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SOME APPROXIMATION IDEALS

NICOLAE TITA

Abstract. We consider some approximation ideals of operators on oper-
ator spaces. The method used is similar to that from [8], [10], [11]. in the

case of the classical Banach spaces. or [2], [7] for the case of Hilbert spaces.

l. Introduction

The theory of the approximation ideals is well known for the case of linear
and bounded operators on Hilbert, or Banach, spaces [2], [6], [7], [8]. [11].

Here we consider the special case of the completely bounded operators on
operator spaces. For these notions it can be seen [1], [3], [5].

We begin by recalling some definitions.

An operator space F , in short O.S, is a Banach space, or a normed space
before completion, given with an isometric embedding J : £ — L(H), where L(H) is
the space of all linear and bounded operators T : H — H, H being a Hilbert space.
We shall identify often E with J(E) and so we shall say that an O.S is a (closed)
subspace of L{H).

If E C L(H) is an operator space then M, © F can be identified with the
space of all » x n matrices having entries in E, that it will be denoted by A1, (E).

Clearly M, (E) can be seen as an o.s. embedded in L(H"), where

H* = H ®...® H (number of H is n).

Let us denote by ||-||, the norm induced by L(H™) on M, (E), in the par-
ticular case n = 1 we get the norm of E. Taking the natural embedding A, (E) —
My 41 (E) we can consider My, (E) included in M4, (E), and ||-||,, induced by ||-||,, 4, -

Thus we may consider { JM,, (E') a normed space equipped with it’s natural

n

norm |||l -
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We denote by K [E] the completion of | JMy,, (E). If we denote by

Ko = UM, the case E = C, then the ZOmpletion of Ky coincides isometri-
cally with the 6‘-algebra, C(l3), of all compact operators on the space ls.

It is easy to check that { JM,, (E) can be identified isometrically with R © E.

The basic idea of o.s. isntha.t the norm of the Banach space E is replaced by

a sequence of norms {||||,,},, on {Af, (E)}, or by a single norm ||-||, on the space

K [E].
Definition 1. Let E; C L(H,) and E+2 C L(H4) be operator spaces,

u: Ey — E5 be a linear map and
wy : (Xij) € My (Ey) = (u(x;;)) € My (E2). We say that v is completely

bounded, c.b., if sup||u,|| < oo and we define ||ul|, , := sup |[un]|.
n n

Definition 2. (equivalent) u is completely bounded if the maps u, can be ex-

tended to a single bounded map u~ : N [E1] = K [E2] and we have |||, , = ||[ucll-

Definition 3. ¢.b. (E, F3) := {u: Ey > E2: uis c.b.}. We shall consider the
e.b. (7). Ea) equipped with |||, , .

Remark {. The similar definition of the uniform norm for the bounded operators can

be written as follows:
)l , = sup {||ucl| : & € K [E],||2]] < 1}.

Remark 2. Likewise the case of an isomorphism between two Banach spaces, we say
that two o.s. ), £y are completely isomorphic, completely isometric, if there
is an c.b. isomorphism u : B} — E2 with c.b. inverse and in addition ||u||cs =

e Hueplles. =1

Let 'y C L(Hy) and E2 C L(H+) be operator spaces. There is an embedding
J:EyDFEy— L(H; © Ha) defined by J (£1 ® z2) (h1 © ha) = 1 (hy) ® T2 (ha).

We denote by E; ®min E2 the completion of E} @ E» equipped with the norm
T = ||J2|.
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Obviously J can be extend to an isometric embedding. So we can see Ej ®min
Fs as an o.s. embedded into L(H; @, H>). This space is called the minimal, spatial,
tensor product of E; and E». (H; ®, Ha is the hilbertian tensor product, [7], [11].)

If E C L(H) is an o.s. then M; ®@min £ can be identified with the space
M, (F) and K [E] can be identified isometrically with K @min E. Thus, for any
linear map u : Ey — Ea we have ||u||., = [/ ®u: K @min E1 = K Onin Ea|| =
D w: K Onin E1 = K ®@uin Eal|. . . More generaly it can be shown that, for any
os. FC L(ﬁ), we have ||[Ip @ u : F @min E1 = F ®min Ea|| <||ul|, . . Further on, if
v : Fy — F5 is another ¢.b. map, we obtain

@ v: Fi @min E1 = F2 Omin Ballcp. < lvlles. - lleelles -

This relation will be very useful in the sequel.

For others properties of the minimal tensor product it can be seen the papers

{1]. [5], etc.

2. Approximation numbers of completely bounded operators

Definition 4. Let u : E — F be a completely bounded map, u € ¢.b. (E, F'). The

approximation numbers, aS? (x) will be defined as follows

aS? (u) ;= inf{|lu—d||,, :a €cb (E,F),rank(a) <n}, n=1,2,.

Remark 3. From this definition it results that |[u|., = a$® (1) > a§® (u) > ... > 0.

Proposition 1. The approzimation numbers aS® (u) verify the following inequali-
ties:

k

1. Za (ug +ug) <2 Z (aZ® (u1) + aZ® (u2)) ,for k =1,2,...

n=1
k
2. Z ai” (upou) <2 Z (aS® (u) - a5 (ua)) for k=1,2,...
n=1
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Proof. 1) Let € > 0. There are a;, i = 1,2, such that rank (a;) < n and
i = aill, 5. < ai® (i) +
We obtain:

™

ash_y (ur +uz) <|(wr + w2) = (a1 +az)]lp, <
<l = alfey +lue — aall. . <

< ap® (ur) +ag® (uz) +e

Since ¢ is arbitrary it follows that:

a$b_ (u +un) < aSht () + alb (ua).
[‘urther on it results:

k
Z alt (uy 4 un) < Z a§b_ ) (up+u2) + 3 agh (ur +ug) <
n=1

n=1
<2 Z ah_ (w +ua) <2 ): (a5 (uy) + a® (u2)) .

2) We (‘OH\IC]PI‘ also a;, 1 =1,2, mlu‘h that rank (a;) < n and
llwi = aillep. < ai® (wi) +
We obtain:

cb

™

(w1 o uz) < ||(uy o uz) — [ug 0az +ay o (uz — az)lll., =

= l(wr = @) o (w2 = a2)llep. < (a5 (ur) + %) - (a5® (u2) +5) -
Since ¢ 1s arbitrary it follows that:

a$h_ ) (wg o ua) < al? (up) - a&b (ua).

Likewise the 1) results 2).

O

Remark /. For the case of the linear and bounded operators between Banach spaces

the above inequalities are known, [8], [11].

In the sequel we deduce an inequality for the case of the c.b. operator u; @n,

w2 using a similar method with that from [9], [10], used for the classical case of the

bounded operators on Banach spaces.

Proposition 2. The approzimation numbers a&® (w1 @min ) verify the inequalities:

K K
Z(’f{b‘ (41 Omin u2) _ o Z“f{b' (1) Nuallep, + ag® (u2) - 1l s, fo
n — )
n=1

n

n=1
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Proof. Let € > 0. There are a;, ¢ = 1,2, such that rank (a;) < n and

llwi — aill.p. < aSb (ui) + %

We obtain:

a%? (11 Omin t2) < ||t1 @min u2 — a1 Omin a2l =

= ||(21 = @1) Omin U2 — @1 Omin (u2 — ﬂ:zmc.b. <

<= ailley - lluelloy, + llanlles, - llue = aaflc, <

< (ag® (w) + §) - Realle o+ llar = ur + wlf oy - (a5 (w2) +5) <
< (a5 (w) + 5) - lualles + (llar = wllep + lhalles) - (> (u2) +5) <
< (a5 () + §) -llusllep. + 2 - flulley, - (a5 (u2) +5) -

Since ¢ 1s arbitrary we obtain:

ay2 S (21 ®@min u2) < 2- ( (w1) - fluzll. . + ay, . (w2) - flurlle ) -

Taking account that the sequence of the aproximation numbers is decreasing

we can writte:

k. J

SO faMomelsl o (1@ minti2) <> (2:n+1) _____(u;‘gj.,,...uz) where j2 <k < (j + 1)?
n=1 T n=1
Now we obtain:

k (u‘(‘)mmu)) < i 2. n+ 1 “n2 ("1®mm“z) < 3. 2" a2 (U1 @ minti2) <

— n? =
n=1 n=1 n=1
j c.0. k c.b. c.b.
<6 ZJ: i (ua)luallgy +ag® () lhaalle o <65 a%® (uy)lualle p +ag” () fledles,
iy n —_ n
n=1 n=1\

This finishes the proof. O

Remark 5. By means of these approximation numbers we can define special approxi-

mation ideals in ¢.b. (E, F).

3. Special approximation ideals

Definition 5. Let =z = {z1,z2,...} be a real sequence and let

card (x) be card {i € N : z; # 0}.

Let K be the set of all real sequences ¢ € I having the following two
properties:
1. card(x) < n(z), n(2) is a natural number
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2. 212222 ... 2 Tn(r) > 0.

A function ® : K — R is called a symmetric norming function if:
.P(x)>0ifxr € K and 2 # 0;
. P(x-z)=a- -®(x), forevery o > 0and r € K;

.9 ({1,0,0..h)=1;
k k
Ifz,ye K and Yz, < 5 i, forevery k =1,2,..., then ® (r) < & (y).

i=1 =1

1
2
3. B(e+y) <P(x)+P(y), for every z,y € K;
4
5

Remark 6. The above definition can be extend on the whole space [, taking

¢ (x) = "ILHOIOQ({M{,...,;v’,',,O,O...}), where ™ = {27 };cn 15 the sequence

{|i]};en rearranged in decreasing order.

Definition 6. In the sequel we shall consider a subclass of ¢.b. (E, F') which is defined

as follows:

b —cbhb (E F):= {u €cb (E,F): Hqub'b' = ({al® (u)}”) < OO} .

Remark 7. We prove that this class has similar properties with the similar classes
defined for linear and bounded operators. (For the case of the Hilbert spaces it can

be seen {2], [7] and for the case of the Banach spaces it can be seen [8], [9], [10], [11].)
Proposition 3. (4) —cb., ||prb) s a quasi-normed operator ideal.

Proof. 1. Auy unidimensional operator , « € c.b. (£, F'), belongs to

®—c.b.(E, F) because, in this case, the sequence {aS® (u)} = {||u]l., ,0,0,...}
and hence @ ({ag?® (u)}n) = J|u]., < .

2. If uy,u2 € c.b. (E, F) then uy + uy € ¢.b.(E, F). This results from the
proposition 5 (1). and from the properties of ®, as follows:

® ({ag® (w1 + ltg)}n) <29 ({as? (w1) +a® (113)}71) <

<2 (@ ({a5t w)},) + @ ({a5? (w)},))

JHvecd (B E), u€®—cb (E,F)and w € c.b.(F, F) then
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SOME APPROXIMATION IDEALS

wouov€®—cb (E,F).
From the proposition 5 (2) and from the definition of aS?® (u) it follows that

alt (wouow) <|fwll,, - a&® (u) - ||v||.,. and hence

® ({a* (wouo v)},,_) < “"’“(-_u <@ ({ai® (0)},) Nolles. - o

Remark 8 We present now some properties similar to the properties of the classical

approximation ideals Lg, [8], [11].

c.b.

Lemma 1. The approrimation numbers aS°® (u) verify the inequalities:

k

k k
Za%ﬁ, () < Z &b (u) < 2 z i (w), k=1,2,....
n=1 n=1

n=1
Proof. The first inequality is a consequence of the fact that the sequence {af,'b' (u)}n
is decreasing.
The second inequa]ity results as follows:

Za”’ u) <Zac"(u <Za§ u+2a2n
k
Xa agl =
Corollary 1. H-u.”fi,'b' =@ ({as%_, (u)}n) is a quasi-norm equivalent
with |]u||fbb' =@ ({ag® (u.)}") .

k k n p
Remark 9. Since 3 (a5 (0))’ < 32 (% -y ast (u)) <
i=1

n=| n=1

k
<eclp) X (a5 (W) 1<p<oo k=12,
. n=1
see the Hardy inequality [11], it follows that

o ({(as> )} ) <o ({(Z())}) <o ({? @)}

—_— n
and hence l|'u.||fp':7,;) is equivalent with ||u||§,':") = P ({% SYyoagt (u)} ) ,
P N
n
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where &,y ({z;}) =@ ({11’})i is a symmetric norming function, [2], [6], [7],
[11], for 1 < p < 0.

Because a&® (u) < (a$§® (u) - ... as® (u)

that

{as? ("')}n €ls,, if gu (v) = {(aﬁ'b‘ (u) - ... aS® (u))x}n €l
{1711} € l‘l’(,,) — (I)(l‘) ({‘E"}) < 0.

Remark 10. If we consider the special case of the function

6(,3) : ({af“b (u)}) - P ({(afl—bn(ul}) ,

where 1 < p < 20, the classes ®(,) — c.b. (E, F) are tensor product stable.

o

Proposition 4. If uy € 5(,,) —c.b. (Eg, F¢), k= 1,2., then

Uy Omin U2 € 6(p) ~c.b. (E1 Omin B2, Fi @min F2) .

Proof. It is similar to that for the classical approximation ideals [10], [11].

First we remark that, using the relation
a;? (%1 Drmin ug) < 2. (af{b' (wr) - ”“2“&0 + a:’l'b‘ (Ul) : ”“’1”0,6.)

we can obtain

§o {0 (4 Omin wa)) ) g (08 () sl )" + (05 (1) -l )"

n
1 n

A}
n=1 n=

for k = 1,2, ..., see Proposition 6 for p = 1.

Now taking into account the properties of the functions ® it follows that

] ({ (a’c’b (ul ®min uZ))p }) <

c(p) @ ({ (a5 (1) -Jlwall) N (@S (us) - [l )" }) |

n n
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Hence
3(p) ({“c"’ (1 @min “2)})
<er(p) - (@) ({ag® (w)}) - llualley, + By ({ai® (u2)}) -llalle,) <
S2-01 (») - 3(;» ({az> (u)}) - @ ({a3* (u2)}) ,
et () =c(p)? and [lwll,, < Bpp) ({05 (wi)}), k= 1,2
The proof is fulfiled. O

Remark 11. The above result remains true if we consider the maximal tensor prod-

uct.
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