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A  SUFFICIENT CONDITION FOR UNIVALENCE

P A U L A  C U R T

Abstract. In this paper we obtain an univalence criterion for holomorphic 
mappings in the unit ball of C” .

1. Introduction

Let C* denote the space o f  n com plex variables 2 =  (21, . . . ,  2n) with the 

usual inner product
n

(z> w) =  Y l zm
j - 1

and norm  ||2|| =  (2, 2) 5 . The unit ball {2 E C 1 : ||z|| <  1} is denoted Bn.

W e let C (C ”  ) denote the space o f  continuous linear operators from  C " into 

C™, i.e. the n x n com plex matrices A =  (A jk), with the standard operator norm

||A|| =  sup{||Az||: ||z||<l}, A € £ ( C ) .

/  =  (Ijk) denotes the identity in C ( C 1).

W e denote by H ( 5 n) the class o f  holom orphic mappings

/  (z) = { f i { z ) , . . . ,  / „  ( z ) ) , z € Bn

from  B n into C” . W e say that /  €  H (B n) is locally biholomorphic in Bn if  /  has a 

local inverse at each point in Bn or equivalently if the derivative

D f ( z )  =
V )\  < j fk < n

is nonsingular at each point 2 E Bn,

The second derivative o f  a function /  E H (Bn) is a sym m etric bilinear op

erator B 2 f  ( 2) (*j •) on C 1 x C 1. D2f ( z ) ( z r ) is the linear operator obtained by
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restricting D2f  (z) to { 2} x C”  and has the matrix representation

D2 f  (2) {z, ■) d 2f a ( z )

h  m l<j,k<n

A mapping v G H (Bn) is called a Schwarz function if ||u (z)|| < ||z||, z G Bn. 

If f ,g  G H (Bn) we say that /  is subordinate to g ( f  -< g) in Bn, if there exists a 

Schwarz function v such that /  (z) =  g (v ( z ) ) , z G Bn.

A function L : Bn x [0,oo) —>■ C71 is an univalent subordination chain if 

L (-,t) G H (B n),L{- , t )  is univalent, in Bn for all t G [0,oo) and L (-,s) -< 

whenever 0 < s < t < oo.

We shall use only normalized functions in an univalent subordination chain, 

i.e D L ((M ) =  e4/,  for all* > 0.
The following theorem is due to J.A. Pfaltzgraff and we shall use it to prove 

our results.

T heorem  1. [3] Let L (z ,t) =  é z +  . . . ,  be a function from Bn x [0, oo) into C71 such 
that:

(i) For each t > 0, L('>t) E  H (Bn).

(ii) L(z,t)  is a locally absolutely continuous function oft,  locally uniformly with 
respect to z G Bn.

Let h (z ,t ) be a function from Bn x [0,oo) into C™ such that:

(Hi) For each t >0 ,h  (•,/) G H (Bn) , h (0 ,0  , h (0, t) =  0, Dh(0,t) = I and 
Re < h (z,t) , z > 0, z G Bn.

For eac/i T  > 0 and r G (0,1) there is a number K  =  A'(r, T) suc/i £/ia£ 

||h (z,t)|| <  K  (r,T ), where ||z|| < r and t G [0,T].

For each z E Bn, h(z,t) is a measurable function oft on [0, oo).

Suppose h(z,t) satisfies

dL(zyt)
dt DL (z, i) h (z, t) a.e t> 0 ,  for all z G Bn.

( 1 )
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Further, suppose there is a sequence {tm)m>o » tm > 0 increasing to oo such

that

lim e~tmL(z , tm) =  F (z) (2)
m —foo

locally uniformly in Bn.

Then for each t > 0, L (-,2) zs univalent on Bn.

2. M ain results

T heorem  2. Lei / ,$  G aiicfc that f  {0) =  g {0) =  0, D /  (0) =  L><j (0) =  I

and g is locally univalent in Bn. / /

(Dg(z))~1 D f ( z ) - I < 1 ( 3 )

and

||z||2 [(Dg ( z ) ) " 1 D f  (z) -  / ]  +  ( l  -  I|z||2)  (Dg ( z ) ) " 1 D2 g (z) (z, •) < 1

/or  all z G Bn, then f  is an univalent function in Bn. 

Proof. We define

( 4 )

L (z, /) = f  (e *z) +  (e* -  e *) Dg (e *z) (z) , (z, i) G Bn x [0, oo)

We shall prove that L (z ,f) satisfies the conditions of Theorem 1 and hence 

L (-,i)  is univalent in Bn, for ail t G [0,oo). Since / ( z )  =  L (z,0) we obtain that /  is 

an univalent function in Bn.

We have L (z ,i)  =  elz -f (holomorphic term). Thus lim e~tL(z,t) =  z,
t - +  oo

locally uniformly with respect to Bn and hence (2) holds for F (z) =  z.

Clearly L (z ,i) satisfies the absolute continuity requirements of Theorem 1. 

From (5) we obtain

DL(z,t) =  etD g ( e - tz ) [ I - E ( z , t ) }  (5)

where, for all (z,t ) G Bn x [0,oo), E (z, t) is the linear operator defined by 

E(z,t)  =  e~2t (Dg(e~tz))~1 D f  (e_tz) -  / ] -

-  (1 -  e~2t) (Dg (e~tz))~1 D2g (e "Éz) (e^ z , •). (6)

25



PAULA CURT

We consider

A(e-*z)  =  (D g ( e - tz ) ) - 1 D f ( e - tz ) - I

B (e ~ tz) =  (Dg (e~tz)) 1 D2 g (e- **) (e~tz, •) and

F{z,t ,\)  =  XA (e~tz) + (1 — X) B (e~f z) , A G [0,1]

From (3) and (4) it results m (e ~ tz)|| < 1 and \\F (z,t } \z)\\ < 1, where

\z =  e~ 2t \\z\\2 , z G > 0. Since 1 > e~ 2t > A2, for all z G Bn and t > 0 we can

write e~ 2t — u +  (1 — u) Az, where w G [0,1). Then

—E(z, t)  =  (e~*z) +  (1 -  u) F(z,t,  Xz) , n G [0,1).

We obtain

Il E (z,*)|| < u || A (e_tz)|| +  (1 -  u)\\F (z,t,\z) || < 1, (z,f) G Bn x [0,oo)

and hence I — E {z,t) is an invertible operator.

Further calculation shows that

- =  etDg(e~tz)[I + E ( z yt)](z) =

=  DL (z, t) [/ -  E (z, t y r 1 [I + E (z, <)] (z) •

It results that L(z,t)  satisfies the differential equation (1) for all t > 0 and 

z G Bn, where

h (z, t) — [I — E (z, l ) ]"1 [I + E (z, 0] ( z ) . (7)

We shall show that h {z,t) satisfies the condition (iii), (iv) and (v) of Theorem 

1. Clearly, h (z,t) satisfies the holomorphy and measurability requirements, h (0,/) = 

0 and Dh (0 ,/) =  L  The inequality

||/i(z,<) -  z\\-\\E(z,t)(h(z,t) +z)\\ <\\E(z,t)\\ \\h(z,t) +  z|| < ||A {z,t) +  z|| 

implies Re (h (z, / ) ,  z) > 0, for z G Bn and t > 0.
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For a fixed t >  0, E  (•, t) defined by (7) is an holomorphic function from Bn 

into C (C 1) , E  (0,<) =  0 and \\E (z,*)|| < 1 , z 6  Bn.

By using Schwarz lemma for C 1 we obtain \\E (>M)|| < \\z\\ , * € J9n.

It follows

llft(M)ll < IMI Ţrjjjjp fora11

The conditions of Theorem 1 being satisfied we obtain that the functions 

L (z,t) , t >  0 are univalent in Bn. In particular f  (z) =  L (^,0) is univalent in Bn.

□
Remark. If g =  / ,  then Theorem 2 becomes the n-dimensional version of Becker’s 

univalence criterion [3].
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