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FIBER P IC A R D  O P E R A T O R S TH E O R E M  A N D  A P P L IC A T IO N S

IOAN A. RUS

A bstract. In this paper we study the following problem: Let ( X k ,d k ) ,  

k =  0, p, p > 1, be metric spaces and A k  : A'o x • • • x X k  A*, k  =  0,p 
be operators. We suppose that

(a) the operators A k  are continuous, k =  0,p;
(b) the operators A o , A* (.To,... , x^ -i, •), k  =  1 ,p are (weakly) Picard operators. 

Establish conditions which imply that the operator

B p : X q x • • • x X p X q x • • • x X p

B p ( x 0 , . . . ,  xp) :'= (Ao(xo), A i ( x 0 , x : ) , . . . ,  A p ( x 0, . . . ,  xp)), 

is a (weakly) Picard operator.

1. Introduction

Let (X,d) be a metric space and ,4 : A" —> X an operator. Tn this paper we 

shall use the following notations:

P(X)  := {V  C A'l Y 5*0},

Fa := {x G A'| A(x) =  x} - the fixed point set of A,

1 ( A )  : = { Y e P ( X ) \ A ( Y ) c Y } .

Definition 1.1 (Rus [9], [11]). An operator A : X —> X is weakly Picard operator 

(WPO) if the sequence

(An(x))1ieN

converges, for all x G A', and the limit (which may depend on x) is a fixed point of 

A.
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Definition 1 . 2  (Rus [9], [11]). If A is WPO, then we consider the operator A00 

defined by

4°° : X  -+ AT, A°°(x) := lim An(x).
n—► oo

We remark that, /t°°(Y ) = FA-

Definition 1.3 (Rus [9], [11]). If .4 is WPO and FA =  {x*}, then by definition the 

operator A is a Picard operator.

Example 1.1. Let (A\ d) be a complete metric space and A : X —> X  such that

d(A7(x),A(x)) <ad(x,A(x))

for all x £ X  and for some a E]0,1[. Then A is weakly Picard operator (see [8], [9],

[n])-
Example 1.2. Let (X,d) be a complete metric space and A>B : À" —> X such that

d(v4(x*), B(y)) < a[d(x, A(x)) -f d(y, B(y))]

for all x, y £ -Y for some a £ ]0, |[. Then A and B are Picard operators.

Example 1.3. X — C[0, 1 ], d(x, y) =  ||x — y||c,

A(x)(t) -  x(0) -f [  K{t, s)x(s)ds) t e [  0,1]
Jo

where K £ C([0 , 1 ] x [0 ,1 ]). Then A is WPO.

For other examples see [13], [10], [1], [2], [20],...

We have the following characterization theorem for WPO.

T heorem  1.1. Let ( Xfd) be a metric space and A : A” —> X an WPO. Then there 
exist Xi £ 1(A) , i £ 1, such that

(i) x  = y  Xi, x , n Xj = 0, i Ï  j,
iei

(n) A\ i s  a Picard operator, i £ I. 
i x ,

Proof. Let x £ FA< Let X x be the domain of attraction of x. It is clear that

X =  (J
x £ F a

is a partition of X  and that X^ G 1(A). By the definition of Xx, we have that

FA n Xx = {*}.
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In this paper we study the following problem:

Problem 1.1. Let (X, d) and (Y,p) be the metric spaces and A =  (B,C)  : X  x Y —> 

X x Y a triangular operator, i.e.

A(x,y)  =  (£ (x ),C (x ,y )), x G X, y e  Y.

We suppose that the operators B : X  —> X , C(x, •) : Y —)• Y , x G X , are 

Picard operators. Establish conditions which imply that the operator A is Picard 

operator.

If the operators, B : X  X , C(x, •) : Y —> Y, x G X , are WPO, establish 

conditions which imply that the operator A is WPO.

2. Fiber P icard operators theorem

The following result is given by M.W. Hirsch and C.C. Pugh ([5], 1970): 

Theorem 2.1 (Fiber contraction theorem). Let (X ,d) be a metric space and B : 

X —y X  be an operator having an atractive fixed point p G A\ Let (Y, p) be a metric 

space and C : X  x Y —>• Y an operator such that

(i) there exists A G [0, 1[, such that the operator 0 (x , •) is a \-contraction for 

all x G X ;

(ii) the operator A : X  xY  —> X xY , A(x,y) := (B(x),C(x,y)) is continuous. 

Let q G Y be a fixed point for C(p, *).

Then (p,q) is an attractive fixed point for A.

For some generalization of this theorem see [10]-[I5], [18] and [19].

We have

Theorem 2.2. Let (X, d) and (Y, p) be two metric space and A — (B, C) a triangular 

operator. We suppose that

(i) (Y, p) is a complete metric space;

(ii) the operator B : X  -»  X  is WPO;

(in) there exists a G [0 ,1[, such that C(x, •) is an a-contraction, for all x G X ;

(iv) if {x*, y*) G Fa , then C( ,y*) is continuous in x*.

Then the operator A is WPO.
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If B is Picard operator, then A is Picard operator.

Proof. Let (x,y) G X x Y .  Let y* the unique fixed point of C(Æ°°(æ),-). We shall 

prove that An{x)y) -> (B°°(x),y*) as n oo. Let An(x,y) =  {xn,yn). Then

Xt\ — B (*c ) i  Vn — — 1 ? Vn — 1 ) •

The proof that yn —>• y* as n -> oo is similarly with the proof given in [5] for 

the Theorem 1.

Remark 2.1. The proof that yn —> y* as ?? —> oo follows, also, from the following 

Lemma 2.1 (see [13]). Let (X,d) be a complete metric space and An, A : X  —» X, 
n G N , some operators. We suppose that

(a) the sequence (An)nç.N pointiwse converges to A;

(b) there exist a G [0, 1[ such that the operators An and A, n G N , are 

a-contractions.

Then the sequence (An o An-\ o • • • o Ao)nçw poinwise converges to A°°. 

Remark 2.2. In the proof of Lemma 2.2 on uses the following 

Lem m a 2.2 (see [13], [14] and [15]). Let an,bn G R+, n G N . We suppose that 
(a) an —> 0 as n —> oo;

oo

(t>) Y2 bk < + °°-
k = 0

Then
. n

y :  akbn_k -> 0 as n -> oo. 
k=0

Remark 2.3. For to have a generalization of the Theorem 2.2, we need suitable gene

ralization for Lemma 2.1 and Lemma 2.2. For some generalization of these Lemmas, 

see [15] and [19].

Remark 2.\. By induction, from the Theorem 2.2 we have

T heorem  2.3 (see [13]). Let (X fc,4 ). k — 0,p, p > 1, be some metric spaces. Let

Ak : Xo x • • • x Xk —> Xky k =  0,p

be some operators. We suppose that:

(a) the spaces (Xk,dk), k — l, p are complete metric spaces;
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(b) the operator Aq is WPO;

(c) there exist a* G [0 ,1[ such that the operators (xo ,. . . ,  x*_i, •) are 

a k-contractions;

(d) if (xq, . . . , x*) G F b p , Bp =  (A0, . . . ,  Ap), then the operators

Af ç { ’ , • • -J ' l Xk)>

h —\,p, are continuous in (xj, x\, . . . ,  x j^ j).

Then the operator BP is WPO.

Remark 2.5. The next conjecture is in connection with our results.

Discrete M arkus-Yarnabe C onjecture (see [3], [6], [1]). Let A be a C 1 function 

from Rn into itself such that ,4(0) = 0 and for any r G iî", JA(x) (the Jacobian 

matrix of A at x) has all its eigenvalues with modulus less than one. Then A is a 

Picard function.

From the fiber Picard operators theorem we have 

Theorem  2.4. Let A : Rn -> Rn be a C 1 triangular function, A =  (.A i,. . . ,  An).

If there exists a G]0, 1[ such that

dAi . . j -——  < a, i =  1, n.
C/X j

Then the function A is Picard function.

A. Cima, A. Gasull, F. Manosas prove that the Discrete Markus-Yamabe 

Conjecture ([3], 1999) is a theorem for A provided

dAj
dxj < 1, j  =  M , i = 1, n.

3. Applications

The fiber Picard operators theorem is very useful for proving solutions of 

operatorial equations to be differentiable with respect to parameters (see [17], [12], 

[13], [14], [15], [20], [18]). For example:

♦ (J. Sotomayor) differentiability with respect to initial data for the solution 

of differential equations

xi =  f(t,x),  x(to) — xo, /  : f t f C ,  f t C f t " +1;
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# (l.A. Eus [12]) differentiability with respect to A for the solution of the 

integral equation

x(t) = 1 + \ x(s)x(s — t)ds, t E [0,1], 

where A E E;

• (A. Tămăşan) differentiability with respect to lag function for pantograph 

equation

xt(t) = f(t),x(t),  x(A/)), t > 0; 0 < A < 1, æ(0) =  0.

In what follow we apply the fiber Picard operators theorem to study the 

following integral equations modelling population growth in a periodic environment 

(see [10], [7])

x(t) = f f(s,x(s)\\)ds (1)
J t - T

where /  E C{R x [or, j3] x J, [m, M], with r, a, /?, m, M E E+ and J C  f ia  compact 

interval.

Let

:= {x  E C (/î x J, [o , /?] ) | x (H w ,A ) =  x(t, A), 

for all / E R, A E </}] 0.

We consider on the metric d(x, y) |[x* — y\\c • We have 

T heorem  3.1. We suppose that

(a) 0 < m < Af, 0 < a < /?; cv < mr, /? > Mr;

(b) m < / ( / ,  u; A) < A/, for t E /L G [a, /?], A E J;

(c) f(t -f w, u; A) =  /(#, w; A), t E E, u € [a, /3], A E J;

(d) there exists l(t), such that

l/(<i w: A) -  /( f ,  v; A)| < /(/)|w -  v|

/o r  all t £ R, u} v E [a, /?];

(e) there exists q E]0,1[ such that

I l(s)ds < q, /o r  all t £ R.
J t - T

94



FIBER PICARD OPERATORS THEOREM AND APPLICATIONS

Then

(i) the equation (1)  has in Xw a unique solution x* ;

(ii) for all xq G XWf the sequence defined by

*n+i(*,A )=  /  f ( s , xn(s, X))ds 
J t - T

converges uniformly to x* ;

(in) if f(t,  -, •) G C\ then x*(t, •) G C 1(J).

Proof (i)+(ii). We consider the operator

B : Xu, ^  C(R  x J), B(x)(t, A) := f  /(« , x{s, A))ds.
J t - T

From (a) and (c) we have that A^ G I{B). From (d) it follows that B is a 

contraction.

By the contraction principle we have that B is a Picard operator.
dx* ôx*

(iii). Let we prove that there exists and -r-r- G C( Rx  J).
OX OX

Ox*If we suppose that there exists i then from
0  A

x(t, A) =  f  f(s, x(s,X);X)ds 
J t - T

we have

dx(t,X) _  df{s,x(s,  A); A) dx(s, A) df(s,x(s,  A); A)
= /

J t - TdX ] , _ t dx dX ^S^ J t_r dX

This relation suggest, us to consider the following operator

A Xuj x Yw —y Xu, x Yu,

defined by

A =  (£ , C), A(x, y) -  (£ (* ), C(x, y)),

where

C{z,y)(t,  A) := f
J t - T

Of(s,x(s,  A); A)
dx

y(s, X)ds + /
J t - T

df(s,x{s,X);X)
dx

ds

and Yu, := {y G C(R x J)| y(t +  w, A) =  t/(*, A), t E R, A G J }.
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Now we are in the condition of the fiber Picard operators theorem. From this 

theorem, the operator A is a Picard operator and the sequences

•£« + ] — )

and

Vn +1 — F?(xn,yn)

converge uniformly to (x*,y*) G Fa , for all xo G .Yw, yo G

If we take x0 G >YWl yo G Vu, such that y0 =  -7̂ -, then we have that yn = 

for all ?i G AU 

So
unit. *æn — > æ as n —> oo,

<9fn
3A

unt’l y as n —)■ oo.

dx*
~d\‘

Using a Weierstrass argument we conclude that x* is differentiable and y* =
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