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ON THE UNIVALENCE OF FUNCTIONS RELATED TO 
HYPERGEOM ETRIC FUNCTIONS

IR IN E L R A D O M I R

A bstract. In lucrare se studiază univalent a unei clase de funcţii expri
mată prin intermediul funcţiei hipergeometrice.

1. Introduction

Let. A be the class of function /  which are analytic in the unit disk 

U — { z E C : |;r| < 1 } with / (  0) =  0 and / ' (  0) = 1. In this note we improve 

the result from [2] using another univalence criterion.

2. Preliminaries

Theorem  2.1. ([2]). Let f  £ A and let a be a complex number, Rea > 0 . If

1 - I ..|2/?eor

R e a / ' (  = )
< 1, (V )î € ( /

then for all complex numbers (3 with Re[3 > Rea, the function

fd(z] = ^  j \ e - x}'(v)du

is analytic and univalent in U.

3. Main results

It is easy to prove the following:

Lemma 3.1. Let a, 7 be complex numbers and let the function

ţ _ !  ̂|2/?eo;
E(a, 7 ,z ,z )

R e a 1 — z U \ < 1.

( i )

( 2)

( 3 )
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/ /  0 < Rea < 1, then

E(q ’ 1 ' 2’ 2 ) - rL ’ V) z ţ {J .

If Rea > 1, then

(4)

E (a , j , z , z )  < 2|7|, ,(V )*€ lL (5)

Theorem 3.1. Let a, /?, 7  be complex numbers. If

I7 I < < 1 , (6 )

It I < and Rea > 1 , (7)

Ref3 > ftecv , (8)

then the function

Fp{-) =  z - [F(  P, 7 , 0 + 1 ,  z )]1//J (9)

is analytic and univalent in Uf where by F(a,b,c,z) we denoted the hypergeometric 

function.

Proof. If in (2) we make the change u =  tz, we obtain

F„(z) =  z-\l) f  ip~l f'{tz)dt
_ JQ

In the following we consider the function

/(-) = [  (1 -  u )~ ~ l d u  
Jo

1 IP

For this function we obtain

* /" (* ) and

( 10 )

( 1 1 )

f'(z) ‘ 1 -  z

l-\z\2Rea zf"(z) \ -\ z fRca z 
Rea 1 f'(z) 1 flea 171 -  z 1 '

According to Lemma 3.1 we deduce that the condition (1) from Theorem 2.1 , for the 

function ( 1 1 ) is verified in the cases

(?•) M < Rea < 1 ;
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(« ) |7| < i  and Rea > 1 .

Replacing in (10) the function /  defined by (11) we obtain

r r l i 1//3
Fp{z) =  z- U J^

— z ' [ F{ Ş,  7 , P + h  z ) ] 1/p . 
where by F (a ,6 ,c,c) we noted the hypergeometric function.
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