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ALMOST OPTIMAL NUMERICAL METHOD

SOMOGYI ILDIKO

Abstract. This paper investigates an algorithm presented by Smolyak
(1963), who studied tensor product problems.

1. Introduction

The essence of these algorithms is that it is enough to know how to solve the
tensor product problem for d = 1 efficiently. The algorithms for arbitrary d are fully
determined in terms of the algorithms for generally, arbitrary linear functionals.

The choice of function values is especially interesting, since for arbitrary linear
functionals we know how to solve multivariate problems.

The algorithms are linear. They depend linearly on the information. This
property makes their implementation easier. In fact, the weights of the algorithm for
d > 2 are given by linear combinations of the corresponding tensor product weights of
the one dimensional algorithms. Information used by the algorithms is called hyper-

bolic cross information and had been successfully applied for a number of problems.

2. Formulation of the problem

In this section a tensor product problem will be define for a class of functions
of d variables.

Ford=1,2,... consider
Sd : Xd - Yd

where X, is a separable Banach space of functions f : D* -+ R, D C R, Yy is either
a separable Hilbert space of functions, or R, and Sj; is a continuous linear operator.
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We assume that Yj is a tensor product,
Vi=Y10Y19...0Y, (1)
and X; is a Hilbert space
Xa=X198X:%...0X)

Si=51051®...85:.

d
The tensor product f = fi ® ... ® fa = @ fr for numbers fi is just
k=1

d
the product [] fi. When fi are scalar functions, f is a function of d variables,
k=1

d
... ta) = k]—[ Je (k).
=1
The element Sy(f) is approximated by A(f) = ¢(N(f)), where the informa-
tion about f,

N(f)z[Ll(f):'-'aLn(f)L (2)

consists of n values of continuous linear functionals L;, and ¢ : R® — Gy is a linear

mapping. This results from linearity of A,

A(f) = Z v Li(f), for some y; € Yy. (3)

i=1

The error of the algorithm A is given as

e(A) = sup {||Sa(f) = ANy : lIfllxe <1} 4)
Due to linearity of Sq and A, we have
e(4) = ||Sa — All.

The cost of A does not depend on the setting and it is defined as follows. We
assume that the cost of computing L;(f) equals ¢(d) for any f € X4 and any L;. Also
assume that basic arithmetic operations on reals and multiplication and addition in
Y4 have a unit cost. Assuming that the elements y; can be precomputed, the cost of

the algorithm A, cost(A), is bounded by

cost(A) < n(c(dy+2) — 1.
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The precomputation of the elements y; is usually easy since they depend only

on the corresponding elements for d = 1.

3. Smolyak’s algorithm

As it was mentioned in the introduction, the essence of these algorithms is
that they give a general construction that leads to almost optimal approximations for
any dimension d > 1 from optimal approximation for the univariate case d = 1.

Assume, therefore, that for d = 1, we know linear algorithms (operators)
U*, i > 1, which approximate the problem {Xi, Y1, 51} such that ||S; — U’|]| — 0 as

i — 0o. Introducing the notation
Ao =Up =0, Ai =U; = Uiy, (5)
for d > 1 we approximate the tensor product problem {Xy, Y4, Sq4} by the algorithm

Ag,d) = > Ai, ®...0 A, (6)
0<i1+ig+ +ig<d
Hence f(t1,t2,...ta) = fi(t1)f2(t2) ... fa(ta) then
(Alg, ) f)(t1, 22, .. ta) = > (A f1)(81)(Ai, f2)(22) - (Biy fa)(ta)
0<ir+izt-+ia<d

where ¢ is a nonnegativ integer, and ¢ > d, because when ¢ < d one of the indices is
zero, say i; = 0, and A;; = 0 implies that A(g,d) = 0.

We use the notation |i| =i; + -+ -i4 for i € N% and i > j if i > ji for all k.
By Q(g,d) we mean

Qg d) = {i = (i1,%2,...14) : 1 <4, ]3| < ¢}

with 1= (1,1...1) and |Q(q,d)| = (9.

We have
4 d g-lil
Agd) = ) Qau= ) (@a)ed A,
1€Q(g,d) k=1 i€Q(q—1,d—1) k=1 ig=1

d—-1
Yo (R AL) @ Upyy (7

i€Q(q—1,d—1) k=1
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m
since Y A; = Uy, for any m > 1.
i=1

Observe that

d d
®(Uik - Us'k—l) = Z: (_l)lal ®Uik—ak
k=1 k=1

ag{01}4

d

& Uj, appears in A(q, d) for all indices i for which ix = jk + ax with o € {0, 1} and
k=1

d
|a| < g— 7| Thesignof @ Uj, in this case is (—1)*l.
k=1
Let

bi,dy= Y. (<1l

@€{0,1}4,]|al<i
This yield

Alg,d)= Y blg—1jld) ®Uu

i€Q(g,d)

We now compute b(7,d). Since |a| = j corresponds to (‘;) terms, we have
min{i,d}

=Y (J)ev = ("7Y),

In Iparticular, b(i,d) = 0 for ¢ > d. This yields the explicit form of A(q, d):

Lema 1.

Alg,d)= D, (—1)4-""(d_%)(Ui,@)...@U,-,) (®)

g-d+1<lil<q ¢ il

In particular, for
Ui(f) =) @i iLij(f)
ji=1

with a; ; € G1 and continuous functionals L; ; we have

apdr= X (1) Y Lute,

q—d+1<[i|]<q Jj<m;

where L; ; = ® Liy x> 9ij = ® aiy . and m; = (my,,...,mi,).

Furthermore we consxder the case in which for d = 1 we have one of the spaces

=C"(-1,1]), renN
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with the norm

171l = maz([|flleo, -, 15 lco).

For d > 1 consider the tensor product
F; ={f:[-1,1]* = R/D"f continuous if a; < r V i}

with the norm
Il = maz{||D* flloo /@ € N§, i < 7}.

Let
)= [ f@)dz  withfe ;. (9)
[—I»I]d

We wish to find good approximation to the functional I4 on the basis of good
approximation in the univariate case, using the algorithm of Smolyak.

In the multivariate case d > 1, define

mil m.’d

Up®...0Ui, =Y ... flak, ... zi) (@, .. af)

Ji=1 Ja=1

where we assume that a sequence of quadrature formulas
mi
Us(f) = _ f(z5)d;
=1

is given with m; € N.

On the basis of Lemma 1 with given quadrature formulas U* we can write
the approximation formula A(g, d) for general d.

A(q,d) is a linear functional, and for f € FJ, A(g, d)(f) depends only through
function values at a finite number of points.

Let X* = {z},...,z}, .} C [~1,1] denote the set of points that correspond to
U'. Then U;, ®...®U;, is based on the grid X** x ...x X%, and therefore A(q,d)(f)

depends on the values of f at the union

Hgd)= |J (X" x...xX")el[-1,1]"
g-d+1<lil<q
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If X; C Xi41, than H(q,d) C H(g+1,d) and H(q,d) = | (X' x...x X'4),
lil=¢
Therefore this kind of sets seems to be the most economical choice.

In the general case we assume that the algorithm
m;
Ui(f) =Y aiiLi ()
ji=1
use nested information N; = [L; 1, L2, . .., Lim;]. That is,

{Li1, Li2, ..., Lijm;} C{Lis11, Lig1,2,- -, Livimipn }, Vi=1,2,... (10)

Since X is now a Hilbert space, L;; =< f, fi,j > for some element f; ; of

X;. Hence, there exists a sequence {f;} in F; such that

Nif)={<fHih><ff2>...,<fifn>}1=12,...

Assume that the algorithms U; are optimal, i.e. they minimize the error

among all algorithms that use the information N;. U; is optimal if
L; = 51P;, (11)

where P is the orthogonal projection on the linear subspace span{f;,j = 1,2,...,m;} =
(kerN;)t. Then (11) implie:s optimality of the algorithm A(q,d) for any d. If we
note Ng4(f) = [Lij(f) : 1 <i,9—d+1<|i|<q,j < m;] the information used
by the algorithm A(q,d), then for nested information N; and optimal U; of (11),
A(q,d) = SqP(q,d) where P(q,d) is the orthogonal projection on the linear subspace
(ker(N(q,d))*. Thus, in particular, A(g, d) minimizes the error among all algorithms

that use the same information Ng 4.

4. The Clenshaw-Curtis method
For any cubature formula @ we have the error bound
Ha(f) = QNI < MlIa = @Il - IFl
In the univariate case d =1
A n”-inf(lly = Qall) = B (12)
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where 3, > 0 are known constants for any Vr € N, (Strauf, 1979), and Q, are
formulas which use n function value.

Novak and Ritter suggest to use the Clenshaw-Curtis method, with a suitable
choice of the sequence m;, where m; denotes the number of function value used by
U;, and assume that m; < m;4+;. In light of (12) they are interested in formulas U;

with
lim sup(mf||I, - Ui]|) < 00, Vi€ N. (13)
1= 00

and the property is true, for interpolatory formulas U;, with positive weights.

To obtain nested sets of points, they choose
m;=2""141, i>1landm; =1. (14)

Let

: mg—1 .
:c}:——co—(—_l) i=12,...,m

and z1 = 0, then U1 (j) = 2;(0).
The weights of the Clenshaw-Curtis formula

vif) =Y flai)al
j=1

are caracterized by the demand that U; is exact for all polinomials of degree less than

m;, and for ¢ > 1 they are given by

mi—3/2

; ; 2 cos(m(j — 1) 2rk(j — 1)
3 — 4 . , T — ]_ — R LA
45 = Imit1- m; — 1 m,(m, -2 2 Z 4k2 -1 noos m; — 1
forj=2,...,m;and @} =@}, = Tt

For delimitation of the error, they start from the estimate in the univariate

case

I = Uil <y 277
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From (6) we get

) R A2 L
Y (A" e...0AMe Y A%)
lil<q k=1
= ) (A" ®...0 A% @ Upi_pi).
lil<q

Then for the error we can obtain the following estimate:

Alg+1,d+1)

Ip1 —Alg+1,d+1) = (k- A(q,d) @ L+ Y A" ®...® A @ (I — Ugp1y)-
) lil<q

Furthermore

A% <N = Usll+ 10 = Usmall < 9 - 2775 (14 27).

We get
S AR Al = Ut < (1) gt ) g,
lil<q

Inductively the following theorem can be obtained.
Theorem 1. Let 8, = max{2"*!,+, - (14 2")}. The error of the cubature formula
A(q, d) satisfies the following estimates:

s = Al <70 () 2

Corollary 1. Let n = n(q,d) denote the number of knots used by A(q,d). Then

I11a = A(g, d)|| = O(n™" - (log m){4~D("=D)).

This corrolary gives the error of A(g, d) related to the number of knots from
H{(gq,d) and also gives the best error bound for Smolyak’s algorithm which holds for
arbitrary tensor product problems. On the other hand this method yields error of

(=1)(m=1) for all classes Fj, hence this methods are almost optimal up

order n"(logn)
to logarithmic factors on a whole scale of spaces of nonperiodic functions.

Property (15) is the essential requirement for the U; in the univariate case.
Relation which also holds for the Gauss formulas. These formulas yield methods
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A(g, d) with a higher degree of exactness. Still Novak and Ritter prefer the Clenshaw-
Curtis formulas because in this case the number of knots from H(g,d) is reduced.
Weights of different signs at common points are partially cancelled.

To determine the polynomial exactness they start from the fact that the
Clenshaw-Curtis formula U; is exact on V¥ = P, where m; is odd.

Theorem 2. The cubature formula A(q,d) is ezact on

Y (vihre...e V).

lil=q

The theorem can be proved by induction over d.

Remark. Theorem 2 holds for general tensor product problems if the space
Vi={f e F{/L(f) =U'(f)}

of exactness for the univariate problem is nested, Vi C Vit!,
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