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GENERALIZED CONTRACTIONS FOR SOLVING RIGHT FOCAL  
POINT BO U N D AR Y VALUE PROBLEMS

V A S IL E  B E R IN D E

A b str a c t . The main goal of the present paper is to use the generalized 

contraction mapping principle [4] instead of the classical contraction map

ping principle, in order to obtain a more general existence and uniqueness 

theorem for the nt7> order ordinary differential equation with deviating 

arguments (1.1) - (1.3).

1. Introduction

Second order as well as higher order boundary value problems with deviat

ing arguments arise naturally in several engineering applications. In spite of their 

practical importance, only a few papers are devoted to boundary value problems(see

[2] and references therein), even if initial value problems for higher order differential 

equations with deviating arguments have been studied intensively. Consequently, let 

us consider, as in [2] ( all concepts and notations related to ODE are taken from this 

paper), the nth order ordinary differential equation with deviating arguments

z (n)(t) =  f ( t ,x o w {t)) ,t  e  [a,6], (1 .1 )

where xow (t)  stands for (a?(tü0>i(<)), x(w0iP̂ ){t)), - ,  x^\wqiP̂q){t))),

0 < q < n — 1 (but fixed), and p(i), 0 <  i <  g, are positive integers.

The function / ( t ,<  x > ) is assumed to be continuous on [a,6] x R N,where
<2

< x >  represents (xo,i, •̂̂ x̂oip(o)̂  •••>xq,p{q)) anc* ^  =  p(0* The functions
*=o

*>iji 1 < i  < P(*), 0 < i < q,
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are continuous on [a, 6] and Wij (t) < b. for all t G [a, 6];

Also, they assume the value a at most a finite number of times as t ranges 

over [a, 6].

Let

a  =  min{a, mî witj(t), 1 <  j  < p(i), 0 <  i < q}.a<r<o
If a <  a, we assume that a function cp G C ^ [a , a] is given.

Let k be a fixed integer such that 1 < k < n — 1 and let r =  min{</, fc — 1}. 

We seek a function

x G B =  C (r>[a, b] O cW [a , a] fl C ^ [a , 6],

having at least a piecewise continuous nth derivative on [a, 6], and such that: 

if

a < a and q > k —\,then x̂ l\t) =  ^ ^ (t), 0 <  i <  g, <G [a,a]; (1.2)

if a < a and q <  & — 1 ., then

x^ (t)  =  0 < i < g ,  lG [a ,fl] ;

xW(a) =  A*, q + 1  < * <  A — 1;

if a =  a, then

xM(a) =  A , 0 <  i <  k — 1

and

zl*\b) =  Bit k < i < n -  1; (1.3)

Also, x is a solution of (1.1) on [a, b].

2. Equivalent integral equation

To obtain an existence and uniqueness theorem for the boundary value prob

lem (1.1)-(1.3) we shall convert it into its equivalent integral equation representation. 

To this end we need the Green’s function expression, g(tf,s), for the boundary value 

problem

* w  =  0, * (<)(o) =  0, 0 < i < fc — 1, *W(6) =  0, k < i < n — 1. (2.1)
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From Lemma 2.1 [2], we have that g{t) s) is given by

(n^TJÏ Ë  ("T1)^  -  « ) ’ (« -  *7
£(<>«)=•{ 'n—1

-çrhjï E ("j x)(* -  «)*(« -  *7v ; izzk

S < t ,

8 >t .

It is known [2] that

( - l ) n- V 0 (M ) >  0, 0 < * < * , (t,s) G [a,b] x [a ,6];

( - 1 ) "  'ĝ(t,s)> 0, /: +  l < i < n - l ,  (<, s) € [a, 6] x [a, 6];

sup
a<t<b«

vJ I I ds < Cn,i{b — a)71"*1, 0 <  i < n — 1,
~  ~  a

where gW(t,s) =  d,g(t,s)/dti and

Cn.i =  <
^  I " " f 1 I, 0 <  i < k -  1,

j = o

Ï"-ÏÏÏ Jb <  i < n — 1.

The boundary value problem (1.1)-(1.3) is equivalent to the integral equation

os(t) = i>(t) + 6(t) J g(t,s)f(s,x ow(s))ds (2.2)

where

m  =
0, <€[a, fl ]

1, otherwise,

and the function ^ is defined as follows. 

If a <  a and g >  k — 1, then

>p(t), <€[<*, a],Pn-i(t), te[a,b],4>{t) =
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where a, =  0 < * <  k — 1, Şi =  £,*, k < i  <  n — l,and pn-iC0 is the unique

polynomial (see Lemma 2.2,[2]) of degree n — 1 satisfying

^ n -i(a) =  a «) 0 < i <  fc — 1 and P^liib) =  Şi>k < i  < n  — 1.

If a <  a and q < k — l,then

xl>{t) =
t G [a, a], 

t G [a,6],

where a» =  ̂ ^ ( a)»0 <*<(/, =  .A*, g +  1 < i <  fc —  1, and /?,• =  B t, fc <  i <  n —  1.

If a =  a, then =  Pn« i(t ) ,t  G [a, a], where

a,- =  Ai,0 <  i <  k — 1 and Şi =  Bi,k < i  < n  — 1.

It is easy to see that rjj G /?, and for all t G [a, 6],with

=  «, =  Pn-iia +  0)-

3. G eneralized con traction  m apping principle and m ain result

We shall use a local variant of the generalized contraction mapping principle 

[4, Theorem 1.5.1.] to state our main result.

Lem m a 3.1. (Generalized contraction mapping principle [4]). Let (X,d) be a com

plete metric space and let p > 0, p G R, S(uo>p) =  {n G X  : d(u,uo) < p}. Further, 
let T be an operator which maps S(uq, p) into X , and

(i) for all u,v G S ( u q , p )yd(TuyTv) < <j>(d(uyv)), where <f> is a (c)-comparison 

function;

(ii) p o  =  d(Tit0, n0) < p -  ^(/i).

Then

(1) T has a fixed point u* in S(uo,po)]

(2) u* is the unique fixed point o fT  in S(uo,//o);

(3) the sequence {ttm}, where um+i =  Tumy m =  0,1,..., converges to u* with

d(u*,um) < s(<j>m(d(u0,u i)))
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and

d(u*,um) < s(d(um,um+1));
OO

where s(t) is the sum of the series
k=0

(4) for any u £ 5(wo,/io), u* =  lim Tmu.m—+co

Remark. For the notion of (c)-comparison function we refer to [4]. A typical compar

ison function is

<f>{t) =  \t, 0 <  A < 1, t€ [ 0 , oo ) .  (3.1)

For <p given by (3.1), from Lemma 3.1 we obtain Lemma 2.3 [2].

Let Ai, 0 <  i <  k — 1 and Bi, k < i < n — l,be given fixed numbers and 

€ B the function defined in [2], Section 4. Following [2], a function x £ B is called 

an approximate solution of (2.2) if there exist nonnegative constants e and <5 such that 

wherever and # ^ (t) are defined,

sup I ](t) -  I <  eC„,i(b -  a)” - ’ , 0 < i < q, (3.2)
a<t<b

b
sup I -  6(t) [  x o  w(s))ds |< SCn,i{b

a<t<b J
a

If we consider the following norm on the space B:

|| x ||= jmax I (C-n4 bn7 } ) SUP I x^ {t)  I wherever xW(t) 

and apply Lemma 3.1 we can prove in a standard way.

Theorem  3.1.. Suppose that (2.2) has an approximate solution x £ B and

(i) f  satisfies the Lipschitz condition

\ f ( t ,<  x > ) — f { t ,  <  y >) |< Litj \ xi j —Vi j\,
i=o j=i

for all (t, <  x > ), (t, < y > ) £  [a, b] x Di, where

- a) n - * ' , 0  < i < q .

(3.3)

exists >
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(ii) <t> is a (c)-comparison function and

(e +  6)Cnio (b -a )n <ti-<t>(p). (3.4)

Then

(1) There exists a solution x*{t) of (l.l)-(l.S ) in S(x,po)',

(2) £*(<) is the unique solution of (l.l)-(l.S ) in S(x,po);

(3) The sequence (x m(t)} of successive approximations, defined by

b
ffm+i (*) =  ^ (0  +  0(t) /  g{t, s)f(s, xm o w(s))ds, m =  0,1,...

a

and xo(t) =  x(tf), converges to x*(t) with

Ik* - * m | | < ^ ro(||tco-«1 ||))>

II X — Xm ||< 5(|| um — um+1 ||)j

(4) for anV xo{t) =  « ( /) , where x G S (x ,/io), the iterative process converges to x*(t) . 

Remarks

1) For <j)(t) as given by (3.1), from Theorem 3.1 we obtain Theorem 4.1 in [2];

2) If , for instance , we take the comparison function 0 : R+ —> R+, given by :

then an operator T, which satisfies all assumptions in Theorem 3.1, will be gen

erally not a contractive operator ( with respect to the norm , see [4]), that is, an 

operator satisfying for all u, v G S(x, /io), the classical contraction condition

\\Tu-Tv\\< À H ti-ti||, 0 < À < 1,
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but T is a generalized contractive operator. Consequently, Theorem 4.1 from [2] 

does not apply, while Theorem 3.1 apply to this class of higher order differential 

equation with deviating argument.
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