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ON W IR T IN G E R  A N D  O P IA L  T Y P E  IN E Q U A L IT IE S  IN T H R E E  
IN D E P E N D E N T  V A R IA B L E S

B .G . P A C H P A T T E

Abstract. In this paper we establish some new integral and discrete in
equalities of Wirtinger and Opial type involving functions of three inde
pendent variables. The analysis used in the proofs is elementary and our 
results provide new estimates on inequalities of this type.

1. Introduction

The inequalities of Wirtinger and Opial type and their variants have played a 

vital role in the study of many qualitative as well as quantitative properties of solutions 

of differential equations. Because of their usefulness and importance these inequalities 

have received a wide attention and a large number of papers have appeared in the 

literature. During the past few years, various investigators have discovered many 

useful and new Wirtinger and Opial type inequalities involving functions of more 

than one independent variables, see [1-16] and the references given therein. The main 

purpose of the present paper is to establish some new integral and discrete inequalities 

of the Wirtinger and Opial type involving functions of three independent variables. 

An important feature of the inequalities established in this paper is that the analysis 

used in their proofs is elementary and our results provide new estimates on this type 

of inequalities.
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2. In tégral inequalities

In what follows R  denotes the set of real numbers. We use the notation 

E  =  [o, x] x [b, y] x [c, z] for a, 6, c, x, y> z G R. If / ( r ,  s, t) is a differentiable function 

defined on E ,  then its partial derivatives are denoted by D i f ( r ,s , t )  =  — f (r ,s ,t ),
q g dr

D 2f { r , s , t )  =  f ( r , s , t ), D3f ( r , s , t )  =  f ( r , s , t ), and

A , Z W ( r , s , l )  =  ă ^ : / (

We denote by F (i? ) the class of continuous functions /  : E  —> R  for which

£>i/(r, 5 ,0 ,  A 2 /(r , s, A j/(r , s, *), Aî£>2£>i/(r, 5, *)

exist and continuous on E  such that f (a ,s ,t )  =  /(x ,s ,tf) =  / ( r , 6 ,t) =  f(r,y>t) = 

/ ( r ,  s, c) =  / ( r ,  s, z) =  0 for a <  r  <  x, b < s < y, c < t  < z.

Our main result on Wirtinger type integral inequality involving functions of 

three independent variables is given in the following theorem.

T h eorem  1. Let p(r, syt) be a real-valued nonnegative continuous function defined 

on E .  Suppose that / ,  G F ( E )  for i =  1 , 2 , . . . ,  n, and let m, > 1 for i =  1 , 2 , . . . ,  n 

are constants. Then

rx ry rz
P{r,s,t)

J  a J b  J  c

I 2/n

J J  |/,(r,s,t)|mi dtdsdr <
.»=!

(2 .1)

< ^ - K ( a ,b ,c ,x ,y ,z ,n }m i , . . . , m n) ^ f  J j  p(r,s ,t)dtdsdrj

x f [ f ^2,\D3D2Difi(r,s ,t)\2midtdsdr,
J a  J b  J c

where

K(a, ' [ ( x - a ) ( y - 6 ) ( z - c ) ]  i=1
■i)

(2 .2)

is a constant depending on a, 6, c, x, y, z, n, m i , . . . ,  mn.
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Proof. From the hypothesis, it is easy to observe that the following identities hold for 

i =  1 , 2 , . . . ,  n and (r, s , <) €  E :

f*r p s  p t

(2.3)mt D$D2 D ifi{u, v, w)dwdvdu,

mz
D3D 3Difi(u,v,w)dwdvdu,

_

ny rl
I DzD2Difi{u,v,w)dwdvdu,

_ J  c

M r ,s , t )  =  -  D3D2D ifi(u ,v  , w)dwdvdu,
J r  J  b J  c

v, w)dwdvdu, (2.8)

/** n y  nz
f i { r , s yt) =  — I I I D^D2Difi{u,v,w)dwdvdu.

J r  J s  J t? r  J s  J t

From (2.3)-(2.10) it is easy to observe that

(2.4)

(2.5)

(2.6)

mz
D3 D2D ifi (u ) v, w)dwdvdu, (2.7)

_ _ .

mz

DzDiDifiiu, v, w)dwdvdu,
. . .

(2.9)

(2 .10)

\ fi(r ,s ,t )\ < ^  [  f f \D3D 2 Difi(u,v,w)\dwdvdu, (2.11)
0 J a  J b  J c

for i =  1,2,  . . . , n  and (r ,s ,t )  €  E .  From (2.11) and using the Holder’s integral 

inequality in three dimensions with indices m; and m,/(m,- — 1) for i =  1 , 2 , . . . ,  n we 

obtain

\fi{r,s,t)\mi <  ( - )  [(a: — a)(y — b)(z — c)]m* 1 x (2 .12)

p x  p y  p z

I I I  | 3̂-D2-Di /*(w, v, w)\m'dwdvdu 
J  a  J  b J c

X
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(2.13)

„ î s k - i)[{x -  a)(y -  b){z -  c)] »=i x 

n f r x ry r z i 2

(2.15)

From (2.12) and using the elementary inequalities (see [4])

( n \ 1/n 1 n

S - )  *=£*■•
(for 61, 62, • •., nonnegative reals and n >  1 ) and

< n p i  (2-14)

(for 61, 62, . . . ,  bn reals) and Schwarz integral inequality in three dimensions we observe 

that
■ n 1 2/n

„Î—1 .

p x  p y  p z

x / / I \D^D2 D\fi(u)v,w)\nriidwdvdu
J  a  J b  J  c

=  V8 y [(* — a)(y — *)(* — c)] «» x

« s r r r  ID3 D 2 & 1  fi(v>v) u |̂midu;dudu1/ n| <

< ( g )  [(Æ- a ) ( î / - 6) ( z - c ) ]  •=' x[ 12

m a :  |D3D2Di/i(u,  tu)|midiudWu <

s G )
1 v—'v r r x r y f z i 2

/  /  \DzD2Difi{u)v,w)\midwdvdu <

* ( ï )

V 2. V'n m »
[ ( * - a ) ( y - 6) ( * - c ) ] “ ‘«  x

1 71 z*37 /*y /*2
' - [ ( x - a) ( y - b){z ~ c) } ^ 2  j  j b J  \D3D 2D\fi(u,v,w)\2midwdvdu =
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= - K ( a ,  b, c, x, y , z , n , m i , . . . , m„) x f f f ÿ ;  \D3D2Difi(u,v,w)\2m‘dwdvdu. 
J a  J b  J c  a-= i

Multiplying both sides of (2.15) by p(r, s,t) and integrating the resulting 

inequality over E  we get the desired inequality in (2.1). The proof is complete. 

Remark 1. We note that in the special cases when (i) m,- =  1 for i =  1, 2 , . . . ,  n, (ii) 

n — 2, (iii) n — 1, (iv) n — 2 and mi =  m2 =  1, and (v) n =  1 and mi — 1, the 

inequality established in (2.1) reduces respectively to the following inequalities

I  lb Ic p(r ,S ,t  ̂ | lIl/< (r >M)lj dtdsdr <  (2.16)

< ^ K ( a , b , c , x , y , z , n , l , . . . , l )  (1 : 1  )by j  p(r, sit)dtdsdrSJ  x

X [  f  [  '^2l \D3D 2D ifi {r ,s,t)\2dtdsdr,
J a  J b  J c  a;=i

f  f  f  P(r >s J ) \ h ( r >s ’ t)\mi\f2 {r,s,t)\m2dtdsdr (2.17)
J  a  J  b J  c

<  ^K{a, b, c, x, y, z, 2, mi, m2) J J p(r, s^tydtdsdr'j x

x f Ft  [\D3D2D 1h {r ,s ,t )\ 2m' +  \DzD iD l f 2(r,s,t)\2Tn*] dtdsdr,
J  a  J b  J c

f f f  P(r,s,t)\fi{r,s,t)\2midtdsdr <  (218)
J  a  J  b J  c

< K {a ,b ,c ,x ,y ,z , l ,m i )  (1 : 1  )by J p(r, s,i)dtdsdr^ x

x f Ft \D3D2D ifi(r ,s ,t)\2m'dtdsdr,
J  a  J  b J  c

f [ f P(r ŝ>t)\fi{r ’ s J)\\f2 (r,s,t)\dtdsdr<  (2.19)
J  a J  b J  c

< ^ I < (a ,b ,c ,x ,y ,z ,2 , l , l )  V . U  p(r, s,t)dtdsd7^j x

x /  [ f [\D3D 2D ifi(r ,s ,t )\ 2 +  \D3D2D xf 2{r,s,t)\2]dtdsdr,
J  a  J  b J  c

[ f t  P(r, s,t)\fi(r, s,t)\2dtdsdr <
J  a J  b J  c

( 2 .20)
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/  r *  r y  r z
<  K ( a ,b , c ,x y ,z , l , î )  l I

\ J  Q J  b J  C

x f f  f  \D3 D 2 D ifi(r ,s ,t)\ 2dtdsdr.
J  a  J  b J e

We note that the inequalities obtained in (2.17) and (2.19) are the three 

independent variable analogues of the Wirtinger type inequalities established by the 

present author in [10] and the inequality obtained in (2.20) is a three independent 

variable analog of the Wirtinger type inequality established by Traple in [15, p.160]. 

The following theorem deals with an integral inequality of Opial type involv

ing functions of three independent variables.

T h eorem  2. Let the functions p(r, s, t),  /,*(r, s,t) and the constants mi fo r i  = 

1 , 2 , . . . ,  n be as in Theorem 1. Then

p(r, s,t)<ftdsdrj

r r / ^ r aJ a  J b  J c
Ü  !/<(»•,«, or

1/n

L»=i

(2 .21)

n
x ^  \D3 D 2 D 1f i{r,s,t)\midtdsdr <  

•'=1

’ rx ry rz i 1/ 2
<  K (a, b,c, x ,y ,z ,n ,m \ , . .  . ,m „ )  p(r,s,t)dtdsdr :

. J a  J b  J c  .

X r  r  r  £  \ ^ D 2 D xf i ( r ,  s , t ) \ 2 m i d t d s d r ,
J a  J b  J c  J=;1

where the constant J ï ( a , 6 , c , . .  . ,m„)  is defined by (2 .2 ).

Proof. By using the Schwarz integral inequality in three dimensions and the inequal

ities (2.1) and (2.14) we observe that

L h L v/p̂ r,s’^

l/n
x ^  \D3 D2 Di fi(r, syt)\midtdsdr <

i = 1

’ n " 2/n ’

J =1 .
dtdsdrm2

p{r > S)t)
_ _ _

£ [  J* ( È l i W i / ^ M ) ! - )
dtdsdr

1/2
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< ^ - K ( a , b , c , x , y , z , m u . . . , m n) J J p (r ,s ,t )d td s d r jx

x [  f  f  5 ~^\DzD2Dxfi(r,8,t)\2midtdsdr 
J a  J b  J e  |=j

X [n /  j f  ^ | D 3D2I>i/,(r,s,<)|2m<(ftdsdrj =

/  r* rv r* \ 1 l/ 2
K ( a ybycyx yyyzyn ym ly. . . ymn) \̂ J j ] j  p (ry8yt)dtd8drjţ x

T 1 / 2

m2 *
Y 2  \DzD2D ifi(r ,  8}t)\2midtdsdr.

*=i
This is the desired inequality in (2.21) and hence the proof is complete. 

Remark 2 . If we take

(i) nii =  1 for i =  1 , 2 , . . . ,  n,

(ii) n =  1,

(iii) n =  1 and mi =  1 in (2.21), 

then we get respectively the following inequalities

I 1/ "  n
f  f  /

Jo j& dc
n i / * . M ) l  x ^2\D 3D2D 1fi(r,s,t)\dtdsdr <  (2.22)

L«=i t = l

[
ç x  p y  p z  ■

K ( a ,b ,c ,x ,y ,z ,n ,  J j  J  p{r,s,t)dtdsdr

\DsD2 Difi(r , s,t)\2dtd8dr,

m \/p{r,s,t)\fi(r, s,<)|">1 \D3D 2 D xf x(r, s, t)|midtdsdr <
..

[ px py pz 1/2
K (a ybycy x yyy zy l*m i) j  J J  p{r tSyt)dtdsdr x

x f  f  f  \D3D iD ifi(r ,s ,t)\2midtdsdr,
J  a  J b  J c

m \/p(r,s,t)\fi (r , s, t) I \D3D2D\fi (»", «, f ) |dtdsdr <
__ _ _

(2.23)

(2.24)
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’ /*® ry fZ "I ! / 2
< K  (a, 6, c, x, y, z, 1,1) /  /  /  p(r, s, t)dtdsdr x

. J  a  J  b J  c  .

x f f f \D3D 2D i f 1(r,s,t)\2dtdsdr.
J  a  J  b J e

We note that the inequality obtained in (2.24) is a three independent variable 

analog of the Opial inequality established by Traple in [15, p.160]. In the special case 

when p(r, s, t) is constant, then from (2.24) we have the following Opial type inequality

f f” f \fi(ris 1t)\\D3 D 2D 1f(r,s ,t)\dtdsdr<  (2.25)
J  a  J  b J  c

<  [K{a, b, c, x, y, z, 1, l)(x  -  a)(y -  b)(z -  c)]1/2x

x f f f \D3D2D ifi(r ,  s,t)\2dtdsdr.
J  a  J  b J  c

For similar inequalities involving functions of two independent variables, see 

[6,8,10,14].

3. D iscrete inequalities

Let JV =  { 1 , 2 , . . . }  and for æ, t/, z in JV, we define 

i4 =  { l , 2 , . . . , * + l } f 5  =  { 1 , 2 , . . . ,  j/ -f 1},  C = { l , 2 , . . . , z  +  1}

and Q =  A x B  x C. For a function /  : N3 -> R, we define the difference operators 

A i f ( r , s , t )  =  f ( r +  1, s , t ) ~  f ( r ,s , t ) ,

A 2/ ( r ,  s, 0  =  / ( r ,  s +  1, t) -  f ( r ,  s,t),

A 3f ( r ,  s, t) =  f ( r ,  s, t +  1) -  f ( r ,  s,t),

A 2A i f ( r , s , t )  =  A 2[Ai/ (r , s , t ) ]

and

A 3A 2A i f ( r , s ,  t) -  A 3[A2A i / ( r , *,<)].

We denote by G(Q) the class of functions /  : Q -> R  such that

f ( l , s , r )  =  f ( x  +  1 ,s ,t )  =  f ( r ,  1 ,t) =  f ( r , y +  l , t )  =  f ( r , s ,  1) =  f ( r , s , z +  1) =  0.

The discrete analogue of the inequality given in Theorem 1 is embodied in 

the following theorem.
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Theorem  3. L etp(rt s, t) be a real-valued nonnegative function defined on Q. Suppose 

that fi G G(Q) for i =  1 , 2 , . . . ,  n and let mi >  1 for i =  1 , 2 , . . . , n are constants. 

Then

x  y  z

r = 1 5=1 t = 1

-I 2/n

L»=l
(3.1)

1 /  X y  z \
< - M ( x , y , z , n , m i , . . . , m n) ( Y ^ ^ p ^ s , * )  x

n  \ r = l  , = i  t = l  /
x  y z

EEE
r = l  5=1 t = l  L»=l

where

M(x,y,z,

]T|A3A2A1/,(r,M)|2mi

i \ - . ¥ i m‘ / i+ j ê k - i )A \  ” . = i m i, y , z , n , m i , . . . , m „ )  =  ( - J  ’ (xyz) (3.2)

is a constant depending on x, y, z, n, rni , . . . ,  mn.

Proo/. From the hypotheses, it is easy to observe that the following identities hold 

for i =  1 , 2 and ( r , s }t) G Q:

r —1 5 - 1  t - 1

fi(r,s,t)  = X I X ]  X ]  AeA2Ai/,(u,vIty),
ti =  l V =  1 U» =  l 

r —1 5 — 1 2

fi(r,s,t)  = -  ^  AeA2Ai fi(u,v,w),
tz=l t/ =  l w ~ t

r — 1 y t - 1

fi(r,s,t)  =  AeA2Ai/j(w,t),u)),
t i=l t/=5 u;=l

X 5 - 1 t - 1

/i(r,s,<) = AeA2A ifi(u,v,w),
u ~ r  v — l w ~ l

r — 1 y 2

ai-.mh E E E  AeA2Ai/i(w,D,w),
li =  l V—$ w ~ t

x  y t - 1

M " ,m ) = E E E *  eA2Ai/,(u,v,w),

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
u = r  v=5 il»=1
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T S “■ 1 Z
fi ( r ,s ,t )  =  E E E  A eA 2Ai fi{u, v, w),

u = r  v =  l  w —t

' x  y  z

f i ( r ,s ,t )  =  ~  5 1 X 3 X 1  A eA2A ifi{u ,v ,w ),
u = r  v = s  w=zt

From (3.3)-(3.10) it is easy to observe that

\fi(r,s,t)\< j ^ E E E  |A3A 2A i / , ( u, v,«))|,

(3.9)

(3.10)

(3.11)
U = 1  t/ =  l W =  1

for (r, s,t)  G Q and i =  1 , 2 , . . . ,  n. From (3.9) and using the Holder’s inequality for 

summations in three dimensions with indices m i , — 1) for i =  1 , 2 , . . . ,  n we

obtain
/ i \ m i  x  y z

l/ t(r >s >0lm* <  ( g )  (x y z )m i~ l X ^ ^ ^ | A 3A 2A i/ i (u ,v )w ) r <. (3.12)
'  '  U = 1 l/ = l W = 1

From (3.12) and using the elementary inequalities (2.13) and (2.14) and 

Schwarz inequality for summation in three dimensions we observe that

1 2 In
< (3.13)

1 2/n

.»=l

' n / . \  m ,  x  y z “i ”

< n  8 X 535̂ 53 |A3A2A i/i(« ,t;,u ;)ri =
,i=l ' ^  ti =  l t/=l tt/=l .

i f  f m . _ n  \ \ n  x  y  z '

=  ( g )  11 {xy z)n m,_1 *  m E E E i A 3A 2A ^ ( u-v^ ) i m<
 ̂ '  L*=i u=i v=i w;=i .

n
3.T '(m -l)  f i  ” f *  V 2’-1 (zj/z) " <=i )x  ̂E E E E IA3A2ai/,-(«, t;, u>)|

1 a, — -i ., — 1 „„ — 1

n 2

<

n 2
<

v »  ë (m«—i) i a
< ^ g j  ( w )  1=1 x ^ n E

x  y z n 2

E E E IA 3A2A i / ,(« , v, «;)!"
_u=l t/=l «; =  1 

x  y  z

<

(xy z)n ‘=i ’ x E M E E E  IA3A 2A i /,-(u , v , w)|2m‘ =
i = 1 ti=l t/=l w = l

x y z2 d, y a

=  ~ M (x ,  y, z, n, m1: . . . ,  mn) x E E E |A3A 2A i / ,  ( u , v , tü)|2m ‘ 

u=i v=i iü=i L»=i .
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Multiplying both sides of (3.13) by p(r, and taking the sum over t , s , r  

from 1 to z, 1 to y, 1 to x respectively we get the required inequality in (3.1). The 

proof is complete.

Remark 3. If we take (i) m,* =  1 for i =  1 , 2 , . . . ,  n, (ii) n =  2, (iii) n =  1, (iv) n =  2 

and mi =  m2 =  1 and (v) n =  1 and mi =  1, then the inequality established in (3.1) 

reduces to the various new inequalities which can be used in certain applications.

The following theorem deals with the discrete analogue of the inequality given 

in Theorem 2.

T h eorem  4 . Let the functions p(r, s, <), / ,(r , s, t) and the constants m,- for i =  

1 , 2 , . . . ,  n be as in Theorem 3. Then

x  y z

r = l  5=1 t = l Lj = 1

1 / n n

<

x £  |A3A 2A i / , ( r , M ) r  <  (3-14)

n i/2
i = l

x  y z

M (*, y, 2 , n, mi , . . . ,  m„) ^  s’f)
r = l  5 = 1 fc =  l

‘ n '

5 3  |A3A2Ai/j(r,s,f)|2mi
x  y z

*EEE
r = l  5 =  1 t = 1 l i = l

where the constant M ( x , y, z, n, m i , . . . ,  mn) is defined by (3.2).

Proof By using Schwarz inequality for summation in three dimensions and the in

equalities (3.1) and (2.14) we observe that

x y  z

n  !/.■(»*, s,<)r
1 1 / ”

r=1 5 = 1 t=l _: = 1 J i=l

x  y z " n “ 2/n“
< I l £ Ê p ( r -s - 0

r=l 5=1 t=l
n i / * ( r - s>t ) r  
.1=1 .

' x ^ | A 3A 2A i/<(r,*,i)|mi <  

! / 2

x  y  z

EEE
r = l  5=1 t = 1 L»=l

T 2

5 e  |A3A 2A 1/,( r ,  s,t)|mi

1/2

<

1 /  x  y  z \
E E E p I’-,»,*) »

. \ r = l  5=1 t= l  /
x  y z

EEE
r = l  5 = 1 t= l  U=1

^ | A 3A 2A 1/ l ( r ,Sl<)|2m-
1 I 1 / 2
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‘ x  y  z

-SE E £ | A 3 A 2 A 1 / i ( r , M ) | 2m<
. r = 1 3 = 1  t = l .* =  1 .

EM
*

£ | A 3 A 2 A 1 / i ( r , M ) | 2m i  
.1 =  1 J .

1 1/2

1/2

x  y  z

M { x , y , z , n , m i , . . . , m n)
r = l  s = l  t = l

1/2

X

x  y  z

LEE
r = l  3 = 1  t = l

£ | A 3A2A1/,(r,M)|2m< .
. t '= l  .

This is the desired inequality in (3.14) and hence the proof is complete. 

Remark 4• In the special cases, if we take (i) m,- =  1 for i =  1 , 2 , . . . ,  n, (ii) n =  1, (iii) 

n =  1 and mi =  1 in (3.14), then we get the new inequalities which may be useful in 

certain situations. For similar inequalities, see [7,9,11,12,13] and the references given 

therein.
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