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Abstract. In [1] there was been introduced a new class of absolutely sum­

ming operators and there was been obtained some of its properties and, 

also, the relations with the known classes of absolutely summing operators.

In this article we go on with the study of the properties of this 

new operator class.

1. Preliminaries

We shall just refer briefly to those notions and results which are necessary 

for the proofs.

Let E, F be Banach spaces over the field T, where T is the set of the real or 

of the complex numbers. In the sequel we shall use the following notations:

1) L(E, F) := {T  : E F : T is linear and bounded} .

2) E* := L(E, T).

3) UE := { * €  E : ||*|| < 1 } .
4) For a £ E* and x £ Ey let (j.\ a) := a (j; ) .

5) Let a £ E* and y £ F. We denote by a 0  y the following operator

a 0  y : E —> F, (a 0  y) (a;) =  (x} a) • y, for all x £ E.

6) We denote by lc0 the set of all real number sequences, {x n}n , with the 

property

K ey words and phrases. p-absolutely sum m ing operators, p-q absolutely sum m ing operators, sym m etric 
norm ing fu n ction , L orentz-Zygm und sequence ideals.
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IMloo :=  SUP M < ° ° -n natural

7) We denote by c0 the set of all real number sequences, {æn} n , with the 

property

8) We denote by 0 < p < oc-, the set of all real number sequences, {æn}n , 

with the property

Definition 1. ([7])

For x =  {æn}T, 6 /co. let

sn (æ) := inf {cr > 0 : card {z : |.r, | > <r} < n} .

Rem ark 1. ([7])

If the sequence x = {æ„ }n G 1  ̂ is ordered such that \xn\ > |æn+i|, for any 

natural n, then

lim \xn\ -  0.

sn (*) =  |*n| •

P roposition  2. ([7])

The numbers sn (x) have the following properties:

L Iklloo -  si (*r) > *2 M  > ••• > 0. for a11 x =  {* » }„  G loo
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2. sn+m_ 1 (x +  y) < sn (x) +  8m (y) , for all x =  {x,},. G lev, y =  {î/t}» E loo,

and n, m G {1 ,2 ,...} , where x -f y =  {x* +  y,}, ,

3. ^n+m— 1 («P * Î/) ̂  (•**) ' •*»;>} ('(/) , for all X — {*C»}2 E lçv,y — {yi}, E /qo ,

and n, rn G {1 ,2 ,...} , where j* • y =  {#,- • y j  • ,

4. If a: =  {a:;}; G /<x> and cu7y/ {7 : Xi ^  0} < n then sn (æ) — 0.

Let us remark the similarity between the properties of the sequence sn (x) , 

where x =  {x n\n G loo, and Ike axioms from the definition of an additive and 

multiplicative s-scale, an .s-scale being a rule, s : T —> {sn (T)}n , which assigns 

to every linear and bounded operator a scalar sequence with the following properties:

1. ||T|| = 5! (T) > s2 (T) > ... > 0, for all T G L(E , F),

2. sn.fm_i (T +  5) < sn (T) -f sin (S) , for all 1\ S G L(F, F) 

and n, m G {1,2 ,...} ,

3. Sn+m- 1  (T o S) < su (T) • sm {S) , for all T G L(F, F0), S E L(E, F) 

and n, in E {1 ,2 ,...} ,

4. sn (T ) =  0, dimT < n,

5. sn (/# ) =  1, if dirnF > 77, where Ie (a*) =  a;, for all a: G F.
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We call sn (T) the ra-th 5 -n u m ber of the operator T.

For properties, examples of 5 —numbers and relations between diferent s- 

numbers it can be seen [3], [4], [5], [6], [7].

We continue by giving some basic facts about the classical real interpolation 

method, called the K-method.

For those interested to find an introduction on interpolation theory we rec­

ommend, for example, [2], [9].

D ofin ition3 . ([2], [8])

For a compatible couple (A q, AX), in the sense of the interpolation theory, of 

normed or quasi-normed spaces, and t > 0 consider the functional:

Let 0 < 0 < 1 and 0 < g < 0 0 . The interpolation space (X oiA X )^  is 

defined as follows:

The operator classes Ppi(/7, introduced in [l], are closed related to the Lorentz- 

Zvgirmnd sequence spaces. For that we shall recall here a few tlungs about these 

sequence spaces and the Lorentz-Zygmund operator ideals.

Definition 4. ([7])

Let 0 < p, q < 00 and —oc < 7  < 0 0 . The Lorentz-Zygm und sequence 

spaces are defined as follows

K (t,x) := inf { | | * 0 I -Y0|| + t • j|a*i | Ari|| : x =  x0 -f G AUJ =  0, 1} .

( A 0 , A [ ) e q : — < x — xq -f- x 1 , Xi E A,-,î -  0, 1 :

if q < 0 0 , and

(-Vo, A"i )^|CO :—
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These are quasi-normed spaces, with the quasi-norm

( 00

5 Z  (1 + lo g i)7 Si (a:)

* = 1
D efin itions. ([7], [8])

Let E, F be Banach spaces, s an additive s-number and 0 < p < o o , 0 < q r <  

oo, —oo < 7 < oo. We introduce the following operator classes:

4 ' L  (£ .* * ):=

T e  L(E, F) : ||T||<77 := (  £  [n* • (1 +  logn)'1 ■ sn (T )]’  • n " 1)  ' < oo 

and for q =  oo

| r  € L(E,F ) : ||r||j/4i7 := supni • (1 + logn) 1 ■ sn (T ) < o o j  .

We denote by 4 ’?.'/ := U 4 * 4  (&> F) ■
E , F  Banach spaces

Remark 2. ([7], [8])

Let s be an additive s-number and 0 < p < o o ,  0 <<7 < o o , — oo < 7 < 00, 

then ||-||̂ 7  ̂ is a quasi-normed operator ideal.

We are giving now an interpolation result obtained by classical methods

Proposition 6. ([8])
Let E y F be Banach spaces, 0 < po < p\ < 0 0 , 0 < qo, q\,q < 0 0 , 0 < 7 0 , 7 1  <

00 and 0 < 0 < 1 . Then

(4o.,a.-ro(^.e).4'>.„.-ï, (£ .P )) ,ţ ç 4 'b (E .P ) .  whpre ? = 4 r  + FT
and 7 =  (1 -  d) • 70 +  0 • 71.

At the end of this section we shall remind the construction of the operator 

classes Pp,qil and one of the properties proved in [1].

Definition 7. ([4])

Let E be a Banach space and /  an index set. An is-valued family is

said to be absolutely r-sum m ablc if {||.ct||} G lr (7). The set of these families is 

denoted by [lr ( /)  , E ].
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For {x i } ieI G [lr ( /)  , E\ we define:

l/r
||{xi}| [/r (/).£]|| :=

If there is no risk of confusion, then we use the shortened symbol \\{xi] | /,*||. 

Moreover,we write [/r , E] instead of [/r (N) , E] .

P roposition  8. ([4])

[/,. ( /)  , E] is a Banach space.

Definition 9. ([4])

Let E be a Banach space and /  an index set. An £7-valued family {.r7}-e/ is 

said to be weakly r-sum m able if  {(a?t a)} G lr ( /)  for all a G E*.

The set of these families is denoted by [wr (I) , £].For {^ :}j e/ € [«y ( / ) ,£ ]

If there is no risk of confusion, then we use the shortened symbol ||{;r, } | u>r||. 

Moreover,we write [u>r , E] instead of [ivr ( N) , E ] .

P roposition  10. ([4])

[wr (I) , E] is a Banach space.

Rem ark 3. ([1])

Using the Lorentz-Zygmund sequence spaces, lPtqn, we can define, in a similar 

way, the spaces [lPlqtl (I) , E] and [wp,qn ( /)  , E] .

we define:
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Definition 11. ([1])

Let E , F be Banach spaces and 0 < pi,P2 < oo, 1 < qn < qi < oo, —oo < 

7i *72 < oo. An operator T G L(E , F) is called absolutely (pi2 , <712, 7 1 2 ) —summing 

if there exists a constant c > 0 such that

e  [*pl' ^ • ( i + i°g *r* • iit
<71 \ «ii

<

I P2 <»2 (1  +  lo g îp  • |{x,-, a)|
72 \ <72

, for every finite family< c • sup E
a£UE* \i = 1 L

of elements æi, ...#n G F. The set of these operators is denoted by Ppy2>qi2tl 12 (is, F ) .

For T G Fpi2,ql2,ii2 (F, F) we define 7rPl2i<7l2/Vl2 (T) := infc, the infimurn 

being taken over all constants c > 0 for which the above inequality holds.

Theorem  1 2 . ([!])

^>12.912.712 is an injective Banach operator ideal.

2. Results

We start by giving a result concerning the ” lexicografic order’1 of the Lorentz- 

Zygrnund sequence spaces.

Proposition  13.

We have the following inclusion:

lp,q0)1 C where 0 < p < 0 0 , 0 < q0 < < 0 0 , 7  > 0.

Proof. We whall need the following result, established by N. Tiţa, in [8], for the 

operator ideal case.
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Proposition 14.

Let 0 <  p < oo, 0 < g < oo and 0 < 7  < oo then

{xn} n G lp,qn <=> { 2  V "  * (* ) }  € /r,<7, where 7  =  i  -

Moreoever there are the constants c and c, which depend on p, <7 , 7 , such that:

{2  P -S2n- l(x)}  il <
t “ J n II r ,<7 H U ,7 < ? IK

n — 1
2 P • Son- 1  (.T>}|J n II r,a

We start now our proof.

Let £ — {£n}n £ lr,go,i S O n — 1 €  /r ,9 o , where 7  =  ±

Let. </i > f/o and rj such that 7  = i  

r q 0 r x gi ri r \qi

— It follows thatqi

qo *

From the ” lexicografic orderliness” of the Lorentz sequence spaces, [4], [7], 

we know that lr qo C /ri(<?1.

So |2 P • S2n — i ^ r̂,qi & ţ  — {£n}n G p̂,çt,7 -

In conclusion /pl ( / 0 Ç for 0 < p < oo, 0 < go < <7i < oo, 7  > 0. □

P roposition  15.

Let 0 < po < pi < 0 0 , 0 < go, çi, </ < 0 0 , 0 < 7 0 , 7 1  < 0 0  and 0 < 6 < 1. Then 

( U ? o , 7 o  - U ţ i . Y . U  Ç  U . T  w h e r e  p =  T T  +  Ţ 7  a n d  ^  =  ( J - 7 0  +  0  - 7 1 -  

Proof. If we take account of the similarity between the properties of the sequences 

{sn (T ) } r7 , where s is an additive s-scale, T € L(£\ F), and {sn (x )}n , where x = 

{xn}n G /oo, proof of the above inclusion will have the same course like the proof 

of the Proposition 6 .

We shall consider q < 0 0 , the proof of the case q =  oo being similar.

From the Proposition 13 it follows that we have the inclusion

(^Po,<7o,7o » lpi,q\m ) stq — (^Po,°o,7(M ^ > 1 ,0 0 ,7 1 )0 ^  •

So it will be enough to prove the relation

(/p0,oo,7oj P̂i ,cx),7i )^|<? Ç lp,q,7 -
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Let X =  { z n } n G (/p0 ,oo(7 o^Pi,co,u )e,q ’ W e in s id e r  the arbitrary de­

composition

x z= x°  4 - x 1, where xx =  {x'n } n G lPf,0 0 ,7 ., i G { 0 , 1 } .

Let i G {0 , 1} then

x  ~  {*c n } n ^  ^Pi,00 ,7 , ^

<  OO

|.r‘ ||p ^   ̂ , for any natural n.

+

+

<* ||a;<||p„00i7, =  S«P [nP' • (l+logn)1' ■ sn ( i 1)

=> sn ( * ’ ) <n~£ ■ (l + logn)~'1‘ • ||.c

W e shall evaluate ||x||r Ç 7  •
/  \ </ o° r 1 i <7
( I W U / y)  =  S j " 7 ■ ( l + / o $ n ) 7 • * „ (* ) ]  •£ =

00 r 1 1
=  (2 • n - 1)?~Ï • (1 +  log(2 ■ n - l ) )7 • s2 n - i  (*)

n = 1 *■
0° r 1 1 1 <7

+  £  [(2 • n ) ? "  • (1 +  log{2 • n))7 • s2n (z)J <

° °  r 1 1
<  (2 • n -  1 ) ? "  ■ (1 +  log{2 ■ n - l ) )7 • s2. „ _ i ( i 1)

n = l  L+ E  [(2 • n)p~4 • (1 +  log(2 • n))7 • s2 n - i  (*)| <  
n = l  1 J

°°  r 1 _  i  i <1<c(p,g,7 ) ■ 12 ■ (1 +  logn)1 ■ s2-n-i (*) <
n =  l L J

<  c(p,q,7 ) • E  M - ’  • (1+logny ■ (s„ (x°) + sn (a;1))] <
n=l L J

<  c(p,q, 7 ) •

jS  [n p ~*  ( l  +  iopn)7 _ 7 0 n '™  (||*0 ||p0iOOi70 +  n ~ " ^ r ( 1 + fofln r 0” ‘ÏI I I * ' I U , 0 0 .7 , ) ]  ’

T h e decom position x =  j 0 +  x l being arbitrary and taking account of the 

K-functionaLs definition

A , 71 pi * (1 H- logn) ' ̂Po <co ,*yQ 11p i ,co ̂  we obtain that

! * 0 |L™.7Oi +  ^ " ^  • ( 1 +  ^ « ) 7 0 " 71 •||*1 |P|.co.7l ^

^ A pi * ( 1 “f* logii'j ’ p̂o.co»7o>̂ pi 1̂0,71  ̂ •

So (ll^Hp../^)9 ^

< c ■ J2 [rc”  pô (1 T logn)1-10 K (x, n?ô~ pf (1 -h /o#n)7o-7l)| • <

< ci f  (1 +  logt)1 ' 10 K (x,tpô~pi (1 + logt)10~11)}  y  =

=  Ci f j^TcT+pr-pô (1 -f /o///)(1"^)70̂ 7l~70 A" ^ æ ,/po ~ëï (1 -f logt)10 71 y  =
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=  C r f  t ~ ' ( * ~ ’ r) (1 +  logt)-eh° - Jl) K  ( x , t ^ ~ ^  (1 +  logt) 7 o _ 7 1 )

= c, • J- [(**” ”  **" (1 +  logt)10' 1' ) • K  (æ,tpô~pî ■ (1 +  logt)10-1,1 )

Let now define /  : ( 1 , oo) —» (0 ,oo ), /  (t) =  tp0~p\ • (1 -f logt)10" 11 . 

f  (t) f = ( j k ~  ik) (! + logt)1° ' 1‘ +

+ (70 -  7i ) ■t*: ~ 7' • (1 + logt)10' 1'

dt_ __ 
t “

<7
dt 
t '

1
1 +  log t

= t p'o p. • (1 +  logt)10 11 • i  +  (70 -  7 l ) • • C2) <  C3 ■ f  ( 0  .

Hence we obtain (\\j ■wP̂ y <

<  C l /  • (1 + /O(7/ ) 7 0 _ 1 ' 1 j  • K  (x , t rô ~ r î  ■ ( 1  +  logt)10' 1' )  y  =

=  C r j  [ / ( 0 ~ *  • K  ( x j ( t ) ) ] q f  (l)-JT^Ţidt < C3 J  [ /  (t)~9 • K  ( x , / ( / ) ) ] ’ ■

JŢT) • / '  (0 • d1 -
OO

=  c3 - / [ s - *  • /^ ( .r .-s ) ]9 . f  < o o .
0

(We have made the following change of variable /  (£) =  s.) 

In conclusion x G lp>qj7.

P roposition  16.

□

Let /  be any infinite index set. An operator T G L(E,F)  is absolutely 

(j)i2 , 7 1 2 , 7 1 2 ) —summing if and only if T ( / )  : { ^ } 2e/ -* defines a linear and

bounded operator from [wP2iq.2il2 (I) , F] into [lPuqirn ( /)  , F ] . When this is so, then

(T) =  ||T(7) : (?) - fc’l -> (/).C]|| •

Proof. It is similar to the proof for the similar result for absolutely (r, .s)—summing 

operators, see Proposition 1.2.2 from [3].

Suppose that T G FPl2//12)7l2 (F, F) and (æ,-)ie/ G [wp2.92.T2 (-0 1 • Then we

have

£  ,>1 ^ • (1 + log?')71 • ||Tar,-|
1 <7j \ 91

<

^  712,712 (T) • sup ( ]T [*P2 92 ■ (1 + log?')72 • |(a?i, a)I ) , for all F,
< *euK . V i  L J

F G F (/) . Passing to the limit 1 yields
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| | ( ^ ,‘C » ) i e /  I P p i , 9 i » 7 i

This proves that
P l 2 . 9 l 2 . 7 l 2 (T) ■ !(*,•),€/ I (0  - fi]|| •

\\T(1) : [mP 2 . 9 2 . 7 2 (I) , E] -> [/; (/).F]||<»r.P 12..912 ,7 1 2 (T)

The reverse inequality is obvious. □

Theorem  17. (interpolation theorem)

Let FJ, F be Banach spaces. If 0 < p\ < p:\ < 0 0 , 0 < P2 < 0 0 , 0 <

</i, 7 2 , 7 3 , 74 < 0 0 , 0 < 7 1 , 7 3  < 00 and 0 < 6 < 1 , then

(  ^ p  1-2.91 2 >712 { ^1  , P p  3 2 ) 9 3 2 . 7 3 2  (  ^  ^ ^ ^  ^  P 4 2 , 9 4 2  , 7 4  2 (  ^  ^  ’ w l l C r e  —

V r + Ă  allcl 74 =  (1 -  9) ■ 7i +  0 ■ 73-

Proof. We use the idea from the proof of the interpolation theorem  for the abso­

lutely (p, 7 ) —sum m ing operators. This theorem can be found in [4], Proposition

1.2 .6 .

Let E [ ^ 2.92,72 1 ^ 1  • We define the operator

X : T £ L(E,F) —> {7a;,-},-. From the Proposition 16 it follows that, for 

PE Pp] 2,̂ 12,712 (-k.F), {Txi}- E [lPl , T] and, lor 7 E Pp32,q 32,7 3 2 (^0 ^ ) 1  {^ ,ri)j C

[̂ P3,93,73 » F ] *
So for

P  £  ( - ^ > 1 2 , 9 1 2 , 7 1 2  ^  )  5 ^ > 3 2 , 9 3 2 , 7 3 2  ( ^ >  ^

=> {Tx'i},’ E ([^pi,9i,7 i 5 P] 1 [̂ P3,93,7 3 1 ,c/4 — [̂ *>4,94,741  ̂] • We liavo applied
the Proposition 15.

In conclusion

X : T e  (PpiP 1 2 . 9 l 2 . 7 l 2 {E ,F ),P fP 3 2 , 9 ^ 2 , 7 3 2 (Fv,F))^ -> E [^4,94,74 >^]*
Hence the assertion follows from the Proposition 16. □
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