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PROPERTIES OF A NEW CLASS OF ABSOLUTELY SUMMING
OPERATORS

CRISTINA ANTONESCU

Abstract. In [1] there was been introduced a new class of absolutely sum-
ming operators and there was been obtained some of its properties and,
also, the relations with the known classes of absolutely summing operators.

In this article we go on with the study of the properties of this

new operator class.

1. Preliminaries

We shall just refer briefly to those notions and results which are necessary
for the proofs.

Let E, F be Banach spaces over the field T, where T is the set of the real or
of the complex numbers. In the sequel we shall use the following notations:

1) L(E,F):={T: E — F: T is linear and hounded} .

2) E* := L(E,T).

3) Ugi={z € B |lall <1}.

4) Fora € E* and z € E, let (x,a) := a(z).
)

5) Let a € E* and y € F. We deuote by a ® y the following operator

a®y:E—F, (a®@y)(x)=(r,a) -y, forallz € E.

6) We dcnote by I, the set of all real number sequences, {z,}, , with the

n

property

Key words and phrases. p-absolutely summing operators, p-q absolutely summing operators, symmetric

norming function, Lorentz-Zygmund sequence ideals.
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|zl == sup |za] < oo.
n natural

7) We denote by cq the set of all real number sequences, {z,},, with the

n

property

fim J,] = 0.
n—co

8) We denote by [,, 0 < p < ac. the set of all real number sequences, {z,},

with the property

1

0 P
llzll, := (Z l|> < 0.
n=1

Definition 1. ([7])

For z = {z,},, € lx. let

Sp(z) :=inl{o > 0:card {i:|v;| > o} <n}.
Rewmark 1. ([7])

If the sequence x = {x, },, € I is ordered such that |z,| > |zn41], for any

natural n, then

Sn ('E) = ,:I-’rll .
Proposition 2. ([7])

The numbers s, (x) have the following properties:

Lol2)l,, = s1(x) > s2(2) > ... >0, forall & = {a,}, €lx,
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2. sptm-1 (2 +y) <sn(z)+sm(y), forall z = {z:}; €lo,y = {vi}; €l,
and n,m € {1,2,...}, where 2 +y = {z; + 4};,

3. Snamo1 (£ y) <su(x)-sm (y), forall r ={&;}; €l y = {yi}; €los,
and n,m € {1,2,..}, where z -y = {&; - yi };,

4.1 2 = {z;}; €l and card {i : x; # 0} < n then s, (x) = 0.

Let us remark the similarity between the properties of the sequence s, (z),
where 2 = {z,}, € le, and the axioms from the definition of an additive and

multiplicative s-scale, an s-scale being a rule, s : T — {s,, (T)},,, which assigns

n

to every linear and bounded operator a scalar sequence with the following properties:

LT =81(T)>s2(T)>...>0, forall T € L(E, F),

2. Snamet (T4 5) < sn (T) + 50 (S), Torall T, S € L(E, F)

and n.m € {1,2,...},

3. Sngm—1(T095) <5, (T) - sm (), forall T € L(F, Fy),5 € L(E, F)

and n,m € {1,2,...},

4.5, (T) =0, dimT" < n,

5.5, ({g) = 1, if dimE > n, where Ig (x) =, forallz € E.
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We call s, (T') the n-th s—number of the operator T.

For properties, examples of s—numbers and relations between diferent s-
numbers it can be seen [3], [4], [5], [6]. [7]-

We continue by giving some basic facts about the classical real interpolation
method, called the K-method.

For those interested to find an introduction on interpolation theory we rec-

ommend, for example, [2], [9].
Definition 3. ([2], [8])

For a compatible couple (Xp, X}, in the sense of the interpolation theory, of

normed or quasi-uormed spaces, and t > 0 consider the functional:

K (t,z) :=inf {|lzo | Xo|l +1t-|l21 | Xy

rx=zo+ o,z € X;i=0,1}.

Let 0 < # < 1 and 0 < ¢ < oc. The interpolation space (XOle)o.q is

defined as follows:

1

Q0

- e . . dt

(.\()._\1)9#:: r=x9+21.2; € X;,i=0,1: /[t_o'l\(l,.’n)]qT <o,
0

if ¢ < 00, and

(.\'O,Xl)g.m = {.r =zo+x, 5 €N, i=0,1:supt™? - K (t,2) < oo} .
t>0

The operator classes Py, ¢, introduced in 1], are closed related to the Lorentz-
Zygmund sequence spaces. For that we shall recall here a few things about these

sequence spaces and the Lorentz-Zygmund operator ideals.
Definition 4. ([7])

Let 0 < p,¢ < o0 and —oc < ¥ < 0. The Lorentz-Zygmund sequence

spaces are defined as follows

b~y = {I ={zi}; €co: f: [i%_i (1 +1logi)” - s; (z)]q < 00} ‘

i=1
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These are quasi-normed spaces, with the quasi-norm

2l g,y := (Z (373 (1 +1080) s (ﬂ]q)

i=1

=

Definition 5. ([7],[8])

Let E, F be Banach spaces, s an additive s-number and 0 < p < o0, 0 < ¢ <
00, =00 < ¥ < 0o. We introduce the following operator classes:

LS}~ (E,F) =

{T € L(E.F): |ITII) = (i} [n7 - (1+Logn)” -5, ('r)]" : n‘1> e oo},
and for ¢ = o© "

LYy (B, F) =

{Te LB F): Tk, = son (L togn) -5, (7) < 0.

P.oo,y

We denote by L,(,'j,),,-y = U L;’)),,a, (E, F).

E.F Banach spaces

Remark 2. ([7],[8])

Let s be an additive s-nurmber and 0 < p < 00, 0 < ¢ < 00, —0 < 7 < 0,
then (L,E,‘fgm ||||§f‘)7 1) is a quasi-normed operator ideal.

We are giving now an interpolation result obtained by classical methods
Proposition 6. ([8])

Let E, F be Banach spaces, 0 < pg < p1 < 20,0 < ¢0,41,9 < 00,0 < 7,1 <
oo and 0 < 8 < 1. Then

(£8ane (B F) Loy (B F)) € Lty (BLF), where b = 1= 4 &
andy=(1-6) v+0 7. !

At the end of this section we shall remind the construction of the operator

classes Pp 4.4 and one of the properties proved in [1].
Definition 7. ([4])

Let E be a Banach space and I an index set. An E-valued family {&;:};c, 1s
said to be absolutely r-summable if {]|z;||} € I (I). The set of these families is

denoted by [l (I), E].
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For {z:};c; € [I- (I), E] we define:

1/r
i} | - (1) E]l| := (lemillr) :

If theze is no risk of confusion, then we use the shortened symbol ||{x;} | I+]].

Moreover,we write [l., E] instead of [, (N), E].
Proposition 8. ([4])

[l (1), F] is a Banach space.
Definition 9. ([4])

Let £ be a Banach space and [ an index set. An E-valued family {x;},., is
said to be weakly r-summable if {(z;a)} €l (I) for alla € E~.
The set of these families is denoted by [w, (I), E].For {x;};c; € [w, (I), E]

we define:

1/r
(z:) | [wr (1), E)li = sup{ (Z |(x,~,a)|’") ta € UE.} .

If there is no risk of confusion, then we use the shortened symbol ||{w;} | /||

Moreover,we write [w;,, E] instead of [w, (N), E].
Proposition 10. ([4])

[w, (1), E] is a Banach space.

Remark 3. ({1])

Using the Lorentz-Zygmund sequence spaces, I, 4 4, we can define, in a similar

way, the spaces [l 44 (1), E] and [wy 4.~ (1), E].
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Definition 11. ([1])

Let E, F' be Banach spaces and 0 < p1,p2 < 00,1 < ¢2 < ¢q1 < 00, —00 <
v1.92 < o0. An operator T' € L(E, F) is called absolutely (p;2, ¢12,y12) —summing

if there exists a constant ¢ > 0 such that

(i [ip‘—ra‘: (1 +log i)™ -\\m\]q‘);_‘ <

i=1

1

a1

n a1 q2 q . .

<c- sup (Z [iplz a2 - (1+logd)” - l(xi,a)l] ) ’ , for every finite family
a€Uge \iz=1

of elements z,, ...2, € E. The set of these operators is denoted by Py, g,0.v,2 (£, F').

For T € Ppiy.q12mv2 (£, F) we define mp, g5, (T) := infe, the infimum

being taken over all constants ¢ > 0 for which the above inequality holds.

Theorem 12. ([1])

Pp.5.q12,m12 18 an injective Banach operator ideal.

2. Results

We start. by giving a result concerning the ”lexicografic order™ of the Lorentz-

Zygmund sequence spaces.
Proposition 13.

We have the following inclusion:

lp.goy € lp g v, Where 0 <p < oo, 0 <gqo< gy <00, v>0.

Proof. We whall need the following result, established by N. Tita, in [8], for the

operator ideal case.



Proposition 14.

Let 0 < p<o00,0< ¢g<ooand0<vy< oo then

N | =

{zn}, Elpgq & {‘2%"" - Son-1 (.r)} €lrq, where v =
n

Q|

Moreoever there are the constants ¢ and ¢, which depend on p. q,~, such that:

{2 e},

We start now our proof.
LS
Let £ = {€n},, € Lhgon © {2 P San- (f)}n € lrqo, Where y = 1 — .

Let ¢; > go and ry such that v = % — (711 It follows that
L1 -1 Lt 141 1)1 1
rT g T T QL¢>1'1"1‘+(<11 42):f1<r:>rl>r‘

n—1
< Mlelly gy <7 {27 5201 (@)}

n

Tq r.q

From the ”lexicografic orderliness” of the Lorentz sequence spaces, [4], [7],

we know that . oo C L. .

n—=1

So {2 P sy (e)}n €lrg &€= 1{n), € Lpgi
In conclusion Iy g, v C lp g, for 0 < p<o0,0< g0 < q1 <00, 7>0. a

Proposition 15.

Let 0 < po < p1 <00,0<¢o,91.9 <00,0< 7,71 <ocand 0 <8 < 1. Then

(IPO,QO,"IOJI‘LQL.“II)o‘q C lpqy, Where % = '1;_0‘9‘ + pe_, andy=(1-0)-y0+6-m.

Proof. 1f we take account of the similarity between the properties of the sequences

{sn (T)},, where s is an additive s-scale, T € L(E, F), and {s, (2)},,, where & =

{zn},, € lw, the proof of the above inclusion will have the same course like the proof
of the Proposition 6.
We shall consider ¢ < o0, the proof of the case ¢ = oc being similar.
From the Proposition 13 it follows that we have the inclusion
(lpo‘quﬂo'lPth-"/l)o,q c (an.“L’Yolll’hC‘O,’h)o'q .
So it will be enough to prove the relation

(IPD.OO.‘VD! lPl 100,71 )0‘q g lp.q,*/-

10
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Let 2 = {zn},, € (lpo,0,v0+lp1.c0m ) - We shall consider the arbitrary de-
composition

z =2+, where ' = {z}} €l o, i€{0,1).

Let z € {0, 1} then

o= {23}, €Elpicony ©

& el o = sup [0F - (Lt logn) - sn ()] < 00 =
.” . 1 n . .
= s, (2) <n7F - (1+1logn)™" - |2t ”p“mm, for any natural n.
We shall evaluate ||z||, . ., -
q X r o - q 1
(lellpgn) = & [n¥ - (1 +logn) - sn(@)] 1 =
n=1
& L1 - q
- {(Q.n—l)F‘E-('l—i—log(‘z-n— 1))'-52"_1(1»)} +
?’021 11 q
+ 5 [(2 n)3=5 (14 log(2 - 1)) - s2m (.zr)] <
n=1

+ i [(2 . n)%—% (14+10g(2 1)) 5901 (:c)] <

n=1 o L. ) q
<epg) 3 [n3E (L logn)T s2ami ()] <
n=1
oc
<e(pan): L [p575 (1+logn) (s, (2°) + 5 (&))" <
n=1
<e(pg,7)-
[ 11 vy — L 11 - q
nzz:l [np 7 (14 1logn)" """ n" ¥ (”,zonpomﬁo_}.npu pr (14 logn)™™ M “mlﬂphmm)] :

The decomposition ¢ = r° + »! being arbitrary and taking account of the
p g y g

K-functional’s definition
A - )
K (z‘ylpo - (1 + logn) ™™ .l,-(,.m.w'll’m‘Om) we obtain that
0 L L Yo="1 ||..1
”.z' “po,m.‘ya +nro b (14 logn) ’ “'E ”pn,com <

< K (2,npe7 5 (14 logn)™ ™" 1 !
<K ({z,npo"pr (14 ogn) vipo,c0,v00 bp1,com

S0 (l2llpg) <

- q
<c- 3 [n%"no (14+1logn)” ™K (z,nﬁ%_m (1 +logn)7°—7‘)} 5 <
n=1

© 1_ 1 1 _ q
cl.f[trm(ulogz)v-% K (x,m-s%(uzogt)% ’)] d

t
1

o

1

IA

1—-6

_ q
t‘tT’LBaT"ﬁ (1+ logt)(l_ah""'h‘_% I (z.ffo__ﬁ (1+ logt)m’—")] % =

11

—




[e] ‘ q
= f [t‘*’(;’rﬁ) (1 + logt)~00e=m) k¢ (m,t#‘# (1+ logt)“"‘)] g -
1

[e o]

-0 ' q9
=c-f [(tF‘E'SlT (14 logt)7°—7‘) -K (m,tﬁ—ff (1 +logt)7°_7‘)] ?.
1

Let now define f : (1,00) — (0,00), f (¢) =t (14 logt) ™™ |
I (1) = (l’—ln-~ ;1T> .tﬁ—ﬁ ,(1+logt)‘70"h +

1 _
+(y0 =) 17 TR (L4 logt) T - e e =

R S U ~“o—"1
=tp P - (14 logt)” ™" ~(—l——~*+('yo 1)‘T*Tlt,£7‘fz>§<'3'f(f)-

Po

‘- [ [(t”” P (14 logt) ™" 7') K (m,th_p_ll' (1 +logt)wro—m)]q (_iﬁ _

q
Hence we obtain (HJ?”P 7 7)

:w{Um”wuaﬂmrﬂmﬁﬁﬂs@?pﬂrfﬂwﬂmf
() dt =
=c3- f[ 0K (: ]q & < .

(We have made the following change of variable f (t) = s.)

|-

-
=
—i

In conclusion x € [, 4 . (]
Proposition 16.

Let 7 be any infinite index set. An operator T € L(E, F) is absolutely
(P12, q12,v12) —summing if and only if T'(7) : {#:};c; — {T;}; defines a linear and

bounded operator from [wy, ¢,.v. (1), E] into {i5, 4,4, (I), F]. When this is so, then

Trl’\':»’lnﬂm (/r) = ”T (1) : [wquz.w (1) ’ F] - [ll’l.lll,‘h (1) ’ F]” .

Proof. It is simlar to the proof for the similar result for absolutely (r, s) —summing
opertators, see Proposition 1.2.2 from [3].
Suppose that T' € P, 41570 (B F) and (2);¢; € [Wpyg57, (1) E]. Then we

have

(ZP* (1+logi)" unm])%s

i
L

e S N “ 92\ 92
_<. Tpi2diz, iz (T) © sup Z [I P2 92 (] + lOg 7’) e |<l'iva'>|] , for all F,
a€Upge 1

1" € F (I) . Passing to the limit [ yields

12
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"(T‘Bi)iel l [lm.q:m (1) ’ F]“ S 7rl’|2,‘]12,"/12 (T) . Il(xi)iel l [wpz,frz"h (1) ) E]

This proves that

”T(I) : ['U)szq:e,‘rz (I) 7E] - [lplvqu’YI (]) ’ F]“ S TrPn;Qu.‘hz (T) .

The reverse inequality is obvious. O
Theorem 17. (interpolation theorem)

Let E,F be Banach spaces. If 0 < p; < p3 < 00, 0 < p2 < o0, 0 <
41,92, 93.q4 < o0, 0 < 71,73 < oo and 0 < < 1, then

Povssarsms (B ) Py gioimss (B2 F))
L0y 2 and yg= (1= 6) 71 +0- 7.

P P3

] ol , J S
6,94 g }Pnyq-a:.‘hz (L‘I )v Wll(l'(t‘ ra

Proof. We use the idea from the proof of the interpolation theorem for the abso-
lutely (p, ¢) —summing operators. This theorem can be found in [4], Proposition
1.2.6.

Let {z;}; € [wy,,4p,v2, F]. We define the operator

X T € L(E,F) —» {T'%;};. From the Proposition 16 it follows that, for
T € Ppragrays (B F), AT} € p, qyyis Fland, for T € Py, gy v (B, F), {Tri}, €
[ps.92.720 F]-

So for

TE (Pplhmz,’hz (EvF},PPu.qaz.’Yaz (EwF))o =

;94
= {Tzi}i € (lpigoms F]'UP&QJF{JVF])Q’W C [pasgavar F1. We have applied

the Proposition 15.
In conclusion

"\’ : T € (PP|2,012.’712 (bv F) ) Ppaz'qn,‘hz (E' F))(i,q.. - {T'Ti}i € [11‘4.4«‘74' F]'

Hence the assertion follows from the Proposition 16. 0
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