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ON A CLASS OF VOLTERRA INTEGRAL EQUATIONS WITH
DEVIATING ARGUMENT

VIORICA MURESAN

Abstract. Existence and data dependence results for some Volterra inte-

gral equations with linear deviating of the argument are given.

1. Introduction

Differential-functional equations with linear deviating of the argument have
been studied in many papers ([1]-[10], [18], [19],...).

In [9], by using the Picard operators’ technique and a suitable Bielecki norm,
we have given existence and uniqueness theorems for some Volterra integral equations
which contain a linear deviating of the argument.

In this paper we study the existence and the data dependence for the solutions

of the following Volterra integral equation with linear deviating of the argument:
¢
2(t) = 2(0) +/ fls,5(As))ds, te[0,8], 0< A< L.
0

We use the weakly Picard operators’ technique, a fixed point theorem given

by Rus in [12] and some data dependence results given by Rus and Muregan in [17].

2. A fixed point theorem

Let (X, d) be a metric space and A : X — X an operator. We denote by Fy4
the fixed point set of A, that is
Fyq:={z € X| A(z) = z}.
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We have:

Theorem 2.1. (Rus [12]) Let (X, d) be a complete metric space and A: X — X o
continuous operator. We suppose that there erists o € [0, 1] such that

d(A%(z), A(z)) < ad(z,A(z)), forallz € X.

Then:
a) Fa #0;
b) A™(z) = z*(z) as n — oo, for allz € X, and z*(z) € F4.

3. Volterra integral equations with deviating

argument

We consider the following Volterra integral equation with deviating argument:

z(t) = z(0) + /: f(s,z(Xs))ds, te[0,b], 0< A<, (3.1)

where f € C([0,b] x R).
~ We have
Theorem 3.1. We suppose that there exists L > 0 such that

[f(s,u) — f(s,v)] < Llu—v|, forall s €[0,b] and all u,v € R.
Then the equation (3.1) has solutions in C[0, ).
Proof. Let (C[0,b],||-||s) be, where
llzllz = max (lz(@)le™™), 7> 0.

tel0,b]

We consider the operator
A (C[0,8], I - ll8) = (C[0, 8], I - ll8)
defined by
A() () = (0) + /0 Cfs50))ds, tE 0,8, 0< A<, (32)

which is a continuous operator.
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This operator is not a contraction.
We have

A% (C[O,b]’ ” : ”B) - (C[O’b]v ” . ”B)’

t As
A?(z)(t) == z(0) +/ f (s,z(O) + f(u,x(Au))du) ds.
0 0

It follows that

As

M%wm—A@WNSLA £ (1 2(r))ds

z(0) — z(As) +

By denoting As = v, we obtain

ds.

. L At
@0 - A0 < § [

dv =

2(0) — 2(v) + /0 " Flu, z(0w))du
L

At
3 /0 |A(z)(v) — z(v)|e”™e™dv <

L , L ,
< 1A = 2lla(e™ —1) < =||A(2) - 2llze™.
Therefore,

|42(2)(t) ~ A)Dle™™ < +llA(z) ~zlls, for all t € [0,6].
So, we have that

14%(z) - A(z)l|s < —L;||A(z) — z||p, for all z € C[0, b].

L
We can choose 7 so that v <1. Let T= Y + 1 be.
We denote

A
Thus

|A™+ (2) — A ()| < @™||A(2) — zllB
and

|AMtP (z) — A™(z)||B < —%—QHA(LC) —z||p, forallne Nandallpe N, p> 2.
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So (A™(z))nen- is a Cauchy sequence, for all z € C[0, b]. Because (C[0, ], d),
where d(z,y) = ||z — y||B, is a complete metric space, we have that (A" (z))nen. isa
convergent sequence, for all z € C|0, b].

We denote A®(z) = nango A™(z). From A"t!(z) = A(A™(z)) and the conti-
nuity of the operator A we have that A®(z) € Fy, that is F4 # 0.

So, the equation (3.1) has solutions in C[0, b]. a

4. An example of weakly Picard operator

We have
Definition 4.1. (Rus [16]) Let (X, d) be a metric space. An operator A : X — X
is a weakly Picard operator if the sequence (A™(z))nene converges for all z € X and
its limit, denoted by A*(z), is a fixed point of A.

For more details about the Picard operators and the weakly Picard operators
see [13]-[16].

Let (C[0,8], || - l|c) be, where ||z||c = tm[g)g] |z(t)].
e )
We consider the following operator:

A= (C[0,8], |- lle) = (C[0,8], 1 - llc),
defined by
A(z)(t) := z(0) +/0‘ f(s,x(As))ds, tef0,b], 0< A1, (4.1)

where f is as in the Theorem 3.1.

We have
Theorem 4.1. The operator A defined by (4.1) is a weakly Picard operator.

Proof. We consider (C[0, ], || -||8), where
= -('L“H)t
lells = max (la(@)le(5+1).
From the proof of the Theorem 3.1 we have that the operator
A (C[0,8, 1] - 1IB) — (C[0, ], || - |B),

A(z)(t) == =z(0) + /Ot f(s,z(As))ds, te€[0,b], 0<A<,
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is a weakly Picard operator.
But || - ||c on C[0, b] is metric equivalent with ||- || on C[0, b]. Therefore, the
operator A defined by (4.1) is a weakly Picard operator. O

Remark 4.1. The operator
A: (C[Owb]) ” : "C) - (C[O)b]r“ : ”C),

defined by ,
A(z)() := /0 f(s,z(Xs))ds, t€[0,b],0<A<]1,

is a Picard operator (F4 has a unique fixed point).

So the integral equation
z(t) = /: f(s,z(As))ds, te€[0,b],0<A<1,
has a unique solution in C[0, b] (Theorem 3.1.1, [9]).
5. Data dependence of the solutions set
Let (X, d) be a metric space. We use the following notations:
P(X)={Y CX|Y #0},

Py oi(X) = {Y € P(X)| Y is bounded and closed}

and
04(z) = {z, A(z), A%(z), ..., A™(z),...} (the orbit of z € X).
Then we have
3(Y) = sup{d(a,d)| a,b € Y}, the diameter of Y € P(X)
and

H: Pb'c[(X) X Pbycz(X) - R+,
H(Y,Z) = inf d(a,b), inf d(a,b) |,
,2) = (smp g ), o 000
the Hausdorff-Pompeiu distance on Py o1(X) set.

Let A,B : (X,d) = (X,d) two operators for which there exists n > 0 such
that d(A(z), B(z)) < n, for all z € X. The data dependence problem of the solutions
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set is to estimate the ”distance” between the two fixed point sets F4 and Fp of these
operators.

In order to study the data dependence of the solutions set of the equation
(3.1), we need the following result:
Theorem 5.1. (Th.2.4, [17]) Let (X, d) be a complete metric space and A,B : X — X
two orbitally continuous operators. We suppose that:

(i) there ezists a € [0,1] such that d(A%(z), A(z)) < ad(z, A(z)), for dll

zeX
and
d(B%(z), B(z)) < ad(z, B(z)), forallz € X;
(i) there exists n > 0 such that d(A(z),B(z)) <1, forallz € X.
Then
n
H(Fa,FB) < T—a
Now we consider the following Volterra integral equations with deviating
argument:
t
z(t) = z(0) +/ f(s,z(As))ds, te[0,8], 0<A<], (5.1)
0
t
z(t) = z(0) +/ g(s,z(As))ds, te[0,b],0< <1, (5.2)
0

in which X is the same and f,g € C([0,3] x R).
We have

Theorem 5.2. We suppose that
(i) there exists L > 0 such that

|f(s,u) — f(s,v)| < Llu—v|, forall s € [0,b] and all u,v € R,
and
lg(s,u) — g(s,v)| < Llu—v|, for all s €[0,b] and all u,v € R;

(i1) there exists 1 > 0 such that

|7(s,u) — g(s,u)| < n1, for all s € [0,b] and all u € R;
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(iii) Lb < 1.
Then
(a) FA # 0 and Fg # 0;
(b) H o (Fa, FB) < mb where by H)j.|| we denote the Hausdorff-Pompeiu

1-Ld’
metric with respect to || - ||c on C[0,b].

Proof. (a) By using the results of the Theorem 3.1 we have that F4 # 0 and Fg # 0.
(b) We consider the operators

A, B :(C[0,8],]- lle) — (C[0, 8], I - lle),
defined by

A(z)(t) .= z(0) + /: f(s,z(Xs))ds, te[0,b], 0<A<],

t
B(z)(t) = 2(0) + / o(s,2(As))ds, te 0,8, 0<A<1,
0
in which X is the same.
Then

At
@)1 - ADOI< 5 [ 140 - =)l <

< Lb||A(z) — z||c, for all t € [0,5].
Therefore,
|lA%(z) — A(z)|lc < Lb||A(z) — z]|c, for all z € CJ0,b].
Similarly,
||B*(z) — B(z)||c < Lb||B(z) — z||c, for all z € C[0,3)].
From (ii) we obtain that
l|A(z) — B(z)||c < mb, for all z € C[0,b].

By applying the Theorem 5.1 we have that

b
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