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ON o-TYPE UNIFORMLY CONVEX FUNCTIONS

IOANA MAGDAS

Abstract. We determine necessary and sufficient condition for a function
f with negative coefficients to be n-uniformly starlike of type o and we
obtain a conection between the class of all such functions UT,(a) and the
class of the functions n-starlike of order @ and type 8 with negative coef-

ficients T (o, 8). Distortion bounds and extreme points are also obtained.

1. Introduction

Denote by S the family of functions
F@2)=2+4) ans" (1)
n=2

that are analytic and univalent in the unit disk U = {2z : |2| < 1} and by 5",
respectively S°(a) the usual class of starlike functions, respectively convex functions

of order a, a > 0.

Definition 1. A function f is said to be uniformly convex in U if f is in S° and has
the property that for every circular arc v contained in U, with center ¢ also in U, the

arc f(¢) is a convex arc.

Let be UCV or US* denote the class of all such functions.
Goodman gave the following two-variable analytic characterizations of this
class, then Ma and Minda [1] and Renning [2] independently found a one variable

characterization for U S°.

Theorem A. Let f have the form (1). Then the following are equivalent:
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(i) f € US®
(21) Re {1 + (2 - C)f”(Z)

zf"(z) 2f"(2)
(iit) Re{1+ 0 } > ) | forallzeU

(iv) 1+ ZJ{'(S) < g, where ¢(z) = 1+ ”22- (log i tg

mapping function fromU to Q = {w=u+iv: v <2u—1}={w: Rew > |w—1|}.

> 0 for all pairs (z,{) € U x U

2
) is a Riemann

Note that Q is the interior of a parabola in the right half-plane which is
symmetric about the real axis and has vertex at (1/2,0).

Denote by T the subclass of S consisting of functions f of the form
f(z)=2-) anz", an>0(neN\{0,1}), z€U 2
n=2

and denote by T*(a) and T°(a) the class of functions of the form (2) that are,
respectively, starlike of order @ and convex of order a, a € [0,1), and denote by

UT°® =US°NT the class of functions uniformly convex with negative coefficients.

Definition 2. A function f of the form (1) is said to be uniformly convex of a-type,

a>0if

2f"(2)
f'(2)

Re{l-i—fﬂﬂ}Za , (3)

1'(2)

forallzeU.

We let US°{a) denote the class of all such functions.
Note that US¢(0) = S¢, US°(1) =US® and US°(a) CUS® for a > 1.

Remark. A function f of the form (1) is in US®(a) if and only if 1+ 2f"'(2)/f'(2) € D
for all z € U, where D is:
i) for a > 1 bounded by the ellipse
u— o? \*
a? -1 + vi )
a? T~
(a2 —1)2 a?-1
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ii) for @ = 1 bounded by the parabola

vP=2u—1
iil) for a € (0, 1) bounded by the positive branch of the hyperbole

2 2
a
(u+1—a2) v? -1

a? 1~
(1-a?)? 1-a?

iv) for a = 0 the half-plane u > 0

In conclusion US¢(a) C S¢(a/(a + 1)) for a > 0.
In [5] is defined UT?(a) = US®(a) NT and it is given a coefficient character-

ization for this class.

Theorem A. Let f have the form (1) and « > 0. f is in UT®(a) if and only if
Y ilila+1)—ale; <1, (4)
j=2

hence UT*(a) = T*(a/(a + 1)).

Saldgean [4] introduced the differential operator

D":A— A, neN, A={feHU): f(0)=f(0)-1=0}
13
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defined by D°f(z) = f(z2), D*f(z) = Df(z) = zf'(z), D" f(z) = D(D"~!f(z)), for
n > 2 and it is easy to prove that
(s}
D' f(z) =z + Zj"ajzj. (5)
i=2
He also defined the class S,(a, B) of n-starlike functions of order a and type
B by

Sn(a,B)={f€A: |J(f,n,e;2)|< B}, a€]0,1), B€(0,1], n €N

where

Dt f(2) — D™ f(z)
D+ f(z) + (1 —2a)Drf(z)’
Denote by T, (a, 8) = Sp(a, 8) N T the class of functions n-starlike of order

J(f,n,a;2) =

zeU. (6)

o and type B with negative coefficients.

Saldgean [4] gave a coefficient characterization for this class.

Theorem B. Let f have the form (2), @ € [0,1), B € (0, 1] f is in Ty (e, B) if and
only if
D ili— 148G +1 - 2a)]e; < 28(1 - ). (7)
i=2
The result is exactly and the extremal functions are

26(1 - o)
- 1483+ 1-2a)]

Definition 3. A function f of the form (1) is said to be n-uniformly starlike of type
o,a>0and n € Nif

fi(z)=z— Z, jeN;=N\{0,1}. (8)

Re{Dan(z)} > o ©)

D" f(z)

Des
D~ f(z)
forallz e U.

We let US, (a) denote the class of all such functions.

Note that USo(1) = S, introduced in [3], USi(1) = US° and because
USn(a) C Sn(0,1) C S* follow that the uniformly functions of type a are univa-
lents.
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Remark. fisin USp() if and only if D"*t!f(z)/D"f(z) € Dforall z € U.

Denote by UTy, () = USh(a) N T the class of n-uniformly starlike functions
of type a with negative coefficients.

We will give a coefficient characterization for this class.

2. Main results

Theorem 1. Let f have the form (2), « > 0, n € N. Then f is in UT,(a) if and
only if
o0
Y i"lile+1)—ala; < 1. (10)
i=2
The result is exactly and the extremal functions are

1 ,
"——'————Z],
*li(a+1) —aj
Proof. Assume that f € UT,(a), then

fi(z)=2— j €Nz =N\{0,1}.

D™ f(2) D" f(z)
Re{ ———*? > a|l———~> -1 11
{ D" 1(2) } = D77 ()
forall z€e U.
For z € [0, 1) the inequality become
o0 . o0 .
1- 3 j"*a;zi~! 2 " = a2
=2 [ (12)
1- Z j”ajzj‘l 1-— Z j"ajzf—l
j=2 j=2
Since UT, (a) C T,(0,1) we have:
Ejﬂ'l-laj <1
=2
then
Zj"ajzj_l <1
j=2
Inequality (13) reduce to
o . o .
1— Zjn+lasz—l > aZ]n(] _ 1)“]'2]_1
] =2 =2
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and letting z — 1~ along the real axis, we obtain the desired inequality

> ili(e+1) —ala; < 1.
j=2

Conversely we assume the inequality (11) and it suffices to show that:

* D) D1f(2)
—an(z) -1| - Re{——D"f(z) - 1} <L
We have
DrHi(z) ‘_ {D_m_ } D™f(z) ,
M I 7o R Bl W0y 2 Ry Ll o (P i
5 3m( = 1)alzi=t 550G - 1)
<(a+ 1) <(e+)Zm—<1
1-— Z Jtajlz)i-1 1- Z: Jj"a;
j=2 j=2

according to (11), and the proof is complete.
Remark. For n = 1 we obtain the Theorem A.
Corollary 1. Let f have the form (2). If f is in UT, (a) then
. < —
Y2 Fhletn -

Corollary 2. Fora>0andn €N, UT,(a) = Th(a/a+1,1).

Jj €N,

(13)

Proof. Replacing o with a/a + 1, 8 with 1 in the necessary and sufficient coeffi-

cient conditions in Theorem B, we obtain the corresponding coefficient condition of

Corollary 2.

Theorem 2. If f € UT,(a), a > 0 then

1 2 1 2
- < < -
Tlayy <O EGTyT =
1l ————— < / - p2 ’
2n—1(a+2)r— If (Z)l S 1+ 2n—-1(a+2)r

The results are the best possible.
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Let f and g be two functions of the form (2)

o . b .
f(z)=2z- Zajz’ and g(z) =z-) b;2’

j=2 j=2
then we define the (modified) Hadamard product or convolution of f and g by

[oe]

(f*9)(2)=2~— Zajbjzj.

ji=2
Theorem 3. If f,g € Ul (o), a >0 then fxg € UT, (Tﬁ—), where
-p

1

R (. S—
p (e +2)2 - 1
This result is sharp.
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