 =

for all n > ng. Hence for all § > 0 we get lim P(IQ,;(T)| > 5) = 0. Therefore, the
n—00
sequence (|Q,,(T)|) converges in probability to zero. From the hypothesis it follows
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that this sequence is uniformly integrable (with respect to w € €2). Hence it converges

also in mean to zero
Jim E|Qn(T)|=0.
O
Proposition 4.2. Let F C F be a O-algebra, (Qr) be a sequence of H-valued random

variables which converges for a.e. w € Q to Q. If each random variable Q,, is

independent of F , then @ is independent of F.
Proof. The random variable @ is independent of Fif
P{llQll < z}n 4) = P(||Qll < =) P(4) (11)

for all € IR, A € F. The hypothesis implies that the sequence (||Q,,||) converges in
probability to ||@||. Therefore, the sequence of their distribution functions is conver-

gent

lim Fyq,)(z) = Fjq(=) (12)

n—00

for each z € IR which is a continuity point of Fjq.
Let z € R,A € F ,6 > 0. First we consider that Fjjq| is continuous in z.
Then using the hypothesis and (12) we get

Jim P({IQall <2} n4) = im P(IQall < 2)P(4) = P(IQIl < 2)P(4).  (13)

We write

P{IQI<z-8}nA) < P({IIQl<z-8)n{IQll<z}n4)

+

P({llQll < = = 6} n{l|@nll > =} N 4)

IN

P({IIQall < 2} 1 4) + P(IlQl - 1Qull

>6).

Analogously we have

P({lIQull < 2} N 4) < PUIQN < = + 61 4) + P (|lIQ 11l

>6).

69




HANNELORE LISEI

Consequently,

P({lIQIl < =~ 5} 01 4) = P(|llQll - 1Qall| > 6) < P(IQull < 2)P(4)

< PAlII < =+ 8} 1 4) + P(flQll - Il

In the inequalities above we take the limit n — co and use (13) to obtain

>6).

P{llQll <z -48}n4) < P(IQIl < 2)P(4) < P{[IQIl < = + 6} N A).
Let 6 \, 0 in the inequalities above. Then
P({lIQll < =} A) < P(l|Qll < z)P(4) < P{IIQIl < =} N A).
Since z is a point of continuity for Fjjq we have
P({llQll < =} n A4) = P{lIQIl < =} N 4).

Consequently, (11) holds and @ is independent of F.
Now we consider that z is not a point of continuity of Fjq. Let (z,) be

a monotone increasing sequence of continuity points of Fjjq which converges to .

Then
Jim Fyqy(zn) = Fien(z),
and because z, is a point of continuity for Fjjq|, we have
P({llQll < zn} 0 A) = P(|QI| < 2a) P(A).
Now we take the limit n — oo and conclude that (11) holds. Hence @ is independent

of . O

Proposition 4.3. Let F C F be a O-algebra, f : HxQ — H be a mapping such that
for each ¢ € H the random variable f(z,-) is bounded, measurable and independent

of F. Let & be a H-valued f'-measurable random variable. Then

E(f(,w)|F) = B(f(¢,w)|0),

where O¢) is the O-algebra generated by the random variable §.

This proposition is proved in [3] (see Lemma 1, p. 63).
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