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ON DARBOUX LINES
NEBI ONDER AND ABDULKADIR OZDEGER

Abstract. In this paper, we first prove that the only surface (other then
a sphere) on which the two families of Darboux lines form a Tschebycheff
net and the third family of Darboux lines is transversal to one of the
two families of Darboux lines is a cylinder of revolution. We next show
that the surface (other than a sphere or a developable surface) on which

the Darboux lines correspond to those on its parallel surface is a surface

of constant mean curvature. Moreover, if the two families of Darboux
lines on a surface of constant mean curvature form a Tschebyscheff net,
then a surface becomes a cylinder of revolution or a plane. Furthermore,
we prove that surfaces (other than a sphere or a plane) whose Darboux
lines are preserved under inversion are Dupin’s cyclides or, in particular, a
pipe surface of revolution. Finally, we show that Molure surface on which
the two families of Darboux lines which are different from the lines of
curvature form two semi-Tschebyscheff nets together with a family of lines

of curvature are either a surface of revolution or a pipe surface.

1. Introduction

Let S be a surface of class C* in Euclidean 3-space and let C be a line on S.

C is said to be a Darboux line if the relation

drg _ _
D=—=+(p=Pn)pg=0 (1.1)

holds all along C, where D is the Darboux’s direction function and p,,pg, 7, and s
are, respectively, the normal curvature, the geodesic curvature, the geodesic torsion
and the arc-length of C, p,, being the normal curvature of the orthogonal trajectories

of C.
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Let a Darboux line make angles 4* and v** (y*+~** = §) with the parametric
lines v = const. and u = const. respectively. Then, by using the respective generalised

Euler, Ossian-Bonnet and Liouville formulae
pm = {r* cos¥* siny** + r**siny* cosy** + (t* —t**)sinv* siny**}/siné
T = {t* cosy* siny** + t** siny* cos ¥** + (r** — r*)siny* siny**}/sind

pg = {(g" +77)siny*™* + (¢** — v3*)siny*}/sind

the equation (1.1) can be expressed in the form

* * %k >k * 2 o,k
D= lsm-y. + 157 cos'y.sm'y n (1.2)
sin é sind
1% siny™* + 13" siny* in y* o
L(4 v '+ 2 8SInvy sm'y'cos'y +
sin § sind

(r-u _ 7'*)1 sin ')’" + (1’" _ 7'*)2 sin 7- sin 7# sin 7**
+ _ N +
sind sind

e {(7] iy + 5 siny")[(r** — 7*) sin? 4
sin” &

—(t* — t**) cos y** sin y**] + (9}* siny** + 73* siny*)[(r** — r*)sin® 4"+
1
sin? §
(" —t7") cos(d — 29" )H(g" + 1) siny™ + (¢™ — 13") siny"} = 0

+(t* —t**) cosy* siny*]} + {(r* — r**)sin(d — 2" )+

where *,r**; g%, g**;1*,t** are, respectively, the normal curvatures, geodesic curva-
tures and geodesic torsions of the parametric lines and 1, 2 are the indices of the first
order invariant derivatives.

The derivative of the differentiable function f(u,v) in the direction of the

curve C is

% =[(f)18in9 + (f)2sin @]/ sind,

where 1, ¢ are the angles between the tangent of the curve C' and the parametric
lines u =const., v =const., respectively, and s is the arc-length of C; (f); and (f),
being the invariant derivatives of f in the direction of the parametric lines v =const.,
u =const.
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If the lines of curvature of S are taken as parametric lines, then (1.2) becomes
(1.2))  —Fsin® p + (F2 — 2ry) sin? pcos p + (271 — 1) sinpcos? p 4+ rycos? p = 0

where ¢ is the angle between a Darboux line and the line v =const., and r, 7 are the
principal curvatures of S.

A vector field @ making an angle ¢ with the unit tangent vector field  of the
curve C on S will undergo a parallel displacement along C in the sense of Levi-Civita
if

dp
E = —Pg, (13)

where pg and s are, respectively, the geodesic curvature and the arc-length of C [1].
We assume that the angle ¢ is measured in the positive sense around the normal of
S from ¢ towards 1.

A Tschebyscheff net is by definition a set of parameter curves p =const.,

¢ =const., on a surface in terms of which the linear element takes the form
ds® = dp® + 2 cos pdpdq + dg¢*

or, equivalently, a net is a Tschebyschedd net if and only if the tangent vector field of
either family of the net undergoes a parallel displacement in the sense of Levi-Civita
along each curve of the other family [2].

A curve C is called a transversal of a vector field, if the vector field undergoes
a parallel displacement along C'.

The couple (D1, D3) of two families of curves on S is called a 2-net. A 2-net
is said to be a semi-Tschebyscheff net if one of the two families of this net is the

transversal of the tangent vector field of the other family.

2. Tschebyscheff nets formed by Darboux lines

In this section surfaces on which the two families of Darboux lines form a
Tschebyscheff net and the third family of Darboux lines is transversal to one of the
two families of the Tschebyscheff net will be determined.
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Let the three families of Darboux lines on the surface S be denoted by
D1,D2,D3. Withput loss of generality, we can take the two families D;, D2 as the
families of parametric lines v =const., u =const., respectively. In this case, from (1.2)

we obtain

&+ [(r" — r**) + (¢* — t"")cotgdlg® = 0 (2.1)

£5* + [~ (r" — ™) + (t* — t**)cotgd]g"™* = 0. (2.2)

The conditions for the 2-net A = (Dy,D;) to be a Tschebyscheff net are,
according to (1.3)

gt =48, =0, g* +4, =0. (23)

On the other hand, the condition for the third family D3 to be transversal of

the tangent vector field to one of the two families D; and D, to D; say, is, according
to (1.3)

dy*
—5 ~ (Pg)Ds =0 (24)

where (pg)p, is the geodesic curvature of the curves belonging to Ds, s being the

arc-length of Dj. ,
The conditions (2.3) and (2.4) give

9" =0, §=14(v). (2.5)
Then, by using the Gauss equation [3]
K =r*{r** +1* — t*)cotgd — t** =

=[g3 — 91 + 99" — 99" + ¢d1 + 812]/sind

where
_ (g™ —d2)cosd — (g* +441) __(g** —382) — (g" + 1) cosd
q= T y 9= :
sind sind
we have
K =r*[r** + (t** —t*)cotgd] - t*2 =0 (2.6)
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so that S is a developable surface.

Under the conditions (2.5), from (2.1) it follows that
t* = h(v) (2.7)

where h(v) is an arbitrary differentiable function of its argument.

Differentiating (2.2) with respect to u and making use of the relation
(r** —r*)cotgd = t* +t**, (2.8)
we obtain
toy = (20, cotg28)ty” (2.9)
where we have assumed that
(2.8)’ 8 # g
For
£ £0, ' (2.10)
integration of (2.9) gives
(2.10) ty" = f(u)sin26(v)

where f(u) is an arbitrary differentiable function of its argument.
Under the conditions (2.3), (2.4), (2.7), (2.10)’, the Mainardi-Codazzi equa-
tions [3]
ry = [(t* —t**) (" — 82)/sind + {r* — r** — (t* — t**)cotgd}(g* + &) + (2.11)

+t3 cosd —t1*]/sind

Pt = [(° = t°)(g" +61)/sind + {r* — r** — (t** — t*)cotgd})g™* — 62) + (2.12)

+t5 —t1* cosd]/sind
take the respective forms

_ f(u)sin24(v)

rt = k' (v)cotgd(v) sin 6(v)

(2.13)
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e _ M) :
" = Snd(o) f(u) sin 26(v)cotgd(v). (2.14)

Differentiating (2.8) with respect to u and v and using (2.13), (2.14), (2.10)’
and (2.7) we have

N O PR V70)
Tw = sin d(v) ), ™ sin 26 (v)

—2f(u)cosd(v) + 2t** g**. (2.15)

With the help of (2.13) and (2.15), the integrability condition »}, = 3, for

r* gives

1 d [ R’ (v) = —2f'(u) = A = const. (2.16)

cosd(v) dv | siné(v)
Differentiating (2.6) with respect to u and using (2.7), (2.8), (2.10)’ and the
first equation of (2.15) we get

2 Rv) u 2 h'(v) _
() [sin 5(v) 21 )] + sind(v) 0 (2.17)
(2.17) r*? = —h?%(v) [1 - h_’(;)%m]
with
(2.17)” ™ #£0, h'(v) #0.
Differentiating (2.17)’ with respect to u and using (2.15) and (2.16) we obtain
= —(A/2)h2(’l)) v) = h'(v)/ sin 6 (v
T ) -2 ()= e Emel) (218
where
(2.18)’ I(v) — 2f(u) # 0.
Substituting of r* in (2.17)’ gives
A2 B o
[ i) ] l(v) = =2f(u) = B = const. (2.19)

From (2.16) and (2.19) it follows that »* = 0 which contradicts the condition
™ #0in (2.17)”.
48




ON DARBOUX LINES

Now we consider the cases where the conditions (2.18)’, (2.17)”, (2.10), (2.8)’
are not satisfied, namely the cases

I. K (v)/siné(v) —2f(u) =0, IL. A'(v) = 0, III. »* = 0, IV. £3* = 0, V.
d(v) =m/2.

It is easy to see that the cases I and III cannot hold.

In case II, from (2.17) it follows that

h?(v) f(u) = 0. (2.20)
If, in (2.20) f(u) =0, then (2.10)’ gives t}* = 0 which contradicts (2.10).
If, in (2.20) h(v) = 0, then from (2.16) and (2.7) we get A =0, f(u) = C; =

const. and t* = 0. Substituting of f(u), h(v) and t* in (2.15), (2.14), (2.13), (2.10)’,
(2.2) yields

7-:‘ = —201, 1"; — —2C1 COS J(U) (221)
= —-2C cos? §(v), rg* =-2C1cosé(v) +2t™g™ (2:22)
t; = Cysin26(v), " = 2™ g™ cotg2d(v) (2.23)

With the help of the condition (2.3), (2.23) gives
t** = (Ciu + C2)sin28(v), (Ci,C2) = const. (2.24)
Then, from (2.24) and (2.22), we obtain
r** = —2(Cyu + Cy) cos? 6(v) — 2C, /cos d(v)dv+ Cs (Cq = const.) (2.25)
Substituting the values of #**,#*,¢** in (2.6) and remembering that r* # 0, we get
2C, /cosJ(v)dv =Cy

from which it follows that C; = C4 = 0. In this case, from the first equation of (2.23)
we find that ¢** = 0 which contradicts (2.10). Therefore, the case II can not hold.

In case IV, we have
" = k(v) (2.26)
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where k(v) is an arbitrary differentiable function of its argument. Then, Mainardi-
Codazzi equations become
h'(v)
* _ 3/ *n
ry = h'(v)cotgd(v), r}* = Sné(0)°
Differentiating (2.8) with respect to u and v and using (2.27), (2.28), we get
o W) 20M()

" Gnd(v)’ " T sin20(v)
By means of (2.28) and (2.29) it follows that

(2.27)

+ 2k(v)g™". (2.28)

!
r™=A /cos d(v)dv + Aju+ A, M— = A, =const., A; = const.) ,
sin é(v)
™ = Aju+ Az + / A + 2k(v)g** (v)| dv (As = const.). (2.29)
cos d(v)

If (2.30), (2.27) and (2.7) are taken into consideration, the Gauss equation (2.6)

reduces to
A3 + Ay [a(v) + A)]u + a(v)B(v) — B (2) = 0
where we have put

a(v) = A2 + A /cos&(v),

Bv) = A2 + / [cosAﬁ + 2k(v)y"(v)] dv + (k(v) — h(v))cotgd(v),
from which it follows that
A1 =0, a(v)B(v) —h%(v) =0. (2.30)
Combining (2.31) with (2.30) we get
h(v) = const., /2k(v)g" (v)dv + (k(v) — h(v))cotgd(v) = %:- — Ag (2.31)
where we have assumed that
Ay #0. (2.32)
Differentiating (2.32) with respect to v, we obtain
—k(v)g** cos26(v) + %k'(v) sin2d(v) + Bg** =0, (9" =4dy)
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which, by the condition g** — §, = 0, gives
k(v) = Bcos2§(v) + Dsin26(v), (D = const.) (2.33)

On the other hand, (2.34) and (2.32) give

(2.34) k(v) = Bcos2§(v) + (ﬁ—: - Aa) sin 28(v).

With the use of (2.34)’, (2.32) and (2.31), the equations (2.30), (2.27) and (2.7)

become respectively
B?
t* =B, t** = Bcos26(v)+ (;1—— - Aa) sin 26 (v)
2

2
™ = A;, " = A3+ Bsin26(v) — (ﬁ— - Aa) cos 26(v).
2

Then it can be easily seen that one of the principal curvatures is zero while the other
one is a constant which means that S is a cylinder of revolution.

We next consider the case where the condition (2.33) is not satisfied. Namely,
the case of A3 = 0. Then, from (2.31) we get B = 0 by which the equations (2.30),
(2.27) and (2.7) reduce to

t*=0, t*=k), =0 r= 2/k(v)g"dv + As. (2.34)
If these values of t*,t**,7*, r** are substituted in (2.8) we obtain
(2/k(v)g**dv + A3> cotgd(v) = k(v). (2.35)
Differentiating (2.36) with respect to v we get
Kv) _ s
*(o) 26" (v)cotg2d(v)

where k(v) # 0. (In case of k(v) = 0, S is a plane), from which it follows that
k(v) = Cisin2§(v) (C) = const.)

Then, from (2.36) we find that As = 0, by which (2.35) becomes

t* =0, t*=Cisin28(v), r* =0, r** =2C;sin?d(v)
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In case V, from (2.1), (2.2), (2.3), (2.5) we obtain

gF=g¢"=0, t"'=-t"=4 (2.36)

r* =1l(u), ™ =mv), : (2.37)
where [(u) and m(v) are arbitrary functions of their arguments.

By the use of (2.37) and (2.38), the Gauss equation yields

m(v) = % = B = const. (2.38)

where we have assumed that
l(u) #£0. (2.39)
By (2.39), the equations (2.38) become
v =1l(u), »r* =B

stating that S is a cylinder of revolution or a plane.

Finally, we consider the case where the condition (2.41) is not satisfied.
Namely, the case of I(u) = 0. In this case, we have A = 0. Then the equations
(2.38) and (2.37) become

tr=t"=0, =0 r=m).
With these values of t*,¢**,7* and r**, (1.2) reduces to
m/(v) sin® y* siny** =0
from which it follows that
m(v) = const.

Therefore, S is a cylinder of revolution or a plane.

Summing up what we have found above we obtain the
Theorem 2.1. The only surface (other than a plane) on which the two families
of Darbouz lines form a Tschebycheff net and the third family of Darbouz lines is
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transversal to one of the two families of the Tschebycheff net is a cylinder of revolu-

tion.

3. Darboux lines on parallel and inverse surfaces

3.1. Surfaces on which the Darboux lines correspond to those on their
parallel surfaces. Let S be a real surface in Euclidean 3-space with vector equation
# = #(u,v). A surface S parallel to S is defined by T = £4C (C = const.) where 7 is
the unit normal vector of S. If the lines of curvature of S are taken as the parametric
lines, the coefficients of the first fundamental form of S denoted by E, F, G are given
by

= _(C-a\? =_o =_(C=8)\
E_< - )E F=0, G_(T) G (3.1)

where E and G are the coefficients of the first fundamental form of S, @ = 1/r and
B = 1/7 being its the radii of principal curvatures. The principal radii of curvatures,

denoted by R and R, of S are given by

(e = +1) (3.2)

If the lines of curvatures of S are taken as the parametric lines, the equation

(1.2) becomes
—71 tan® o + (F2 — 2r3) tan® p + (2F, — r1) tanp +r2 = 0. (3.3)
Using the fact that tanp = (G/E)l/zj—v, (3.3) takes the form
u

~74G*(dv)® + (Fy — 2r,) EG(dv)?du + (27, — ry) EGdv(du)? + r, E*(du)® = 0.
(3.4)

Using this equation and remembering that the lines of curvature on S and §

correspond, the differential equation of the Darboux lines of S is obtained in the form

~R.G(dv)® + (R, — 2R,)E G(dv)2du + (2R, — Ru)E Gdv(du)? + R, E*(du)® = 0.
(3.5)
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The Darboux lines of S and S will correspond to each other, if and only if the
respective coefficients of the equations (3.4) and (3.5) are proportional. Then, with
the help of (3.1) and (3.2), from (3.4) and (3.5) it follows that

:62 _ —B o? + 2auﬂ2 _ "2,3ua2 + aufe _ a?
(B—0C)2 " —Pu(@a=0C)2+20,(f—C)2 ~ —2Bu(@—C)2+0au(B—C)?  (a-C)>
(3.6)

where we have assumed that

(3.6)' ay#0, By #0.

From (3.6) we get

Pu(B—a)1-CW)=0, (B-a)(1-CW)(aufs —4a,fu)=0  (3.7)

B-a)1-CW)=0, ay(f-a)1-CW)=0 (3.8)

where W is the mean curvature of S and K # 0.

In the case of K = 0, the Darboux lines of S and S do correspond.

If S is neither a sphere nor a developable surface, from (3.7) and (3.8), we
get 1 — CW = 0 which means that S is a surface of constant mean curvature.

Now we consider the cases where the conditions in (3.6)" are not satisfied,

namely
I. B,=0, II. a,=0.

In case I, by (3.1) and (3.2), equations (3.4) and (3.5) take the respective

forms
Edu { ["27 + 22‘—2] G(dv)? + Z—;dedu - Z—;’E(du)z} =0 (3.9)
Edu { [— b + 2a ] G(dv)? + 2 __Gdvdu — ——EX——.E_(du)z} =0
B-C)P?  (a=C)? (a=C)? (a=C)? B
(3.10)
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showing that one of the families of Darboux lines on S and S coincides with the family
of lines of curvature u = const. The other two families of Darboux lines on S and S

are given by

By ay a a
[—— + 2;—5 G’(dv)2 + ;}dedu - B{—;E(du)2 =0,

32
[— b\ 2 ] G(dv)? + —= _Gdvdu — — =~ _F(du)? = 0
B-C)2  (a-0C) (a—C)? (a-C)? o
These lines will be in correspondence provided that
Bu(B—a)(1-CW)=0 (8.11)
B-a)l-CW)=0 (3.12)
ay#0, a,#0 (3.13)

By (3.14) we get 1 - CW = 0 from which it follows that a,, = 0 contradicfing
with (3.15).
Next we consider the cases where the conditions in (3.15) are not satisfied.
Namely,
I' a;=0, ", a, =0.

In case I’, using (3.1) and (3.2), from (3.4) and (3.5) we find that

-5 23] Gtaop - et =0 519
[- (8 fUC)'-’- * (az—avc*)z] Gldv)* - (7,—5"67)5?(‘1“)2 =0. (3.15)

Since the coefficients of (3.16) and (3.17) must be proportional, we obtain
(B — a)(1— CW) = 0. (3.16)

(3.18) gives 1 — CW = 0 for a # 3 showing that S is a surface of revolution
of constant mean curvature other then a sphere.
In case IT”, we have 8, = 0, a, = 0 implying that S is a cylinder of revolution

or a plane.
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In case II, we apply the same reasoning as above and obtain the same results

included in case I.

We therefore obtain the
Theorem 3.1. Let S be a surface parallel to S and suppose that S is neither a sphere
nor a developable surface. If the Darboux lines of S and S correspond to each other,

then S s a surface of constant mean curvature.

3.1.1. Surfaces of constant mean curvature on which the two families of Darbouz lines
form a Tschebycheff net. 1t is well known that [4] the Darboux lines of a surface of
constant mean curvature other than a sphere, a cylinder of revolution or a plane, cut
each other under an angle of 120°.

Suppose that the lines of curvature on S are taken as the parametric lines.
Let the lines of the two families D; and D, of Darboux lines make, respectively, the
angles ¢ and ¢ with the parametric line v =const. Then ¢ — ¢ = 120°.

The conditions for the 2-net A = (D1,D;) to be a Tschebycheff net are,
according to (1.3),

d(p — ¢) d(¢ - o)
—B_ -9 _ _ 1
d52 B (pg)2’ dsl (Pg)l (3 7)
where s1, 52; (pg)1, (pg)2 are the arc-lengths and the geodesic curvatures of D, and D,
given by
(pg)1 = prcosp+ pasingp + gcosp + Fsing =0, (3.18)
(pg)2 = d1cosd + $asing + gcosd + gsing = 0. (3.19)

Using the fact that ¢ — ¢ = 120°, by (3.20) and (3.21), (3.19) becomes
[p1 + g]cos p + [ip2 + g]sinp = 0,

o1 + g] cos(p + 120°) + [p2 + F] sin(p + 120°) = 0

from which it follows that

pr1+9=0, p2+7=0. . (3:20)
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With the help of (3.22), the integrability condition 12 — w21 = g1 + G2

for ¢ gives
92—51—92—§2=K=0

which means that S is a developable surface. On the other hand, since 2W = é+% =
r+ 7 =const., S is a cylinder of revolution or a plane.

Thus, we obtain the ‘
Theorem 3.2. A surface of constant mean curvature on which the two families of

Darbouz lines form a Tschebycheff net is a cylinder of revolution or a plane.

3.2. Surfaces on which the Darboux lines are preserved by inversion. Let
the surface S be given by the vector equation ¥ = Z(u,v) and let S* be its inverse.
Then S* is defined by the equation * = %255:‘ , ¢ being the radius of inversion. Denoting
by E, F,G and E*, F*,G* the coefficients of the first fundamental forms of S and S*

respectively, we have

4 4

* 4 * C4 * 4

If the lines of curvatures on S are taken as parametric lines, the principal

curvatures, denoted by 7* and 7 of S* are given by
SR = - (7 3.22
= g(re? £ 2p), = — (a4 29) (3:22)

where p is the perpendicular distance, measured in the sense of the unit normal vector
of S, from the centre of inversion to the tangent plane of S at the point considered.

The quantities r, 7, p, ¢ are related by

(3.24)' 20y = —(2%)ur, 2py = —(22),

sl

Using the fact that tanp = (G/E)l/"’;ﬁ, (1.2) takes the form
u

—7,G%(dv)? + (Fy — 2ry) EG(dv)?du + (274 — 1) EGdv(du)? + 7, E?(du)® = 0.
(3.23)
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Since the lines of curvature on S and S* correspond, the differential equation

of the Darboux lines of S* is obtained in the form
—75G*2(dv)® + (7} — 2r}) E*G* (dv)?du + (3.24)

+(27% — ) E*G* dv(du)? + r} E*%(du)® = 0.
The Darboux lines of S and S* will correspond, if and only if the respective

coefficients of the equations (3.25) and (3.26) are proportional. Consequently, by
using (3.23), (3.24), (3.24)’, from (3.25) and (3.26) we get

2 (220 — (Fo — 2r0)(€%)u = 0, (3.25)
ra(z®)u =0, Fy(e?)y =0, (3.26)
Fu(@?)y +ru(22)u = 0, (3.27)

(Fo = 2r) (2%)u — (2)0(2Fu — 1) =0, (3.28)
2ry (2%)y + (2Fu — ru)(2%)y = 0 (3.29)

from which it follows that

ry =Ty =0, (3.30)
Tu(z?)s +70(2?)u =0 (3.31)

where we have assumed that
() #0, (2%)y #£0. (3.32)

It is well known that the conditions (3.32) characterize the Dupin’s Cyclides [5].
The general solution of (3.33) is

z? = ¢(r —7)

which means that the curves » — 7 =const. are spherical.
If, in (3.34), (z?)y =0, (2?), = 0 it is clear that S is a sphere.
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Now suppose that one of the quantities (z2), and (22),, say (z?). is zero.

Then, we find that

F=const.,, r,=0, g=0

showing that S is a pipe surface of revolution.

We therefore obtain the
Theorem 3.3. If the Darbouz lines of the surfaces S (other then a sphere) and S*
correspond to each other, then S belongs to one of the following two classes:

1. S is a Dupin’s cyclide and the curves r — ¥ =const., are spherical,

2. S is a pipe surface of revolution.

3.3. Molure surfaces admitting two semi-Tschebycheff nets formed by Dar-
boux lines. In this section, we consider Molure surfaces which include pipe surfaces
as a special case and are characterized by the condition 7y = 0 (7 = f(v), f(v) being
a differentiable function of its argument).

It is easy to see from (3.4) that one of the families of Darboux lines on a
Molure surface coincides with the family of lines of curvature u =const. Then the
other two families of Darboux lines are given, according to (3.3), by

T2

tan® p — = "I tan e+ =0 (3.33)

—2ry To — 219

where we have assumed that
(3.35) To — 2ry # 0.

Let the two families of Darboux lines make, respectively the angles ¢ and 9
with the parametric line v =const.
The conditions for the family D; : u =const. to be transversal of the tangent

vector fields of the other two families are, according to (1.3),

™ T
( 9 ¢l) N g, ( 2 ¢2) 2 g (3 )
Since the geodesic curvature g of the lines of curvature u =const. is zero, by

a suitable choice of the parameter v, we can make G = 1. Then, (3.36) becomes

(3.36)" ¢y =1y = 0.
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Taking the invariant derivative of (3.35) in the direction of u =const., and

using (3.36)’ and replacing ¢ by ¢ and i we respectively get

_ (?(1));1_21._2)2 tan ¢+ (Wzgl =0, (f'(u)r1 2r2) tan y+ (?’U)—)r_inz);:

from which it follows that

T1 T9

o) =2 = a(u), o) =2 = b(u) (3.35)
where a(u), b(u) are arbitrary differentiable functions of their arguments.
From (3.37), it follows that
_ f®alw) _ f(v)b(u)

T 1+2b(u)’ 2T 1+ 2b(n) (3.36)
where we have assumed that
(3.38)’ 1+ 2b(u) # 0.
Integration of the second equation in (3.38) we obtain
= S0 S’)Q"b((‘g) +C(w) (3.37)
C(u) being an arbitrary differentiable function of its argument.
Substituting r in (3.38) and assuming that
F0)£0, a(u)#0 (3.38)
we get
p _(f) u
(3:40) vE=(735) v+ (77) 70
where
" u b'(u) T = S+ 2b(w)]
(3.40) Ulu) = a(u)[1+ 2b(u)]’ Ulu) = a(u) )
With the help of (3.39) and (3.38) the Mainardi-Codazzi equation ry = (r —
T)g gives
v)R(u) - C(u f(v) L \'g u)| =
UoRE -cw | (H2) v + (775 T )J = (33
= [1 - R()][f(v)U (u) — U(u)]
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where

(3.41) R(u) = %

Differentiating (3.41) with respect to v, we obtain

(X (v)R(u) — Y (n)C(w)]U () + [Z(v) R(u) — T(v)C(u)]U (u) = [1 - R(w)]U (u)

(3.40)
where we have put
[ f(v) 1’ "
0 ( ) f(2)
f(v (v
(3.42) X =+—5 (v() V1 vw= (f; ,((v)))
] 1 ’1 ! "
f) | 5= 1
f'(v ’ fllv)
Differentiation of (3.42) with respect to v and division through by
T'(v) # 0 (3.41)

gives the equation

(3.43)' [X(v)R(u) = Y (2)C(u)]U (u) + [Z(v) R(u) = C(u)]U(u) =0

where
" —vz_m _vzyl(v) —v:Z’(’U) ! (v
By X =g YO =gy T =y (TE)#0).
Differentiating (3.43)’ with respect to v and dividing the resulting equation
by
Z #0 (3.42)
we get
: X (v) Y'(v) 7
3.44 —/U(u)R(y) = =/—U(u)C(u) + U(u)R(u) =0
(3.44) Z(v)()()z(v)()(H()()
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Finally, differentiation of (3.44)’ with respect to v we have

U (u) [(-;—((Z)l) R(u) — (}_Z,,EZ;) C(u)] =0. (3.43) |

If, in (3.45) U(u) = 0, by (3.44)°, (3.43)’ and (3.40), it follows that E = 0
which is not possible.

For U (u) # 0, (3.45) becomes

7o)
(3.45) Zw) _cw

?_,(v) "= Ra) = d = const.
(7wJ
where we have assumed that
(3.45)" (i“ﬁ #0, R(u)#0.
Z (v)

By (3.43)”, (3.45)’ gives
X(v) =dY (v) + eZ(v) + kT(v) +1, C(u) = dR(u)

where e, k,l are arbitrary constants. Substitution of X(v) and C(u) in (3.44)’ and
(3.43)’, by (3.42), we obtain

U+T=0, k+ed=0, (1+z)11%2b%)7=1

from which it follows that b(x) =const. Then, from (3.40)” we get U(u) = 0 which
can not be the case.
Now, we consider the case where the conditions (3.45) are not satisfied. Here,

we distinguish two cases:
— ! 5/ !
Y (v) Y (v)
la. =0, R(u)#0; 1b. R(u) =0, =] #0
(7w0 w? “ (iw)
In case 1a, by (3.45) and (3.43)’ we obtain

Y (v) = C1Z(v) + CoT(v) + Cs, (3.44)

X(v) = C4Z(v) + CsT(v) + Cs (3.45)
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where Ci,C2,Cs,C4,Cs, Cg are arbitrary constants. Substitution of X (v), Y (v) in
(3.44)’, (3.43)’ and (3.42) we have

[C)4R(u) — C1C(u)]U (u) + U(u)R(u) = 0, (3.46)
[CsR(u) — C2C(u)]U (u) — U(u)C(u) =0, (3.47)
(Cs + 1)R(u) — CsC(u) = 1. (3.48)
Using (3.42)’, from (3.46) and (3.47) we get
f(v) (%)I = C4f(v) (J,—,%;)I +Cs (T’%v“))l + Csf(v) + Cy, (3.49)

(fL’((%)I =G (f_f:%j)' +C (%,,)'),-chf(v) +Cs (3.50)

C7 and Cj being arbitrary constants. Combining (3.51) and (3.52), for
(3.52)' (C1—1)f(v) + C2 £0,
we obtain
Caf?(v) = [(1 = Cg) — (C1 — 1)(Cs — 1) + C5C4] f*(v)—-
~[C3Cs — C7(Cy — 1) — Co(Cs — 1) — C4(1 — Ca))f(v)+
- +[C5(1 — Cg) — Ca(1 — Cs) + C5C7] = 0.

Since f(v) #const., this equation gives

C3=0, C7(C1—1)+Cy(Cs—1)+ C4(l-Cs) =0,

(1-Cs) - (C1 = 1)(Cs ~ 1) =0,
05(1 - CB) - Cz(l - Ce) + C,C7 = 0.

With the help of these relations, from (3.50), (3.41)’ and (3.40)” it follows
that U(u) = 0 which is not possible.

Suppose now that the condition (3.52)’ is not satisfied, i.e. (Cy — 1)f(v) +
C,; = 0. We then have C; = 1, C3; = 0 so that the equation (3.52) reduces to
(1 — Cg) — C3f(v) = 0. But this gives Cg = 1, C3 = 0. Under these conditions U (u)

becomes zero which cannot be the case.
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In case 1b, by (3.41)’ and (3.40) we find that U(u) = 0 which is impossible.

Therefore the cases 1a and 1b can not hold.

If the condition (3.43) or (3.44) is not satisfied considerations similar to that
given above show that these two cases cannot hold.

We next consider the case where (3.40) is not satisfied. Then, either 1°.
f'(v) =0, a(u) =0o0r2°. f'(v)#0, a(u) =0. In case 1°, from (3.38) it follows that
r =const. from which we obtain 73 — ro = 0 which contradicts (3.35)’. In case 2°,
from (3.38) and (3.39) we get

flv) = (7'(u)(;,?;)26(u))2 = Dj =const., b (u)#0 (3.51)

Then, by (3.38), we obtain 7, = r, = 0 which contradicts (3.35)’.
If, in (3.53) b'(u) = 0, then from (3.38) and (3.39) we have C(u) =const., so

that
r=r(v), FT=TF()
which shows that S is a surface of revolution.

Finally, suppose that the condition 1+ 2b(u) # 0 in (3.38)’ is not satisfied. In
this case, from (3.37), it follows that f’(v) = 0 which means that S is a pipe surface
[5].

We therefore obtain the
Theorem 3.4. If the two families of Darbouz lines different from the lines of curva-
ture on a Molure surface form two semi-Tschebycheff nets together a family of lines
of curvature, then such a surface is either a surface of revoluion or a pipe surface.
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