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ON THE GOURSAT PROBLEM FOR HYPERBOLIC  
FUNCTIONAL-DIFFERENTIAL EQUATIONS

L U B O M I R  P. G E O R G I E V

It is known that in many problems of nonlinear fields theory, plasma physics 

and etc. (cf. [1]) arise hyperbolic functional-differential equations with so-called ’dis­

tributed’ deviations (cf. [2]). The main purpose of the present, paper is to formulate 

conditions under which there exist solutions of the Goursat problem, characteristic 

of functional-differential equations with ’concentrated’ deviations (particular case of 

distributed deviations), using the fixed point theorems, proved by Angelov [3].

Typical in this respect is the following simple example, where the disconti­

nuity of the initial function generates the discontinuity of the solution:

f uxy(x,y) =  k(x,y)uxy( x -  l , y -  1), (x, y) G R+ =  {(z, y) : z > 0, y > 0}

| u(x,y) =  <p(x,y), (x.y) G A0 U B0,

( 1 )

where
d2u

UXy — =  {(x,y) ■ x > - l ,  - 1  < y <  0},

<p(x,y) =  i

x y ~ dxdy'

Bo -  {(z ,y ) •• -1  < X < 0, y > - 1 } ;

1, (*, y) € IR+ U
Sţţ. =  { ( z ,y) : x > 0, y =  0), E+ =  {(z, y) : x =  0, y > 0} 

0, (x, y) G Aq U So \ (®’ + U My+)

k(x,y) =  1 -  — — , (x,y) G A„ U Bn (n =  1 ,2 ,.. .) ,
1 -f n

An =  {(x, y) : x > n -  l, n -  1 < y < n}, Bn =  {(.r, y) : n -  1 < x < n, y > n -  1}. 

Integrating the above equation we have

u(x,y) -  k(x,y)u(x -  l , y -  1) =  Ci(x) + C2(y)-
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u(0,0) -  * (0 ,0 )ti(-l, -1 )  =  Cx(0) +  C2(0),

u(x, 0) -  h(x, 0)w(ar -  1, -1 )  =  Ci(:r) -f C2(0), 

w(0,y) -  & ( 0 , y ) u ( - l , y -  1) =  Ci(0)  + C 2(^)

It is quite obvious that when (x,y) G AnUBn then (x — 1, y— 1) G An_iUZ?„_i 

and we can construct immediately the following solution

where M̂ "rn =  {(x,y) : x > r?, y =  n}, K++n = {{x,y) : x — n, y > n},

n =  0 ,1 ,2 ,.. .

The fixed point technique for operators in metric spaces has been very well 

developed (cf. [4]), but the above example shows that the hyperbolic functional- 

differential equations of neutral type (following the terminology introduced in [5]) 

possesses solutions with locally essentially bounded mixed derivative uxy. (We note 

the known results [6]-[8], where only continuous solutions have been obtained with 

restrictions on the deviations of retarded type.) Moreover the example shows:

1. the Goursat problem allows L^c-solutions so that it cannot formulate as 

an operator equation in Banach or metric space.

2. the operator defined by the right-hand side (even in the linear case) will 

be not a global contraction because of esssup{k(x,y) : x > 0, y > 0} = 1.

0, (x )y)G ( ,4 0 U f îo )\ (K ;u K +)
1, (a»,2/)e(,41UB1)\ (P 4+1UM!{.+1)

(1 -  \) +  1, (*, y) £ (A2 U B2) \ (E*+2 U ®4+2)

u(x,y) =  <
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ON THE GOURSAT PROBLEM FOR HYPERBOLIC FUNCTIONAL-DIFFERENTIAL EQUATIONS

That is why, we shall use the fixed point theorems from [3].

Let X  be a Hausdorff sequentially complete uniform space with uniformity 

defined by a saturated family of pseudometrics {/>a(x, y )}ae-4> A  being an index set.

Let $  =  {$a{t) - a £ A }  be a family of functions $<*(<) • [0,oo) [0,oo)

with the properties

1) $ a(t) is monotone non-decreasing and continuous from the right on [0, oo);

2)  « * (* )< * .  V f > 0 ,
and j  : A  —> A  is a mapping on the index set A into itself, where j°(a)  =  a, 

;'*(a) =  j ( j fc_1(a)), * € M.

Definition. The map T : Y —> V is said to be <$-contraction on Y if

pa(Tx,Ty) < $ a(pj{a)(x,y))

for every x,y  £ Y and a £ A, Y C X.

Theorem  1. (theorem 2 from [3]) Let us suppose

1. the operator T : X  -> X is a contraction;

2. for each a £ A there exists a <1>-function $ a(i) such that

su p {$ jk(a)(<) : * =  0 ,1 ,2 , . . . }  < $ «(< ) 

and $ a(t)/t is non-decreasing;

3. there exists an element xo € X such that p jk^(xo}Txo) < p(a) < oo 

(* = 0 ,1 ,2 ,. . . ) .

Then T has at least one fixed point in X.

Theorem  2. (theorem 3 from [3]) If in addition, toe suppose that

4- the sequence {p jk^(x, y)}^L0 is bounded for each a £ A and x,y  £ X,

/?i*(o)(*,î/) < q{x,y,<*) < 00 (* = 0,1,2,...).

Then the fixed point o fT  is unique.
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Consider the general Goursat problem for hyperbolic functional-differential 

equation:

uxy(x ,y )  =  F ( x , y , u ( A , T ) , u x{a,l3),Uy(0,K),uXy(it,i/)), (x,y)  6 l +  

u{x ,y)  - 4 > (x , y ) ,  ux (x ,y )  =  4’x (x,y) ,  uy (x,y)  =  ipy{x ,y ),  (2)

Wry (x ,y )  =  4>xy(x,y), (x , y) €  ® 2 \

where F(x, y, Zi, z2, z3, z4), A =  A (x ,y), r =  r(x,y), a =  a(x,y), p = P{x,y), 
0 =  0(x,y), k — k(x , y), y, — y.(x,y), v =  v(x,y) and 4>{x,y) are given functions.

We set

v(x, y) =  uxy{x }y), when (x,y) £

<p(x,y) = ipry(x,y),  when (x,y)  £ l 2 \R 2+ 

and after standard calculations, we obtain

u(x%y) = <pQ(x,y) + f  [  v(Cr})cii]d^
Jo Jo

ux{x, y) -  <pi(x) +  f  v(x,7/)dr/,
Jo

Uy{x, y) = <p2(y) +  f  v(ţ, y)dţ}
Jo

where

<Po{x,  y)  =  0 (0, y)  +  00*. 0) -  0 (0, 0),

<pi(x) =  ipx (x,0),  (p2{y) =  0 y (O ,y),

so that the problem (2) corresponds the following problem

r& rr rp

v(x,y) =  <

r ft /'P
F{x,y,V0+  /  *>(£.*/)*/<*£, +  /  v(aii])drj,Jp2+

Jo Jo Jo

+ I v(ţ,n)d(,v(ii,i/)), (x,y) € ®+
Jo

, <p(x,y),{x,y) € 1R2\M+,

(3)

where v?0 =  V?o(A(x, y), r(x, y)), ipl =  <pi(a(x,y)), <p2 =  <p 2 ( k ( x , y)).

Definition. The function u(x,y) is said to be a solution (in generalized 

sense) of problem (2) if the function v(x,y) is a solution of problem (3).

In what follows, we look for a solution of (3), belonging to Lf£c.

42
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We say that the function G : M2 M2 has the property (M ) if inverse image 

of every set with null measure is measurable.

Let us suppose:

(A l) ÿ  is absolutely continuous;

0), ^ (0, y), i>x{x,Q), Tpy(0, y) are continuous and <p =  V;xy E

(A2) The functions A, r, a, /?, 0, k, ţi, v : M2 K are measurable, have the 

property (M) (without A and r) and map bounded sets into bounded sets.

(A3) V (x,y) £ M2. for which (A(x, y), r(x, y)) £ M2 (or (a(x, y),/?(x, y)) £ 

M2., or (0(x fy ),«(x ,y )) £ M2 is fulfilled A (x,y) +  r(x ,y) < x +  y (respectively 

n(x, y) +  /?(x, y) < x +  y, or 0(x, y) +  k{x , y) < x  +  y);

3<J0 > 0 such that V (x, y) £ P 2 : (/*(x, y), i/(x, y)) £ IR2 is fulfilled /i(x, y) -f 

i/(x, y) < x -f y -  Jo-
(A4) The function F(x, y, z\, zo, 23, 24) : P+ x M4 —> M satisfies the

Caratheodory condition (measurable in x and y and continuous in 21, . . . ,  24) and 

the conditions:

|F(x,y, 21,22,23,24)! < kill M ,  |*3|, |24|)

|A(x,y, 21,22,23,24) -  F ( x ,y >*l ,*2,23,*4)| <

^ fi2(* ,̂ î/» 12] 21 J, |*2 2̂ I j 1̂ 3 23 J, |*4 24)),

where the functions f i i t2(x, y, t\ , . . . ,  £4) : JK+ x —► [0, 00) (P+ = [0, 00) x • • ■ x

[0,oo) - n times) satisfy the Caratheodory condition, f i i (■ ,-, <i, • • • , 4̂) E L^C(IR2 ), 

Qo( î ?/i *i, • • •, <4) is non-decreasing in £i , . ..,<4 and

3 w G L°°(1R2 ) such that V t > 0 (*, -, C M , 0 £ Jw(-, •) a.e. in M+.

Let «4 be the set of all compact sets K  C M 2. Denote by A'+ = K fllR2 , we

define the map j  : A  —> A:

where K&T = A a

j (K)  =  < 

x A r> K

\ *•
 ̂ A Ar C Aa/3 C UA^j/, 

a/3 — A « X Ap, AtfK — I\Q X

A + = 0 
A'+ #  0

A«,

A V  =  {(/*(*, «/), W*. y)) : (* ,y) € A'}, (.4 d=  cM),
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[A*n/, A5îlp], A i n f  < 0 <C ASUp 

K &  —  ̂ [0, A5tip], A i n f  > 0
[Am/, 0]j A sup < 0

KT= <

K a =

Ke = {

\Tin j  , Tsup] , T~inf ^  0 TSUp

[0, Tsup\ > TinJ >  0

[Tin/ ,  0], Tsup ^  0

[A n /, A* up], A n / <  0 <  A  tip

[0, A ur],
oA

lc
[A n /, 0], Aup <  0

[$*n /  , A  up], ^in/ <  0 <  @>up

[0, Aup], 0inJ >  0

P*n/, 0], 0aUp <  0
P II P >5 II

j ) e K + } , . . . ,0» up =  sup{0(.r,

It is obvious that j(I\) is compact set and j l(K) can be defined inductively: 

j l{K) = j ( j l- l (I<)) for all / G N.

Now we assume:

(A5) V K  G A  3 K G A  : j l(K) C K  V / =  0,1,2, . . .

We prove the following existence-uniqueness result:

Theorem  3. If conditions (A1)-(A5) hold true, then there exists a unique 

solution v(x,y) G L^C(M2) of problem (3).

P roof. Let X  be the uniform sequentially complete HausdorfF space consist­

ing of all functions, belonging to Lf%c(R 2), which equal <p(x, y) for a.e. (x, y) G R 2\M2, 

with a saturated family P  =  {px  : K  G .4} of pseudometrics

Pk {/,9) =  esssup{e A(|r|+lvl)|/(x, y) -# ( .« , t/)| : (x,y) € A '},

where K  runs over all compact subsets of R 2 (with some À > 0).
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The operator T : X  —»■ X  is defined by the formula:
r ă  r r r P

T(f)(x,y) =

' cr rp
F{x,y,ïpo +  /  /  f{ţ,Tj)dT)dţ,<p1+ f{a,r))dy,<p2+

Q Jo Jo Jo

+  /  /(£> f{n, v)), (*. y) e  R+
Jo

„ e K 2\®+,

The measurability of T (f ) (x )y) follows from the fact that a , /?, 0 ,/ c , ^  have the 

property (M).

T(f) G Lf%c(H£2) because of conditions A l, A4. Consequently T(f)  G X.

Let K  C ®2 be any fixed compact set. Of A+ = 0 then T(f) — T(g) =  0 

for all / ,  g G À” a.e. in A’ . Let A'+ 0. For a.e. (x,y) G A' 0 (M2 \ R+) we have

r ( / )  -  t (9) =  o.
For a.e. (x*,î/) G A'+ we obtain (by means of (A4)):

\T (f)(x ,y )-T (g)(x ,t)\<
rA rr rP

< ü 2(x,y, I f [ (/(£,»?) -  g(Cn))dndţ\,\ [ (/(<*.»?) ~ 9(a,V))dj]\, 
Jo Jo Jo

I [ - ĝ,K))(l̂\,\f(̂,u) - g(fi,v)\)
Jo

If (A (x, y), t ( x , y)) £ M i then+

f [ (/(£,»?) - y{ţ,n))dTidţ = o
Jo Jo

and respectively if (a(x,y), Ş(x,y)) $ M+ then

rP
[  (f(a ,y) ~ g(<*'V))dr) =  0, 

Jo
if (0(x,y),n(x,y)) M+ then

f (/(£-«) -g(Ç,it))dÇ = o,
Jo

if (fi{x, y),v(x, y)) £ R~+ then f(y , u) -  g(p, v) -  0.

For positive values of A(x, y), r(x, y); a(x, y), fi(x, y); 0(x, y), k ( x , y); y(x,y), 

v{x,y) we obtain as follows:

\[ f (/(£.»?) - 9(ţ,n))<tvdţ\ < f f \f{ţ,v)-9(ţ<n)\dr]dţ<
Jo Jo Jo Jo
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i f

A 1 =  max{A_1, A <5u} =

<esssup{e~x^+r,^\f(ţ,T])—g(ţ,r))\ : 0 < £ <  A jup,0 < rj < r ,up} f f ex^ d ndt =
Jo Jo

=  ̂ 2P K ^ ( f ,9 ) ( e XA- l ) ( e XT- l ) < X - 2ex^ p K ^ < \ - 7ex^ p KAr( f < 9 m m ) .
f P  f P

1 /  (/(<*,»?) -  £ (», »?))d»?| < /  \f{o‘ ’̂n)-g{Q,T})\dTi<
Jo Jo

rP
< esssup{e~x â+ri^\f(a1r]) -  g(a,rj)\ : 0 < f) < /3sup}eXa / eXr]drj<

Jo
<  A _ 1 /9/crt/1, ( / ,  ^f)eAor(e A/3 — 1) <  eX("a+/3̂ PKa(i( f , g) < ^~leX('T+y  ̂pKa0( f , 9) (c:f.(A3)).

In the same way we prove (by means of (A3)) that

’ m , « )  -  9(t,*))dţ\ < X - ' e ^ ^ p K ' . ^ g ) .

!/(/«,*/) - g ( f i , v )I < eA('i+'')esssMp{e-A(p+?)|/(p,tf) -  g{p,q)\ : (p,q) < K ^ }  <

< e ^ + ^ V ^ / .  g) < \ -S°ex^ PlitiM ,9 )  (cf.(A3>).

Let A >  1. Cliosing 7 so that

/ A"1, S0 > 1 
A -50, 0 < J0 < 1 

we obtain (since ^ («c, V,t\, •• • , £4) is non-decreasing in 11 ,. . ., <4 )

|7’( / ) ( * 1y ) - 7 ’(j)(* ,y )| <

< « 2 (o;, 2/ ,A - ^ A( ^ p j (K )( /,p ) ,A ^ e Â ) p j(K )(/,< /)) 

A - 'e A< ^ V j(K ) ( / ,p ) ,A -^ Â V j(if)( /,p )) <

< A - V ^ + ^ ^ a s M x . t / )  (cf.(A4)).

Define (for / > 0)

/ 0, if A+ = 0

if A'+ /  0

We can find and fix A so that A7 > IM ^ oo^ ). Consequently $*-(0  < t 

V £ > 0, V A E A  and ^ k (̂ ) ls continuous non-decreasing in [0,oo). On the other 

hand

pK (T(f ) ,T(g))  =  P z+( T ( f ) , n g ) )  < * k(pj{K](f,9)),  

i.e. T : À' —> X  is a ^-contraction.

<M<) =
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V K  G A  we set, $ k =  (recall that (A5) assures an existence of such a 

K that j l(K) C K  (/ =  0 ,1 ,2 ,. . . ) )  and so s u p { 3 • / =  0 ,1 ,2 , . . . }  < $#(*),

t
=  const => non-decreasing.

Hence condition 1, 2 of theorem 1 is fulfilled. 

We choose the element /o G X  :

fo(x,y)
0, a.e. on M2

<p{x,y), (x,y) £

Then for any integer / > 0 we have

Pj‘ (K)(fb,T(/o)) < PR(fo,T(fo)) =  Pj t f fo , T( fo) )  =

= esssup{e~x x̂+y^\F(x, V?i,^2> 0)1 : (*,y) 6 A’+ } < oo

(i.e. condition 3 of theorem 1 is fulfilled).

Besides Pji(K){f,g) < p£-{f ,g )  for abitrary f ,g  G À", i.e. condiyion 4 of 

theorem 2 is also fulfilled.

All conditions of theorems 1 and 2 are satisfied. Therefore the problem (3) 

has a unique solution v G L™C(R2).

We are going to formulate conditions for the existence and uniqueness of a 

solution of (3) belonging to £f0C(M2) for some p G (l,oo):

(AT) The initial function ip is absolutely continuous;

ip(xy0),ip{0,y))ipx(x,0), ipy(0, y) are continuous and y? =  ipxy G Lfoc(M2\IP^). 

(A4’) The function F(x, y, z\, r2, ~3> £4) : IR+ x IR4 —> R satisfies the 

Caratheodory condition (measurable in x and y and continuous in z\ ,... ,z4) and 

the conditions:

IF( x , y ,  zi ,z2lz3,z4)\ < a{x,y)  +  6(|*i| +  M  4  M  +  M )

\F{x,y,zu z2,z3,z4) -  F (xyy,zl ,z2,z3,z4)\ <

< Vl(x,y)\zi ~ Zl\+U2\*2 ~ -2 I +^3|-3 ~ Z* \ +  ^4|-4 -

where a(-, •) G Lfoc(ffi2 ), b =  const > 0, •) G LP(R\), Cc;2,3(*) € £p(®+),

a;4 = const > 0
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(A6) The transformations

u = a(x,y) U —  X

v =  y v =  k ; ( x , y)

u = p(x,y) 
v = v(x,y)

Dip* ,v*)
are admissible, sufficiently smooth and a* , ’- - 7 -  €  L ̂ «  v—1), where 

(a*(a (x ,y ),y ),y ) =  (x,y), (x, /c*(x, /c(x, y))) =  (x,y),

(/L/#(A/(a:,y),i/(a:,y)),i/*(/i(a:,y),i/(x,y))) =  (x,y).

Theorem  4. If conditions (AV), (A2), (AS), (Ai'), (A5), (A6) hold true, 

then there exists a unique solution v(x, y) G LP0C(R2) of problem, (3).

P roof. Let À" be the space consisting of all functions, belonging to Lf0C(M2), 

which equal ip(x, y) a.e. (x, y) G IR2\M2 , with a saturated family P of pseudornetrics

P K (f ,g )= (^ J  j  e~x(M+lyl)\f(x,y) -  g(x,y)\pdxdy^ ( K e A ) ,

where A is the family of all compact sets in M2, A > 0-

The map j  : A —> A  and the operator T : X -* X  are defined as in the proof 

of theorem 3.

For any K G A , f ,g  G X  we have T(f)(x,y) — T (y)(x,y) =  0, for a.e. 

(x,y) G K \ A'+;

If (x, y) G A+ ^  0, then

|T(/)(x,y) -T{g)(x,y)\p <

r A  (-T rp
<  f^i(®i2/)l [  f  (/(£>*?) -  +  ^2(y)| f  ( f ( a , r j )  -  g ( a , r ) ) ) d r ]|+

\  Jo Jo Jo

+u>3ix )\ ( / ( € , « )  + w 4 ( / ( / i , ^ )  <

< 4P_1 (wj(x,y)| f  f  (f (ţ,il)-g{ţ,r)))d7)d,ţ\p+u)p2(y)\ f  (f{ot,r])-g(a,ri))dr)\p+ 
\  Jo Jo Jo

+ w3(*)l j o (/(£>«) - g (C « ) )^ lp + / ( / / , - 5 ( / i , •

If (A, r), ( a , ^ P . 5., then T(f)(x,y) -T (g ){x ,y )  =  0.
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If (A , r) € M l, then (with -  +  -  =  1)p q

f [ (/(£.»i) - <
Jo Jo

“  ( /  /  -  9(t,v)\dn<%J =

=  ( /  Jo e ' (î+''~f_ ’’ ) l/(£>??) -  Sit’ VWvdţj <

£

-  { C Io e^ {(+n)dr,d^j L I  e~x{i+n)^ ’ ^ ~ 3^ <iî pdtid̂ -

< ( V j  eHA + T)& * r  ( /• «)<

ON THE GOURSAT PROBLEM FOR HYPERBOLIC FUNCTIONAL-DIFFERENTIAL EQUATIONS

 ̂ \ 2(p — 1)
<  I ^-r— I ^ + V k ^ (/i5 ) (cf.(A3)).

If (a, /?) G M+, then

/  (/(ûf,r/) ~ 9{(x,r}))dii <
Jo

~ ( /  l/ (a -»?) e i ( a + v - a - n ) | y ( Q r?) _  <,(a ,I/)|<h^ <

< (j e ^ ^ ^ d q j  j  e~x(-a+^\f(a,Tj) -g(a,q)\pd q <

< '- I T *  r>
t P~l

(X+P) f  e A(a+r?)|/(a, 77) -  ^(a, ?7)|pdry < 
Jo

- { ^ h r )  eHx+y)I  e~ xia+v)]f{a,v)- g^ ’ ^ Pdr} (c f (A3))-
In the same way (by means of (A3)) we obtain: if (0, k) G M+, then

[  ( / ( £ , * ) -0 (£ ,* ) )d f
Jo

p /  1 \ p — 1
< r pA(.*+y) / V ^ +">|/(£,k) - s (£ ,k)|p<*;.

Jo

Hence

J J e- xW +^\T(f)(x , y) -  T(g)(x, y)\pdxdy <
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- 4P _1 ( ( ^ X ^ )  fK J“ï(x>y)dxdy+
+ J J w2(î /)Jo e-x{a+,,)\f(a,7])-g{a,ri)\pdr]dxdy+
+  J ju%(x) e-x{i+K)\f(ţ,K) - g(ţ,K)\pdţdxdy+

+u>pe~x6° j J e~x̂‘+‘')\f(tt,u) - g(fi, v)\pdxdy'j .
Denote Ky -  {y : (x, y) E A + }, Kx =  {a; : (x,y) E A'+} . Consequently 

[ jup2 {y) e~X{a+,,)\f(n,T]) - g(a,î])\pdi]dxdy <
' **■ T

<  f w£(v) [ f |fv*(n,t’)|e_A(,‘ +,?)|/(ti,y) -  g(u,i])\pdi)dtidv < 
JKy JK0 J Kfi

< II»ÛIIl ~ ( r*)Pk „ /> (f,g) j U%(v)dv
JKy

and similarly

f f u p(x) [e e~x( ^ \ f(tK )-g (Ç ,K )\pdÇdxdy< 
JK+ J JO

rl)Jk»Af’ 9) /  u?3(u)du.
+ J kt

< ik-: I

e v) -  g(nt t/)\pdxdy -

<

D(u, v)

D(v , v)

Thus we receive the estimate

e A(u+V)| ?;) — g(a, v)\vdudv <

& (T (f) ,T (g ))  < 4 P -V J(K)(f,g)
i \ 2p —2

V -  , ,p
IM I LP(K±r)+

+ v -  1 
A Cfa||̂ 2||̂ p(Ky) + P -  1 

A

p - i

C M pLp{Kt) + \ -s”Cu„u

where Ca — )* Cn — IK*||l°°(]k2> CV D (v\v')
D(n, v) L°°( 1R2)
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Define

), K + = 0

K+ * 0
’ IK IIL P ( K ^ r ) + ( iV i )P 1 C°\\“2\\PLP(Ky) + ( iV 1)4p-4\P-I.

UL P (K X )
. (4u.4)PC/j„ 
+ 4A*0 ’

Then pK(T(f),T(g)) < $ K(pj{K)(f, g)) V Ï G A V  / ,  <7 G X . 

We can find and fix À > 1 so that

2p — 2 2p —2 \p -  4
Hz-P(K̂) l  ̂ J C ' a +

P-1

+ ( V )
P - 1 r* -I- (̂ u;4)PC,/u/

for example

A >  max{29( p -  l)||w1||[/p2(K, ) ,49C«/p( p -

4 ^ ( p - l ) | | W3|li,( n ) ,C ^ « (4 W4F /, «}.

Consequently <!>#(<) < C — const and T is a ^-contraction.

A'+ is bounded set => A(A”+), r(A'+), a (A +),/c(A + ) are bounded sets too, 

so (AT) implies 3 Ck — const > 0:

|F(x,y,vPo(A,r),^i(ûf),^2(«)50)| < a{x,y) + bCK £ £foc(®+) (cf.(AT)).

We choose the element /o £ X\

Then

fo(x,y)
0, a.e. on IR+

<p(x,y), ( î , ţ ( ) e l 2\ l| .

T(fo) =
F(x,y,ipo(A,T),ipi(a),tp2(K),0), a.e. on M+ 

<p(x,y), (x,y) € K2\R+-

and consequently

T(fo) € X

l i n / ) l k p ( i C )  <  | | T ( / )  - T ( / 0) | U p (K )  +  | | T ( / 0)||l p (K) <

< (  max cMW+l»D)^|f(r ( / ) iT(/o)) +  ||7’( /0)||Ll>(|r)<  
(*.y)6K
< c(A',A,p)pj(ft-)(/,/o) +  ||T(/o)|U,(jn, V /  € A.
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But Pj(K)(fifo) < l|/lllP(j(/v)n]R2_) => T(f) £ X.

Besides the estimates T ( /0)) < p ^ ( /o ,T ( /0)), Pj*(K){f,9) <

Px{f,g)  for any integer / > 0, V f ,g  E X  (cf. (A5)) show that conditions 3 of 

theorem 1 and 4 of theorem 2 are fulfilled. Using once again (A5), we check that 

condition 2 of theorem 1 is also fulfilled, which completes the proof of theorem 4.

Acknowledgement. The author thanks Prof. V. Angelov for his very useful 

suggestions.
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