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COVERS OF GRAPHS BY TWO CONVEX SETS

RADU BUZATU

ABSTRACT. The nontrivial convex 2-cover problem of a simple graph is
studied. We establish the existence of a convex (2, nt)-cover in dependency
of existing convex (2,t)-covers. We prove that it is NP-complete to decide
whether a graph that has convex (2,t)-covers also has a convex (2,nt)-
cover. In addition, we identify some classes of graphs for which there
exists a convex (2, nt)-cover.

1. INTRODUCTION

In this work we consider only simple connected graphs. We denote by
G = (X; U) a graph with vertex set X, |X| = n, and edge set U, |U| = m.
The neighborhood of a vertex x € X is the set of all vertices y € X such that
x ~ gy, and it is denoted by I'(z).

The distance between vertices x and y in G is denoted by d(z,y). We say
that x € X is a simplicial vertex of G if I'(z) is a clique.

Let us remind some notions defined in [1]: a) metric segment (x,y) is the
set of all vertices lying on a shortest path between vertices z,y € X; b) a set
S C X is called conver if (z,y) C S for all x,y € S; ¢) conver hull of S C X,
denoted d — conv(S), is the smallest convex set containing S.

A set S C X is called nontrivial if 3 <|S| < n — 1. Otherwise S is called
trivial.

A family of sets Po(G) = { X1, Xa} is called convex 2-cover of the graph
G=(X;U)if X1 € X9, Xo € X; and X3 U X2 = X, where X; and X,
are convex sets in G. The concept of convex p-cover of a graph for p > 2 is
defined in [2] as a cover of graph by p convex sets. In particular, Ps(G) is
called convex 2-partition of graph G if it is a convex 2-cover of GG and sets of
P (G) are disjoint.
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P21(G) = {St, Snt} is said to be a convez (2,t)-cover of G if it is a convex
2-cover of G such that S; is a trivial set. In the same way, P ,,:(G) = {S1, S2}
is said to be a convex (2, nt)-cover of G if it is a convex 2-cover of G such that
S1 and Sy are nontrivial.

Denote by P24 (G) = {p;t, ;t, o ,Pgt}, k € N, a family of all possible
convex (2,t)-covers of G.

Deciding if a graph has a convex 2-cover was declared an open problem
in [2]. After, we proved its NP-completeness [7]. We know that verifying if a
set is convex can be done in polynomial time [4]. Consequently, determining if
there exists a convex (2,t)-cover also can be done in polynomial time. Thus,
it is NP-complete to decide whether a graph G has a convex (2, nt)-cover.

This paper is organized as follows. In section 2 we establish the existence
of a convex (2, nt)-cover in dependency on existing convex (2, t)-covers. Also,
identification algorithms for some specifical graph classes are developed. In
section 3 we prove that it is NP-complete to decide whether a graph that has
convex (2,t)-covers also has a convex (2,nt)-cover. In section 4 we present
some graph classes, which have a convex (2, nt)-cover.

2. CONVEX (2,nt)-COVER VIA CONVEX (2,1)-COVERS

It is clear that every simple connected graph G on n vertices, where n = 2
or n = 3, has a convex (2, t)-cover but has no a convex (2, nt)-cover.

Let us analyze the case n = 4.

Consider a cycle on 4 vertices Cy and the nontrivial convex cover number
©en (G) as the least integer p > 2 for which G has a convex p-cover by nontrivial
convex sets. The next theorem is true.

Theorem 2.1. [7] If G is a simple connected graph on 4 wvertices, then
©en(G) =2 if and only if G # Cy.

As a consequence of Theorem 2.1, we get the following result.
Corollary 2.2. Let G be a simple connected graph on 4 vertices. Then G has
a convex (2,nt)-cover if and only if G # Cy.

According to definition of the nontrivial convex cover number, Corollary
2.2 is true.

In the sequel we analyze the case n > 5.

Theorem 2.3. Let G = (X; U), |X| > 5, be a simple connected graph. Then
the following conditions are equivalent:

1) in G there exists a simplicial verter x € X;
2) in G there exists Pat(G) = {Sy = {x}, Snt = X\{x}};
3) in G there exists Pat(G) = {Sy = {z,y}, Snt = X\{z}}.
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Proof. Since z is a simplicial vertex in G, it follows that every two
vertices y,z € I'(x) are adjacent. Further, d — conv(I'(z)) = I'(z) and
d — conv(X\{z}) = X\{z}. Thus, G can be covered by a convex (2, t)-cover:

Po4(G) = {8 = {z}, Sy = X\{a}}.
Consequently 1) = 2).
Suppose there exists a convex (2,t)-cover Po(G) = {S; = {z}, S =
X\{z}}. Graph G is connected. Hence, there is at least one vertex y such

that y ~ x and d — conv({z,y}) = {x,y}. Therefore, G can be covered by a
convex (2,t)-cover:

P21(G) = {S = {z,y}, S = X\{z}}.
Consequently 2) = 3).
Suppose there exists a convex (2,t)-cover Pa(G) = {S; = {x,y}, Snt =
X\{z}}. Since Sy; is convex, I'(z) is a clique in G. Whence z is a simplicial
vertex. Consequently 3) = 1).0

Theorem 2.4. Let G = (X; U), |X| > 5, be a simple connected graph that
contains a simplicial vertex. Then G has a convez (2,nt)-cover.

Proof. 1t follows from Theorem 2.3 that there is a convex (2,t)-cover
P24(G) = {S: = {x}, S = X\{x}} such that x is a simplicial vertex. We
consider 2 cases.

1) I'(xz) = {y}. Since G is a connected graph and | X| —1 > 3, there exists
z € Spt such that z ~ y. Taking into account that (x,z) = {z,y,z} and
d — conv({z,y, z}) = {x,y, 2}, we obtain the nontrivial convex set {x,y, z}.
This yields that G has a convex (2, nt)-cover:

p27”t(G) = {Sl = {:I;?yv 2}752 - Snt}
2) |T'(z)| > 2. Select two vertices y, z € I'(x). Since z is a simplicial vertex,
y ~ z and {z,y, 2} is a triangle that is a nontrivial convex set. This implies

that G has a convex (2, nt)-cover P ,:(G) = {S1 = {z,y,2},S2 = Snt}
Finally, G has a convex (2, nt)-cover. O

Theorem 2.5. Let G = (X; U), | X| > 5, be a simple connected graph without
simplicial vertices. Then the following conditions are equivalent:

1) in G there exist two adjacent vertices x,y € X such that A =T'(x)\{y}
and B =T'(y)\{x} are cliques in G, where for all verticesa € A, b € B,
the inequality d(a,b) < 2 is satisfied;

2) in G there exists a convex (2,t)-cover Pa+(G) = {S; = {z,y}, Snt =
X\{z,y}}.

Proof. Combining Theorem 2.3 with the absence of simplicial vertices in
G, we get that G has no a convex (2, t)-cover such that cardinality of the trivial
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convex set is one, or cardinality of the trivial convex set is two and trivial set
intersects nontrivial set.

Let z,y € X be two vertices, which satisfy the condition 1). Then the
following relations are true:

d—conv({z,y}) = {z,y}, {z,y} Nd— conv(AN B) = .
It follows that G has a convex (2,t)-cover:

P2.4(G) = {8y = {z,y}, S = X\{z,y}}.
Consequently 1) = 2)

Suppose there exists a convex (2,t)-cover Pa(G) = {S; = {z,y}, St =
X\{z,y}}. According to the theorem conditions G does not contain simplicial
vertices. Because of the connectivity of Sy and S,;, we have = ~ y, and sets
A =T(x)\{y}, B =T(y)\{z} generate cliques in G. Moreover, if there exist
two vertices a € A, b € B such that d(a,b) > 2, then {z,y} C (a,b) C Sy.
This contradicts convexity of S,;. Further, this means that for all vertices
a € A, be B, we have d(a,b) < 2. Consequently 2) = 1).0

Theorem 2.6. Let G = (X; U), |X| > 5, be a simple connected graph without

simplicial vertices and let P24(G) contains two convez (2,t)-covers such that
intersection of their trivial convez sets is empty. Then G has a convex (2,nt)-
cover.

Theorem 2.6 follows directly from the fact that the nontrivial convex sets
of respective convex (2,t)-covers form a convex (2, nt)-cover of G.

Theorem 2.7. Let G = (X; U), | X| > 5, be a simple connected graph without

simplicial vertices and let |P24(G)| = k > 2 such that intersection of trivial
sets S;, 1 <i <k, of any two convex (2,t)-covers is not empty. Then exactly
one of the following conditions is satisfied:

1) |ﬁ27t(G)] =3 and S} US?U S} generates a triangle in G;
2) IMi il = 1.

Proof. G has no simplicial vertices. Further, using Theorem 2.3, we get
that cardinality of trivial convex set for all convex (2, t)-covers of G is two and
trivial convex set does not intersect nontrivial convex set. Let us consider 3
cases.

P24+(G)| = 2. Tt follows that | S} NS?| = 1. Hence, condition 2) is satisfied.

P2+ (G)| = 3. If|SENSZNS}| = 1, then condition 2) is satisfied. Otherwise
SHUS2U SP generates a triangle in G and condition 1) is satisfied.

|ﬁ2,t(G)| > 4. Obviously, in this case we have ]ﬂzi’t(G)‘ S{| = 1. This

means that condition 2) is satisfied. O
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Theorem 2.8. Let G = (X;U), | X| > 5, be a simple connected graph, without
simplicial vertices, that satisfies the equality:

P21(G) = {Pé’t(G) ={S},5),} 1 <i <3},
where S}US2US} generates a triangle in G. Then G has a convex (2, nt)-cover.

Proof. Denote S = S} U S? U S?. It is obvious that G' can be covered by
one of the three convex (2, nt)-covers:

pé,nt(G) = {S%tvs}v P%,nt(G) = {Sg,tv 5}7 pg,nt(G) = {Sgws}
This proves the theorem. O

Theorem 2.9. Let G = (X;U), |X| > 5, be a simple connected graph, without
simplicial vertices, that satisfies the equality:

Pi(G) = {Ph(G) = {SF = {a, b}, Siy} s 1 <i <k, k> 3}.

Then G has a convez (2,nt)-cover.

Proof. According to the theorem conditions, we have |Pq:(G)| > 3,
ﬂle Si = {a} and [T(a)\{b;}| > 2for 1 < i < k. Sets S¢,, 1 < i < k,
are convex nontrivial due to inequality |X| > 5. Since, combining absence of
simplicial vertices in G with Theorem 2.3, we obtain that G has only convex
(2, t)-covers such that the cardinality of the trivial convex set is two and triv-
ial convex set does not intersect nontrivial convex set. Now, b; ~ b; for all
i,j €{1,2,...,k}, i # j, because a ¢ S°,, 1 < i < k. Therefore, Ule Siis a
nontrivial clique in G. Thus, Ule S! is a nontrivial convex set. Finally, there
is one of possible convex (2, nt)-covers of graph G:

PQ,nt(G) = {{av b1, b2}7 S%t}
This proves the theorem. O

Now we give the definition of the graph family %7, which will be useful in
the sequel.

Define 7 as the family of graphs G = (X; U) that satisfy the following
conditions:

a) X ={a,b1,be,x1,22,..., 21}, m > 1;

b) U= {{a,b1},{a,bo}}U{{xi,z;} : 1 < i, <m;i# jRU{{b1, x;}, {b2, s} :

1 <i<m}.

It can easily be checked that all graphs G € 7 on n > 5 vertices have

exactly two convex (2, t)-covers:

P24(G) = {{a,b1}, {b2, 21, ..., 2m}}, P3y(G) = {{a,bo}, {br, 21, ..., xm}}.
Graph family 7 is presented in Figure 1.
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FIGURE 1. Graph family 7

Theorem 2.10. A graph G = (X; U) € 7 has no a convex (2,nt)-cover.

Proof. By definition, |X| > 4. If |X| = 4, then G = C4. Under the
conditions of Corollary 2.2, G has no a convex (2, nt)-cover.

Suppose | X| > 5. Assume that graph G has a convex (2, nt)-cover. Fur-
ther, one of nontrivial convex sets of this convex (2, nt)-cover contains ver-
tices {b1,b2} or {a,x}, where x € X\{a,b1,b2}. Notice that for every graph
G = (X; U) € 7 the following conditions hold:

{b1,b2} C (a,x), for all x € X\{a,by,b2};
d — conv({b1,b2}) = X.
This contradiction proves the theorem. O

Theorem 2.11. Let G = (X; U), |X| > 5, G &€ P, be a simple connected
graph, without simplicial vertices, that satisfies the equality:

Pra(G) = (P24(G) = {8} = {a.01}. S} P3,(G) = (S} = {a,ba}, S }}-
Then G has a convez (2,nt)-cover.
Proof. Suppose by ~ ba. Then G has convex (2, nt)-covers:
Pont(G) = {{a,b1, b2}, 53y} P i (G) = {{a, b, b}, 57 -

Now suppose that by = by. Denote A =T'(a)\{b1}, B =T(b1)\{a}. We see
that A, B C S},. If S}, # d — conv(AU B), then G has a convex (2, nt)-cover:

Pont(G) = {S1 ={a,b1} Ud — conv(AU B), Sy = S

Assume that S}, = d — conv(A U B). In addition, suppose that |A| > 2.
It follows from Theorem 2.5 that AU {a} is a clique in G. Thus, AU {a} is a
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nontrivial convex set. By the theorem conditions, we have by € A, by € S2,.
Hence, G has a convex (2, nt)-cover:

pQ,nt(G) ={S1=AU{a}, S = S?lt}'

Further assume that A = bs. In accordance with Theorem 2.5, we obtain
that B > 1. Let us consider 2 cases.

Suppose S}, # AUB. Then, combining convexity of S}, with Theorem 2.5,
there is a vertex x € B that satisfies d(be, z) = 2 such that there is a vertex
y € (by, ), where y ¢ AU B, y € d — conv(A U B), otherwise S}, = AU B.
This implies that G has a convex (2, nt)-cover:

Poni(G) = {S1 = {a,by,x}, Sy = S}, }.

Suppose S}, = AU B. Then, since |X| > 5 and |A| = 1, it follows that
|B| > 2. If by ~ z for all z € B, then G € Z and by Theorem 2.10, it
follows that this graph has no a convex (2, nt)-cover. Conversely, graph G has
a convex (2, nt)-cover:

p2,nt(G) = {Sl =d-— conv({bl, bg}), Sy =BU {bl}}
The theorem is proved. 0

Let us remark that every simple connected graph, that contains simplicial
vertices, has at least two different convex (2,t)-covers. This follows directly
from Theorem 2.3.

Now we define some families of graphs.

By Z denote a family of simple connected graphs on n > 5 vertices that
have at least two different convex (2, t)-covers and not belong to ‘7 .

By # denote a family of simple connected graphs on n > 5 vertices that
have exactly one convex (2, t)-cover.

Theorem 2.12. A graph G € Z has a convez (2,nt)-cover.

Theorem 2.12 follows directly from Theorems 2.3 - 2.11.

Let 7' be a subfamily of 7 with the following properties:

a) ANB =0, where A =T'(x)\{y}, B =T(y)\{z} such that {z,y} is the
trivial set of the convex (2,t)-cover of a graph;

b) For each a € A there exists b € B such that a ~ b and for each b € B
there exists a € A such that b ~ a;

c) d — conv(AU B) = Sy, where S, is the nontrivial set of the convex
(2,t)-cover of a graph;

d) Snt # AU B. This implies that there exist a € A, b € B, ¢ € C such
that d(a,b) =2 and ¢ € (a,b), where C' = Sp;\(AU B).

Let %' = #\#.
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Theorem 2.13. A graph G € #" has a convez (2, nt)-cover.

Proof. Let P34(G) = {S; = {z,y}, Sn} be a convex (2,t)-cover of G.
Denote A = I'(z)\{y}, B = I'(y)\{z}. Since G € #", where %" = #\#,
we have G ¢ A and it follows that at least one property that characterize
the family 7' is not satisfied.

If AN B # 0, then G has a convex (2, nt)-cover:

PQ,nt(G) = {Sl = {x,y, Z}>52 = Snt}a

where z € AN B.

Assume that the property a) is satisfied. Conversely, by the above, G has
a convex (2,nt)-cover. If there exists a € A for which does not exist b € B
such that a ~ b, then G has a convex a (2, nt)-cover:

pQ,nt(G) = {Sl = {$,y,a}, Sy = Snt}~

In the same way, if there exists b € B for which does not exist a € A such that
b ~ a, then G has a convex a (2, nt)-cover:

pQ,TLt(G) = {Sl = {xay) b}st = Snt}
If d — conv(AU B) # Sy, then G has a convex (2, nt)-cover:
P2nt(G) = {S1 = {z,y} Ud — conv(AU B), Sy = Syt }.

If S,; = AU B. Then we consider two cases.
1) Suppose |A| > 2 and |B| > 2. Then G has a convex (2, nt)-cover:

Pont(G) ={S1 = AU{x},S = BU{y}}.

2) Suppose |A| = 1. Since every graph of the family 7" has at least
five vertices, we get |B| > 2. Assume that the properties a) and b) are
satisfied. Conversely, by the above, G has a convex (2, nt)-cover. Let A = {v}.
According to the property b), the vertex v is adjacent to all vertices of B and
further G € Z. By definition, " is the family of graphs that have exactly one
convex (2,t)-cover but every graph that belongs to the family % has exactly
two convex (2,t)-covers. This implies a contradiction. Similarly, we get a
contradiction if suppose |B| = 1. Thus, |A| > 2 and |B| > 2 but in this case
G has a convex (2, nt)-cover. O

Consider simple connected graph G has n vertices and m edges. In the
sequel, we present some algorithms that determine appartenance of G to the

classes: 7, 4, # #'

Next we propose the Algorithm 2.14 that determine whether a graph G
belongs to the family 7.
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Algorithm 2.14.

Input: Simple connected graph G = (X; U).

Output: YES: G belongs to Z, or NO: G does not belong to ‘Z.

Step 1) If | X| < 3, then return NO.

Step 2) If | X| = 4, then check whether G = Cy. If G = C4, then return
YES; otherwise return NO.

Step 3) Check whether there exists or not a unique vertex x € X such that
[(z) ={y,z} and y = z. If not, then return NO.

Step 4) Check whether both {y} U X\{z, z} and {z} UX\{z,y} are cliques
i G. If so, then return YES; otherwise return NO.

Theorem 2.15. It can be decided in time O(n?) whether a graph G belongs
to the family ‘7.

Proof. Evidently, steps 1) and 2) run in constant time. The step 3) is
executed in O(n) time. It is clear that it can be verified in O(n?) time if the
given subgraph is a clique or not. Hence the step 4) operates in O(n?). Based
on the mentioned facts, the execution time of the algorithm is O(n?). O

Algorithm 2.16 determines whether or not a graph G belongs to one of the
families: 2, #', #" .

Algorithm 2.16.

Input: Simple connected graph G = (X; U).

Output: F4: G belongs to 4, or F#': G belongs to #, or F#": G
belongs to A", or NO: G does not belong to any of the families.

Step 1) Apply Algorithm 2.14. If Algorithm 2.14 returns YES, then return
NO.

Step 2) Check whether there exists or not a simplicial vertex in G. If there
is a simplicial vertex in G, then return F4.

Step 3) Search all convex (2,t)-covers of G, i.e., define P24(G). For this
purpose search all adjacent vertices x,y € X, which satisfy the next equality
d — conv(X\{z,y}) = X\{z, y}.

Step 4) If P24 (G) =0, then return NO.

Step 5) If [P24(G)| > 2, then return F4.

Step 6) If ANB # 0 such that A =T'(x)\{y}, B =T(y)\{z}, where {z,y}
is the trivial set of the single convez (2,t)-cover of Pa+(G), then return F#".

Step 7) Check whether there exist a € A such that, for all b € B the
condition a ~ b is satisfied or there exist b € B such that, for all a € A the
condition b ~ a is satisfied. If there exists such a € A or b € B, then return

Fq{/l
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Step 8) Compute d — conv(AU B). If d — conv(AU B) # Spi, where Sy

is the nontrivial set of the single convex (2,t)-cover of Pa(G), then return
FW//

Step 9) If Spy = AU B, then return FA#".

Step 10) Return F#' .

Theorem 2.17. It can be decided in time O(nm?) whether or not a graph G
belongs to one of the families: 4, # #

Proof. Since complexity of Algorithm 2.14 is O(n?), then it results that
the complexity of the step 1) is O(n?).

A vertex x € X is simplicial if and only if I'(x) is a clique, but determining
if a given subset is a clique can be done in O(n?). Further, checking every
vertex whether it is simplicial executes in O(n?). So the complexity of the
step 2) is O(n?).

The convex hull of a set S C X can be computed in O(|d — conv(S)|m)
time [4]. Since |d — conv(S)| can reach value n, we obtain that the complexity
of the step 8) is O(nm).

The family Ps(G) is obtained by applying the convex hull algorithm to
set X\{z,y} for all adjacent vertices x,y € X. Since |d — conv(X\{z,y})| can
reach value n, we obtain that the complexity of the step 3) is O(nm?).

Clearly, steps 4), 5) and 10) run in constant time, steps 6) and 9) run in
O(n) time, but step 7) is executed in O(n?). As a result, we can decide in
O(nm?) time whether or not a graph G belongs to one of the families: ﬂ , 7//,
#'.0

Theorem 2.18. Let G = (X; U) € %' be a graph that has a convez (2,1)-
cover P2 1(G) = {S; = {z,y}, Snt = X\{z,y}} and has a convez (2,nt)-cover.
Then G has a convez (2,nt)-cover Pant(G) = {S1,S2} such that exactly one
of the following conditions is satisfied:

a) x,y € S1 and S2 = X\{z,y};

b) x € S1, x €S2 andy € Sa, y & S1.

Proof. Let p;m(G) = {51,55} be a convex (2,nt)-cover of G. Suppose
z,y € S;. Then, since S, is nontrivial convex set, we obtain S; = S} and
Sy = Spt. Thus, the condition a) is satisfied. Otherwise the condition b) is
satisfied. O

Theorem 2.19. It can be decided in time O(n*m) if a graph G = (X;U) € '
has a convex (2,nt)-cover that satisfies the condition a) of Theorem 2.18. And
for this purpose it is sufficient to determine whether there exists z € AUB such
that Spt € d—conv({z,y,z}), where Pat(G) = {S; = {x,y}, Snt = X\{z,y}}
is a conver (2,t)-cover of G and A =T'(x)\{y}, B =T(y)\{z}.
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Proof. By definition of 7', G has no simplicial vertices and |X| > 5. Let
P;nt(G) = {51, 52 = S} be a convex (2, nt)-cover of G such that z,y € Si.

It is clear that there exists a vertex z € A U B such that the relation
d — conv({z,y,2}) C S} is satisfied. Furthermore, graph G has a convex
(2, nt)-cover:

5(G) = {S? = d — conv({z,y,2}), 53 = St}

Without loss of generality it is sufficient to determine whether there exists
z € AU B such that Sy € d — conv({x,y,2}). For this purpose we compute
the convex hull of {x,y,z} for all z € AU B. If there is at least one vertex
z € AUB such that S,y € d—conv({z,y,z}), then G has a convex (2, nt)-cover
that satisfies the condition a) of Theorem 2.18.

Let us remind that computing of the convex hull of a set S C X can be
done in O(|d — conv(S)|m) time [4]. The decision whether G has a convex
(2,nt)-cover that satisfies the condition a) of Theorem 2.18 can be obtained
by applying the convex hull algorithm at most | AU B| times. Thus, the overall
complexity is O(n?m). 0

Theorem 2.20. Let G = (X;U) € # be a graph that has a convez (2,t)-cover
221(G) = {S; = {z,y}, St = X\{x,y}} and has no a convex (2,nt)-cover
that satisfies the condition a) of Theorem 2.18, but has a convez (2, nt)-cover
P2nt(G) = {S1,S2} that satisfies the condition b) of Theorem 2.18, that is,
x €S, x €Sy andy € Se, y & S1. Then the following conditions are satisfied:
a) (C(z)\y) € 51 and (D(x)\y) NSy = 0;
b) (F(y)\z) C 82 and (F(y)\z) N Sy = 0.

Proof. Assume (I'(z)\y)NSa # 0, or (I'(z)\y) € S, i.e., (T'(z)\y)NS2 # 0.
Therefore, we get € Sz. Since x € Sy and y € Sy, this means that Ps 1 (G)
does not satisfy the condition b) of Theorem 2.18. We have a contradiction.
By the same argument, if we assume (I'(y)\z) NSy # 0, or (I'(y)\z) € S,
then we also get a contradiction. 0

3. NP-COMPLETENESS

It is known that determining if a graph has a convex 2-cover is NP-
complete [7]. Generally, knowing all convex (2,t)-covers of a graph G does
not facilitate determining if G has a convex (2, nt)-cover. But it is useful to
know if a graph that has convex (2, t)-covers also has a convex (2, nt)-cover.

In previous section we proved that all graphs of the families ﬂ and "
have a convex (2,nt)-cover and none graph of % has a convex (2, nt)-cover.
Also, we proved that it can be determined in polynomial time whether or not
a graph belongs to one of the families: ‘7, ﬂ H #
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Denote by (2, nt) the problem of deciding whether a graph G € %' has
a convex (2, nt)-cover.

Now let us prove that the W'(Q,nt) problem is NP-complete. For this
purpose we reduce the NP-complete 1-IN-3 3 SAT problem [5] to the (2, nt)
problem.

1-IN-3 3 SAT problem:

Instance: Set V = {v1,vs,...,v,} of variables, collection € = {e1,¢e2,...,em}
of clauses over V such that each clause e € € has |e| = 3 and no negative lit-
erals.

Question: Is there a truth assignment for V' such that each clause in €&
has exactly one true literal?

We say that € is satisfiable if there exists a truth assignment for V such
that € is satisfiable and each clause in € has exactly one true variable.

Theorem 3.1. The #'(2,nt) problem is NP-complete.

Proof. ?‘/(Q,nt) problem is in NP, because verifying if a set is convex
can be done in polynomial time [4] and nontriviality is verifying in constant
time. Further, we reduce 1-IN-3 3 SAT to the W’(Q,nt) problem. First, we
determine the structure of a particular graph G = (X; U) € @' from a generic
instance (V,€) of 1-IN-3 3 SAT. Next, we prove that € is satisfiable if and
only if G has a convex (2, nt)-cover. For this purpose we prove that a convex
(2, nt)-cover of G defines a truth assignment that satisfies (V,&). At the same
time, we prove that a truth assignment that satisfies (V,€) defines a convex
(2,nt)-cover of G.

Let graph G be given by vertex set X and edge set U.

The vertex set X consists of:

a) vertices y and z;
b) U = {er,e0,...,en}, Y = {y1,92,93, 91}, Y' = {f, 95,96, Y7, Y8, yo }
Z = {2’1,2’2,2’3,2’4}, Z/ = {t725726727728729};
o) F={filt <j<m}, T ={t]1 <j<m}
L={l1<j<ml<i<3},L={]1<j<ml<ic<3}
Q={gI1<j<m,1<i<3}
We get X = {y,2} UZUYUY'UZUZ UFUTULUQU.Z. Every variable
v; € V corresponds to vertex ¢; € ¥. Every clause ¢; € € corresponds to
eleven vertices: f;, ll, ZJQ, l?, ejl, €J2, ej‘, qjl, qJQ-, q?, tj.
The edge set U satlsﬁes the conditions:
a) Yy~ z,ys~ 2z and z4 ~ yg for 1 <k < 4;
b) ZUQ, Y U{y} and Z U {2} are cliques in G;
) () =PUQUFUY U{ys,yr} and I'(t) =P UQUT U Z U {2z, 27};
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FIGURE 2. The convex (2,nt)-cover of the graph G for the
instance (V, &) = ({v1,v2,v3, v}, {{v1,v2, v3}, {v2,v3,v4}})

d) I'(ys) = FUY U{ys yrt, T(ys) = Y U {f,y5,y8, 90,21}, T'yr) =
Y U{f, 5,98, 90,22} and I'(z5) = T U Z U {z6,27}, I'(26) = Z U
{taZ55285295y1}5 F(Z’y) =ZU {t,25,2’8,29a3/2}§

e) every clause ¢; = {vq,w, v}, 1 < j < m, corresponds to eighteen

edges: {ljl‘ava}a {ljz'vvb}a {l?ﬂjc}’ {l‘}vf]}a {l?,f]}, {lgvf]}7 {ejlat]}a

6.1}, {€.4;}, {d1.6}, (3.6}, {¢.€}, {0
3.6 {13,

3777

{17.6}, {0
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1 42
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We skip the trivial case |@| = 1 of 1-IN-3 3 SAT problem. Consider

&| > 2.

Firstly, we show that the obtained graph G = (X; U) belongs to #. Let
us remember that 7 is a family of simple connected graphs on n > 5 vertices
that have exactly one convex (2,t)-cover. According to Theorem 2.3, G has
no simplicial vertices. It follows easily from construction of G that this graph
really has no such vertices but contains the only one pair of adjacent vertices
{y, z}, which satisfies the conditions of Theorem 2.5. This means that G has
exactly the one convex (2,t)-cover Pay = {S; = {y, 2}, St = X\{y,2}} and
further G belongs to .



18 RADU BUZATU

Y Z
LO

?/1.\ 2
( N LO

Yo 2
@ O

Y3 23
[ = ~O

Yy 2y

FiGure 3. Edges between Y and Z

Secondly, we show that G is in . To do this we show that all the
properties, which characterize the family 7 are satisfied. Clearly, we see
that properties a), b) are satisfied. Since {y¢, y7, 26,27} C d — conv(A U B),
d — conv({ys, y7, 26, 27}) = Snt and {A U B} C S,;, the properties ¢) and d)
are also satisfied. This means that G is in 7.

Thirdly, we show that G has no a convex (2,nt)-cover that satisfies the
condition a) of Theorem 2.18. By construction of G, Sy: C d — conv({y, z,z})
for all z € AU B, where A = T'(y)\{z} and B = I'(2)\{y}. Further, taking
into account Theorem 2.19, we obtain that G has no a convex (2, nt)-cover
that satisfies the condition a) of Theorem 2.18. Thus, if graph G has a convex
(2, nt)-cover, then it satisfies the condition b) of Theorem 2.18 and satisfies
Theorem 2.20.

We prove that € is satisfiable if and only if G has a convex (2, nt)-cover.

If G = (X; U) has a convex (2,nt)-cover, then € is satisfiable.

Let P5(G) = {Sf,Si} be a convex (2,nt)-cover of G such that y € Sy,
y &Sy and z € S, 2 ¢ Sp. We have d — conv({ys, z}) = St = X \{y, 2} for
every i,j € {8,9}. Further, yg,y9 € Sy, 28,29 € Sy and let S} =Y UY' UF,
So=7ZUZ UT.

Let us distinguish some properties:
1) SlﬂSt:Q)and SQﬁSf:@.

We see what S1 C d—conv({ys, yo}), S2 C d—conv({zs, z9}). Consequently
we have 51 C Sf, S2 C S;.

Moreover, for each v € Si, we get d — conv({u,28,29}) = Sps. This
implies that u ¢ S; for each v € S;. Similarly, for each u € So, we get
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d — conv({u,ys,y9}) = Sns. This implies that u ¢ Sy for each u € S. Thus
S1NS; =0 and SQOSfZ@.

2) Sets L,Y,Q,<& are uniquely interdependent.

If vertex l;- belongs to S, then F(lé) N C S, and Z? belongs to S; for
1<k<3, k#i.

If vertex e; belongs to Sy, then I'(e;) N L C S; and for all Iy € I(e;) N L
vertices e belong to Sy for 1 <k <3, k ;é a.

Vertex (‘ belongs to Sy if and only if ¢ belongs to Sy. If vertex (‘ belongs
to Sy, then L’ = {l§€|1 <k<3,k#i} CSyand F(l;“) N is contamed in Sy
for all I} € L.

3) Exactly one vertex of L; = {ljl, l?, l3} belongs to S, for 1 < j < m, and

exactly one vertex of £Z; = {Z;,KJQ,ZS} belongs to Sy, for 1 < j < m.
Exactly one vertex of every set L; = {ljl, ljz, 13}, 1 < j < 'm, belongs to S;.
In the converse case, if two vertices {l“ lb of L; belong to S, then f; belongs

to S;. By Property 1, we get a contrachctlon If none vertex of L; = {ljl, l?, 13}

belongs to S, then L; C S, £L; = {6]1,83,63} C Sy and t; belongs to Sy. Now
by Property 1, we have a contradiction.
In addition, exactly one vertex of every set &; = {61 e h1<j<m,

325505
belongs to Sy.

We associate ¢ with V' and L with € such that convex (2, nt)-cover rep-
resents a truth assignment for 9/, where the variable v; is true if and only if
the vertex e; € S;.

Let us remark that sets S, S; are nontrivial and disjoint. It follows from
Properties 1 - 3 that if G has a convex (2, nt)-cover Po(G) = {Sy, S}, then
C is satisfiable.

If €@ is satisfiable, then G = (X; U) has a convex (2, nt)-cover.

Suppose that there exists a truth assignment, which satisfies (V,€&). We
construct a convex (2, nt)-cover Po(G) = {Sy, S} as follows:

Step 1. Define S; = ZUZ' UT U{z};
Step 2. For each true variable v; of V we add vertex e; and the set L' = I'(e¢;)NL
to S; and for each S L' we add vertices q?, Zg to Sy such that eg’ ~ 15

and q;? ~ &

79

Step 3. Define Sy = X\S;.
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Clearly, for the resulting convex (2, nt)-cover Po(G) = {Sy, S¢} the Prop-
erties 1, 2 and 3 are satisfied. Note also that sets Sy and S; are disjoint.
Hence, if € is satisfiable, then G has a convex (2, nt)-cover.

We represent in Figure 2 the graph G that corresponds to a particular
instance (V,€) = ({v1,v2,v3,v4}, {{v1,v2,v3}, {vo,v3,v4}}). Sets QUPU{f},
QU U{t}, YU{y} and ZU{z} generate cliques in G. White vertices belong to
S; and black vertices belong to Sy. White vertices of 9 represent the variables
of V set to true. All edges between Y and Z are represented in Figure 3 but
all edges between L and £ are represented in Figure 4. 0

Finally, we obtain that it is NP-complete do decide whether a graph that
has convex (2,t)-covers also has a convex (2, nt)-cover. Indeed, this follows
from fact that the 7' (2, nt) problem is NP-complete.

4. SOME GRAPH CLASSES, WHICH HAVE A CONVEX (2, nt)-COVER

Let us examine some classes of simple connected graphs, which have a
convex (2, nt)-cover.

Consider (), a cycle graph on n vertices. Recall that a chordal graph is a
connected graph such that every cycle of length at least 4 has a chord.

Theorem 4.1. A chordal graph G onn > 4 vertices has a convex (2, nt)-cover.

Proof. Every chordal graph G contains at least one simplicial vertex [6].
Also, every chordal graph on n = 4 vertices is not equal to the cycle Cy. This
yields that under the conditions of Corollary 2.2 and Theorem 2.4, chordal
graph G on n > 4 vertices has a convex (2, nt)-cover. O

Corollary 4.2. A tree and a complete graph on n > 4 vertices have a conver
(2, nt)-cover.
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Corollary 4.2 follows directly from the fact that these types of graphs are
subclusses of chordal graphs.

A power of cycle C¥, 1 <k < |%], is a graph such that X(C¥) = X(C,)
and U(Oﬁ) = {{ui,u]-}|ui,u]~ S X(Cﬁ), dcn(ui,u]‘) < k}

In [3] it is established the following theorem, which states conditions to
determine whether C¥ has a convex 2-partition.

Theorem 4.3. [3] CX has a convex 2-partition if and only if n < 2k +2 or
n=0,1,2 (mod 2k).

Using Theorem 4.3, we have the following result.

Theorem 4.4. C¥ has a convex (2,nt)-cover if and only if n > 4, C¥ # Cy,
andn <2k+2 orn=0,1,2 (mod 2k).

Proof. First, we shall show that C* has a convex 2-partition if and only
if C* has a convex 2-cover. By construction of C¥, every convex set of C¥
consists of consecutive vertices of C,,. Suppose Po(CK) = {5y, S2} is a convex
2-cover of C¥. Subtracting S; N S from S; or from Sy, we get a convex 2-
partition of C%. Therefore, every convex 2-cover of C¥ can be transformed in
a convex 2-partition. Recall that convex 2-partition is a convex 2-cover.

Let us show that CX has a convex 2-cover if and only if C* has a convex
(2, nt)-cover and conditions n > 4, C* # Oy hold.

For n < 3 there is no convex (2, nt)-cover of graph C¥. It remains to verify
if C* has a convex (2, nt)-cover for n > 4.

Assume that n = 4. According to power of cycle definition, we have
1<k<2 Ifk=1, then C41 = (Cy. By Corollary 2.2, it follows that this
graph has no a convex (2, nt)-cover. On the other hand, if k = 2, then C} = K4
and the application of Corollary 4.2 yields that C% has a convex (2, nt)-cover.

Further, assume that n > 5. Suppose P2 ,(C¥) = {S, St} is a convex
(2,t)-cover. If |S| = 1, or if |S¢| = 2 and S;N Sy # 0, then taking into account
Theorem 2.3 and Theorem 2.4, C¥ has a convex (2,nt)-cover. Otherwise if
|S¢| = 2 and S; NS, = 0, then since the construction of power of cycle is
regular, graph CF has the another convex (2,t)-cover P/Zt(C],f) = {5},S/;}
such that S} consists of two consecutive vertices in Cy, and S; N S; = @), where
S; CkSnt and S; C SJ;. Thus, using Theorem 2.6, we get a convex (2, nt)-cover
of C}. 0

A cactus graph is a connected graph in which any two graph cycles have
at most one vertex in common.

Theorem 4.5. A cactus graph G on n vertices has a convex (2,nt)-cover if

and only if n > 4, G # Cy.
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Proof. Using Corollary 2.2, we know that a connected graph on 4 vertices
has a convex (2, nt)-cover if and only if this graph is different from Cj4. This
implies that a cactus graph G on 4 vertices also has a convex (2, nt)-cover if
and only if G is different from Cjy.

Suppose n > 5. If G contains a simplicial vertex, then taking into account
Theorem 2.4, graph G has a convex (2,nt)-cover. Assume that G has no
simplicial vertices. If G is a cycle C,, = C!, then by Theorem 4.4 graph G
has a convex (2, nt)-cover. Otherwise G has a cut vertex v that is adjacent to
k > 2 various connected components Si, Ss,...,S;. Further, since G has no
simplicial vertices, we have | X (S;)] > 2 for 1 < i < k. Thus, graph G has a
convex (2, nt)-cover: Pa 1 (G) = {{v} UUjc;cp_1 X(Si), X(Sk) U {v}. O

5. CONCLUSION

The paper is a continuation of computational complexity research of con-
vex two cover problem, declared open in [2]. We proved NP-completness of
this problem in [7]. In the article we establish the existence of a convex (2, nt)-
cover in dependency on existing convex (2, t)-covers. Generally, we prove that
it is NP-complete do decide whether a graph that has convex (2, t)-covers also
has a convex (2, nt)-cover. Finally, we show that some graphs on n > 4 ver-
tices implicitly have a convex (2, nt)-cover. In particular, chordal graphs and
cactus graphs, different from Cj, are covered by two nontrivial convex sets.
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