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AN INFEASIBLE INTERIOR-POINT METHOD FOR THE
CARTESIAN P,(k) SECOND-ORDER CONE LINEAR
COMPLEMENTARITY PROBLEM WITH ONE CENTERING
STEP

BEHROUZ KHEIRFAM

ABSTRACT. In this paper, we present a new full step infeasible interior-
point algorithm for the Cartesian P, (k) linear complementarity problem
over second-order cones. The algorithm uses only full Nesterov and Todd
steps. Each (main) iteration of the algorithm consists of one so-called
feasibility step and only one centering step. The algorithm starts with
a strictly feasible point of a perturbed problem, after an iteration, the
new iterate is still strictly feasible of the new perturbed problem. The
algorithm has the same complexity as the best known infeasible interior-
point methods.

1. INTRODUCTION

In this paper, we consider the second-order cone linear complementarity
problem (SOCLCP), which seeks vectors z,s € R™ such that

rek, sek, s=A(z)+q, (z,s) =0,

where (z, s) := tr(zos) denotes the Euclidean inner product, ¢ € R", A: K —
K is a linear transformation, and K C R™ is the Cartesian product of several
second-order cones, i.e., K =K' x K2 x --- x £V, with

K= {(a:l,a:g:nj)T ERxRY .z > @2, ||}, where @9, == (2;.. .5 Tn,)
for each j = 1,..., N and Zjvzl n; = n. Since K has finite dimensional, we

can consider matrix representation of the linear transformation A(x) = Mz,
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with M € R™™". By Lemma 2.2 in [7] we know that (x,s) = 0 if and only if
x o s = 0. Therefore, we may rewrite SOCLCP in the following form

(1) re, sek, s=Mzr+q, xos=0.

We call SOCLCP the Cartesian P, (x)-SOCLCP if the matrix M has the Carte-
sian P, (k)-property, i.e., for any £ > 0, the matrix M satisfies

(@, Mz) > —4r > (2, [M2]D)), where I\ (z) = {j : (2 [M2]D) > 0}.
JEL4(z)

The concept of the Cartesian P, (k)-property was first introduced by Luo and
Xiu [15] in the general Euclidean Jordan algebra. Actually, it is a straightfor-
ward extension of the Py (k)-matrix introduced by Kojima et al. [14]. More-
over, the matrix M with the Cartesian P, (r)-property becomes the usual
P, (k)-matrix when K is specified to be R, correspondingly, the Cartesian
P,(k)-SOCLCP reduces to the Py (x)-LCP [15]. Wang and Zhu [25] presented
a primal-dual interior-point algorithm for the Cartesian P, (x)-SOCLCP based
on a parametric kernel function. The primal-dual full-Newton step feasible
IPM for linear optimization (LO) was first analyzed by Roos et al. [18]. Dar-
vay [4] proposed a full-Newton step primal-dual path-following interior-point
algorithm for LO which is based on the equivalent algebraic transformation.
Achache [1], Wang and Bai [22, 23] and Wang [24] generalized the results for
LO in [4] to convex quadratic optimization (CQO), second-order cone opti-
mization (SOCO), symmetric cone optimization (SCO) and monotone LCP
over symmetric cone (SCLCP).

The above algorithms enjoy the best known iteration bound. However,
they are all feasible IPMs, which start with a strictly feasible interior point
and maintain feasibility during the solution process. One may distinguish
between feasible IPMs and infeasible IPMs (IITPMs), which start with an arbi-
trary positive point and feasibility is reached as optimality is approached. In
2006, Roos [17] designed the first full-Newton step primal-dual ITPM with the
currently best iteration bound for LO. Following Roos’ contribution, Kheirfam
and Mahdavi-Amiri [11] and Gu et al. [8] respectively extended both versions
of the feasible IPM [18] and IIPM [17] to SCLCP and SCO by using Nesterov
and Todd (NT) direction as a search direction and obtained the same itera-
tion complexity bounds. Kheirfam and Mahdavi-Amiri [12] presented a full
NT-step IIPM for SCLCP based on modified NT directions, and the corre-
sponding complexity results accord with the currently best-known iteration
bound for ITPMs. Based on Darvay’s technique [4] extension to SCO in [23],
Kheirfam [10] presented a full-NT step IIPM for SCO. Recently, Kheirfam [9]
designed and analyzed the full-Newton step IIPM based on a new proxim-
ity measure for P, (x) horizontal linear complementarity problem (HLCP). All
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ITPMs mentioned so far consists of one feasibility step and a few - at most
three - centering steps. Recently, Darvay et al. [5] presented an improved
version of an IIPM for LO in [2], in sense that each iteration of the algorithm
consists of one feasibility step and only a centering step.

Motivated by Darvay et al.’s recent work, we present a new full NT-step
ITPM for the Cartesian Py (x)-SOCLCP based on the technique introduced in
[5] and prove that each main iteration needs to a feasibility step and one cen-
tering step in order to get a well-defined algorithm. The new algorithm reduces
the searching steps in each iteration and tendering an interesting analysis for
iteration complexity.

The remainder of our work is organized as follows. In Section 2, we
briefly recall the corresponding Euclidean Jordan algebra to second-order
cones. Based on Darvay’s technique, we are providing some new results that
will be used in the complexity analysis of the algorithm. In Section 3, we
introduce the perturbed problem and the new infeasible interior-point algo-
rithm. Then, we provide the complexity analysis of the algorithm and derive
the iteration bound. Finally, some conclusions are given in Section 4.

2. EUCLIDEAN JORDAN ALGEBRA AND SOME RESULTS

In this section, we first recall some basic concepts of Euclidean Jordan
algebra [3, 6], and then we provide some results that will be used for the main
purpose of this paper.

A Euclidean Jordan algebra (7, (-, -),0) (J for short) is an n-dimensional
inner product space over R endowed with a bilinear map o : J x J — J iff for
all z,y,2 € J,xoy =yoxz,xo(220y) =220 (zoy) and (xoy,z) = (x,y02)
where 22 := z o z. For any 2/ = (le,x%:nj),sj = (sjl,s%mj) € Rx R~ the

Jordan product of 27 and s’ is defined as

o5l = ()7 i), + sl

One can easily verify that (R",0) is a Euclidean Jordan algebra, with ¢/ =
(1;0) € R x R~ as identity element. In this algebra, the second-order cone
K7 is the cone of square, i.e., K7 = {z® : z € R™} (see, [6]). Given a vector

z) = (x{,w%:nj) € R x R~ let

L(z7) := . . ,

)

Ny

which can be viewed as a linear mapping from R™ ! to R !, where En;—
denotes the identify matrix. It is not hard to verify that L(z/)s/ = 27 o s/
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for any 2/ ,sj‘ € R". The eigenvalues of}L(:vj ) are denoted respectively as
Amin(77) = 27 — |23, || and Amax(77) = 7 + |23, |- Note that

ek & )\min(xj) >0, 27 € intk’ < )\min(xj) >0,

where intAC7 denotes the interior of [Cj . For any 27 € R, P(z7) :=2L(27)% -
L((z7)?) where L(27)% = L(z7)L(z”). The map P(z’) is called the quadratic

representation of 2/. Each 2/ = (z; x%mj) € R™ admits a spectral decompo-

sition, associated with K7, of the form 2/ = Apax(27)e1 + Amin(27)c2, where
c1, co are the associated eigenvectors given by
) _

1 Ty, 1 Lo
(2) Cl:i(l M )7 6225(1; - m)'
||332 nJH Hx2:njH

Moreover, tr(2?/) = Amax(®?) + Amin(2?) = 227. The natural inner product is
given by

(27, 87) = tr(2’ 0 s7) = 2(2/)T's?, 27,57 € R™.
Hence, the norm induced by this inner product, which is denoted by || - ||,
satisfies

a7l = /{2, 29) = \6r((27)2) = / Auwin (892 + Asac(29)? = V2|7

In the sequel, we generalize the above definitions and properties to the case
where N > 1, when the second-order cone underlying K is the Cartesian
product of N second-order cones 7. For any x = (z';---;2%) € R" with
v/ € R",j =1,...,N, the algebra (R", o) is defined as a direct product of
the Jordan algebras (R™,0) as

zos:=(zlost;.. ;a2 os™).

Obviously, if e/ € K7 is the identity element in the Jordan algebra for the jth
second-order cone, then the vector e = (e';--- ;) is the identity element in
(R™,0). Moreover, tr(e) = 2N, which is the rank of (R",0). The matrix L(x)
and the quadratic representation P(x) of (R", o) can be respectively adjusted

to

L(x) := diag(L(xl), e ,L(mN)), P(x) := diag(P(a:l), e ,P(:cN)).
Furthermore

Amae(2) = maX {Amax(@)}, Amin(2) = min i {min (@)}, 2]l = Z;HM\F
J

Mz

Z tr CCJ = max mln Z >\

J:1
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Lemma 2.1. (Corollary 2.14 in [22]) Let z,s € R" and x+s = e. If [Amin(s)]
is small enough, then ¢(x+s) ~ (z)+1' (x)os, where (t) : [0,00) — (0, 00)
such that ' (t) > 0 for all t > 0.

Lemma 2.2. (Lemma 6.1 in [22]) Let z(«) := x + aAz and s(a) := s+ als
for all 0 < a < 1. Suppose that x,s € int)C. If one has

det(z(a) o s(a)) >0, VO < < @,
then z(@), s(a) € intkC.
Lemma 2.3. (Theorem 4 in [20]) Let x,s € K. Then
Amin (P(x)%s) > Amin(Z 0 8).
Lemma 2.4. (Lemma 30 in [19]) Let z,s € K. Then
IP)ts el < floos =l

Luo and Xiu [15] have discussed the existence and uniqueness of the central
path of the Cartesian P, (k) symmetric cone linear complementarity problem
(P« (k)-SCLCP). As a special case of the Cartesian P, (x)-SCLCP, the existence
and uniqueness of the central path of the Cartesian Py (x)-SOCLCP could be
similarly obtained. The main idea of IPMs is to replace the last equation in
(1), the so-called complementarity condition, with the parameterized equation
x o s = pe, with parameter p > 0. So we consider the following system

(3) s=Mx+q, vos=pue, x,s € intk.

Throughout the paper, we assume that the Cartesian P, (x)-SOCLCP satisfies
the interior-point condition (IPC), i.e., there exists 2%, 5% € intK with s =
M 2%+ ¢, then the system (3) has a unique solution (z(u), s(u)), for each p > 0
as the p-center of the Cartesian P, (xk)-SOCLCP. The set of u-centers is called
the central path of the Cartesian P, (k)-SOCLCP. If 4 — 0, then the limit of
the central path exists and since the limit points satisfy the complementarity
condition, the limit yields a solution for the Cartesian Pi(x)-SOCLCP [26].
Similarly to the LO case [4], we replace the standard centering equation xos =
pe by ¥(£52) = tp(e), where ¥(-) is the vector-valued function induced by the
univariate function ¢ (¢). Then, we consider the following system

1’08)

(4) s=Mz+q, ¢ =1(e), x,s € intkC,

Applying Newton’s method to the system (4) leads to the following system

(5) MAz — As =0, (232 4 LoAsFALtrole) — y(e).
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Neglecting the term Az o As, from Lemma 2.1, we can replace the second
equation of (5) by

xos ', TOS xoAs+ Azxos

V(=) +v (=)o
H H H

This enables us to rewrite the system (5) as follows
(6) MAz — As =0, xoAs+soAxr = u(w/(%s))fl(@/}(e) - Qb(%os))
Due to the fact that x and s do not operator commute in general, i.e.,
L(x)L(s) # L(s)L(x), the above system does not always have a unique so-
lution. To overcome this difficulty, the second equation of the system (4) is
replaced by the following equivalent scaled equation (cf. Lemma 28 in [19])

) = 1(e).

¢(P(w)_éx o P(w)%s

’ ) = ve),

_1 1
where w = P(x)% (P(:U)%s> ’ [ = P(s)_% (P(s)%x) 2] is the NT-scaling point
of x and s. This scaling point was first proposed by Nesterov and Todd for

self-scaled cones [16]. Now, we replace the second equation of the system (5)
by

w<P(w)§(x + Aa:)luo Plw)? (s + As))

Applying Newton’s method again and neglecting the term P (w)_%AacoP (w) 3 As,
from Lemma 2.1, we get

= (e).

MAz — As =0,
(7) P(w)%soP(w)_%Ax—I—P(w)_%xoP(w)%As =
/ w _l:co w ls -1 w _la:o w ls
me (w» ((e) — ¢(w».
In this case, assuming that ¢(t) = v/¢, the system (7) becomes
As— MAz =0,
(8) P(w)*%xoP(w)%As—{—P(w)%soP(w)’%Aaz =
1
2((,uP(w)_%x o P(w)%s)§ - P(w)_%x o P(w)%s).
We use the following notations:
(9) P(w)féx [ P(w)és} J P(w)féA:U
vi=——— | = y dy i = —————
Vi Vi
It follows from (9) that the system (8) reduces to
(10) Mdz_ds =0, dy +ds = py,
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where M := P(w)%MP(w)% and p, := 2(e —v). The new search directions d,
and ds are obtained by solving (10) so that Az and As are computed via (9).
The new iterates are given by

(11) =24+ Az, §:=s5+ As.
For the analysis of the algorithm, we define a norm-based proximity measure
(12) 3(v) := b(x, 5 1) = Hp;HF le — ol

Defining ¢, = d, — ds, we have
Dv + ¢ Py — ¢ PyOPy —quogq
’U2 U’dsz ’U2 U’dxodsz v U4 v 'U'
Moreover, since M has the Cartesian P, (x)-property and ds = Md, from the
first equation in (10), we obtain

(dg,ds) > —4kK Z ]) d(J > —K Z ’ ') _|_dgj)>
J€1+ Jelt
_“Z ])+d(]) d(])+d(y __HZHd(J _|_d(J
7=1
(14) = —h||do + ds||7. = —5 |||} = —4,.;52,

This implies that

(15)  laollF = lIpollF — 4da, ds) < 46% + 1655 = 4(1 + 4r)4°.

Using (9) and (11), we obtain

(16) % = 2+ Az = JaP(w)2 (v +dy), §=s+ As = \/uP(w) 2 (v + dy).

Since P(w)% and its inverse P(w)_% are automorphisms of K, then Z and §
belong to intK if and only if v + d, and v + ds belong to intkC, respectively.

Lemma 2.5. Let §(z,s;p) < \/ﬁ. Then T and § are strictly feasible.

Proof. Using (15) and an argument similar to that described in the proof
of lemma 4.2 [23], the result follows. O
According to (9), the v-vector after the step is given by

. P(@) %) - P((uﬁ)bé}
N Vi

where w is the NT-scaling point of Z and s.

ol

Lemma 2.6. (Proposition 5.9.3 in [21]) One has © ~ (P(v + da;)%(v +ds))2.
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Lemma 2.7. Let § := 6(x, s; ). Then Apin(0) > /1 — (1 4 4K)52.
Proof. From Lemma 2.6, Lemma 2.3 and (15) it follows that
1

2

Auin(7) = Amin (P(0 + i) (0 +2))2) > (Anin((0 4+ d2) 0 (v + )
_ (Amin(e— quqv)>% . (1 B quoquHF)é > (1_ ”%H%)é

4 4
> /1— (1 + 4r)02.

This completes the proof. 00

Lemma 2.8. Let 6 :=d(x,s;p) < \/ﬁm. Then

2
6(7,5;pn) < L+ 4r)0 :
14+ +/1—(144k)d?

Proof. Using Lemma 2.7, (15) and an argument similar to that described
in the proof of lemma 4.4 [23], the result follows. O

3. FuLL NT-sTEP IIPM

3.1. The perturbed problem. As usually of IIPMs, we assume that the
Cartesian Py (k)-SOCLCP (1) has a solution (z*, s*) such that

(17) 1% ]loo < pp, 15" lloc < pas

where p, and pg are positive. Furthermore, we define

(18) 2 = ppe, s° = pae, p° = pppa,

as the initial starting point. Then, the initial residual as is given 9 0

¢ =5~

M2 — q. For any v with 0 < v < 1, we consider the perturbed problem to be

(19) S—M:U—q:wg, z,s € K.

Note that if v = 1, then (x,s) = (2°,5°) yields a strictly feasible solution of
(19). We conclude that if v = 1, then (19) satisfies the IPC. More generally,

we have the following result.

Lemma 3.1. Let the Cartesian P(k)-SOCLCP be feasible and 0 < v < 1.
Then, the perturbed problem (19) satisfies the IPC.

Proof. The proof is similar to the proof of Lemma 17 in [11]. O

Let the Cartesian Py (x)-SOCLCP be feasible and 0 < v < 1. Lemma 3.1
implies that the perturbed problem (19) satisfies the IPC, for each 0 < v < 1,
and hence its central path exists. This means that the system

(20) S—Ma:—q:m’g,xos:,ue, x,s €K,
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has a unique solution, for every pu > 0. It is the p-center of the perturbed
problem (19). In the sequel, the parameters p and v always satisfy the relation
p = p’v. The system (20), can be written as follows:

xos

7

We assume that (z, s) is a strictly feasible solution of (19). We apply Newton’s
approach for (21). In fact, we want the new iterates z + Az and s + As such
that

(21) S—Mx—q:m“g, P(

) =1(e), x,s € K.

5+As—M(m+A:c)—q:1/r2,

xos 20As+Azos+AzoAsy __

1/’( o + nw ) - w(e)ﬂ
r+ Az,s+ As € K.

Neglecting the quadratic term AxoAs and using Lemma 2.1, since s—Mx—q =

1/7“2, we obtain

As— MAz =0,

22 ' zosy)—1 08

@) oAs+soAr = u(0/(22)) o ((e) — p(2=2)).

3.2. A new algorithm. Initially, we have (2", 5% %) = 0. In what fol-
lows, we assume that at the start of each iteration, just before the p-update,
0(z,s;u) < 7. So, this is certainly true at the start of the first iteration. Now
suppose that the iterate (x, s) is strictly feasible of (19) for u = vu® and such
that d(x,s;u) < 7. We reduce p to pt = (1 — @) and v to vt = (1 — 0)v,
with 6 € (0,1), and find displacements Afz and Afs such that

MATz — Als :91/r2,
(23) P(w)2so P(w) 2 ASz + P(w) 3z 0 P(w)zAfs =
1
2((,uP(w)7%xoP(w)%s)5 — P(w)*%a:o P(w)%s)7

where w is the NT-scaling point of z and s. It is easily seen that #/ := z+Afx
and s/ := 54 A7s satisfy the affine equation in (19), with v = v*. Then, just
by performing a centering step starting at (mf ,s7) and targeting at p*-center
of (19) with v = vt, we obtain iterates (zT,s™) that are strictly feasible for
(19) with v = v* and §(z, sT; ut) < 7. We define

(24) & P(w)_%Afx & P(w)%Afs
v A Ry

One can easily check that the system (23), which defines the search directions
Afz and Afs, can be written in terms of the scaled search directions ng and
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déc as follows

(25) Mdf — df = 22 P(w2)r§, df +df = p,,
where M := P(w)%MP(w)% and p, := 2(e — v). Let p, := df — df. Then, we

have

PuOPy — Py OP
(26) df o df = =————=—=,

which implies that

4 4
A formal description of the algorithm is given as follows.
Infeasible interior — point algorithm
Input :
accuracy parameter € > 0;
barraier update parameter 8, 0 < 6 < 1;
threshold parameter 7 > 0;
initialization parameters p, > 0, pq > 0.
begin
x = ppe; s = pae; = pppg;
while max (uN,v||rd||F) > e
(z,5) := (z,8) + (AT x, ATs);
w and v — update :
pr=(1-0)u; v:=(1-0)v;
(2,5) = (2,5) + (Az, As);
end while
end.

3.3. Analysis of the algorithm. Let 2/ = 2 + Afz and s/ = s + Afs be
the iterates obtained after the feasibility step. Then, by using (24), we have

of = JaP(w)2 (v +df), 8" = /uP(w) "% (v + df).

Since P(w)% and its inverse P(w)_% are automorphisms of I, the iterates

2/ and s/ belong to intKC if and only if v + ng and v + df: belong to intkC,
respectively. Moreover, p, = 2(e — v) implies that

1
(28) vouU+vop, =e= 1pyopu.
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In what follows, we use the notation @ = 34/ Hdg;”% + HdZH% In the next
)

lemma we give a condition in terms of 0(v) and @, which guarantees the
feasibility of 2/ and s/.

Lemma 3.2. The iterate (x/,s7) is strictly feasible if 5(v)? + 2@? < 1.

Proof. We define v () := v + ad) and vs(a) == v+ adf, for 0 < a < 1.
We thus have

V() o vg(a) = v+ avo (df + dl) + o?df o d!

=l—-a)v"+a(v"+vopy) +« OPy —Dv®
1 2 2 2(Pv O Py = PvCPy

4
=(1—ap’+ale—(1 _a)PuZpu —apvzpv).

It follows that v, () o vs(ar) € intK holds if
Py © Py Duv © Dy
H (1 o a) 4 ta 4 HF
Using the triangle inequality and (27) we obtain

1 - )P P < o[PS o PR

<1

_ ”PvH% ”ﬁv”%‘_ 2 f af 2 -2
< (1— )P 4 atPRE = 6(0)? — a(d], df) < 3(v)? + 207,

where the last inequality follows due to 0 < o« < 1 and the following inequality

T s xS

1 -
—{df, df) < [af, d])] <|ldfl|rlldllr < 5 (NIl + lld]I%) = 26°.

Therefore, the assumption §(v)? + 2w? < 1 implies that v, () o vs(a) € intkC
for 0 < a < 1. Hence, since z,s € intK, Lemma 2.2 implies that v,(1) =
v+ df € intK and vs(l) = v+ df € intkC. This completes the proof. 0

Let

of = P((wf)‘é)xf[: P((wf)é)sf}

Vit Vit
where w/ is the NT-scaling point of 2/ and s/. In the sequel, we denote
§(xf, s/ ut) shortly by d(vf).

Lemma 3.3. If §(v)? + 202 < 1. Then
2 | 92
5(') < 0(v)® + 2w + 0vV2N '
1—0++/(1-0)(1—6(v)?—2w?)

Proof. The proof of the lemma is similar to the proof of Lemma 12 in
[10]. O
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Lemma 3.4. Let 6(v) <7< 1. Then1—7<)\(v)<1l4+r1i=1,...,2N.
Proof. From 6(v) = ||le — v||p < 7, we obtain
N(w) =12 <|v—e||%<7%i=1,...,2N.
This implies the desired result. O

Lemma 3.5. If SOCLCP is the Cartesian Py(k)-property, then for any a,b
the linear system

(29) ~MdL+dl =b, &+ df = a,

has a unique solution (d!;, dg) and the following inequality is satisfied:
|(df,d])||, < VI+2kllallr + (1+ V2 + 4r)n(b),

where

1(b)? = min { [(dL, dD)|[% : —DEdf +df = 5} = 5T (MP(w)"* D" + P(w)) b,

Proof. The proof of the lemma is similar to the proof of Lemma 3.3 in
[13], and is therefore omitted. O
Comparing system (29) with the system (25) and considering a = p, and

b= —%P(w%)ro in the system (29), we have
413 + 1 3 < (ermmmF+u+wi%fon( Plwt)g))’
(30) < (2\/1 Forr+ (1+V2+ 4@777( P(w?)r 0))2.

Let (z*,s*) be the optimal solution of the Cartesian P,(x)-SOCLCP that
satisfies (17) and the algorithm starts with ( 089 = (ppe, pae). Then,

(31) a* — 2% 2 ppe, s — s° =2k pae,
1
~P(w?)r) = —P(w?)(s* — Ma" — q)
P(w?)MP(w?)P(w™?)(a" — ") + Pw?)(s" - 5°)
(32) = —MP(w’%)( — 2% + P(w?)(s* — s0).
Now, by using the definition of n(— P(w%)rg), (31) and (32), we have

n(—P(w2)r9)? < ||[P(w™2)(z* — 2|2 + || P(w?)(s* — )7

I

F
- tr(s?) tr(a?)
2 2 2tr (w? 2 7
< pptr(w™?) + pgtr(w”) < ppm * pdm
tr(s)? 9 tr(xz)?

(33) < P%m Pdm‘
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The third inequality follows by Lemma 4.5 in [8] and the last inequality follows
by (12) and tr(z?) < tr(z)? for each z € K.

Lemma 3.6. Let (x,s) be feasible for the perturbed problem (19) and let
(2%, 5%) = (ppe, pae) and (x*,s*) be as defined in (17). Then,

tr(z) < 2N (14 4k)pp(2 + (1 +7)3), tr(s) < 2N(1 +4K)pa(2 + (1 4+ 7)?).
Proof. 1t is easily seen that
vs' + (1 —-v)s* —s =Mz + (1 —v)z* —2).
From the Cartesian Py (k) property of M, we get
(va® + (1 —v)z* —z,vs" + (1 —v)s* —s)
> —4kK Z ((yxg + (1 —v)zj — zj, US? + (1 —v)s; — sj>>

> —4k Z (V (9 T, j>—|-l/(1—V)(<:L“9,Sj>+<l’],5?>) +<95j,5j>>,

349 > 4/@2( 2,89+ v(1 = v) ({2, 55 + (@5, 5D) + (5,5,) ).

where the second inequality follows by (2, s) + (z, s°) > 0, (z*, s) + (x,s*) > 0
and (z*, s*) = 0. By rearranging the above mequahty and usmg 20 = Pp€s s0 =
pde, || 7*|oo < Pps 15" oo < pa and (z, s) = p(v,v) < 2Npu(1 + 1), we obtain

(0, 5) 4 {57 <(1 4 4m) ({2, 80) + (L= 0) (2, %)+ (", %) + - (a,5))
+ 4k) (QNVpppd +4AN(1 = v)pppa + 2N pppa(l + T)z)

1+ 4K)2Npppa(2 + (1 +7)%).

Therefore, (z,s%) < (14 4k)2Npppq(2 + (14 7)%) which implies the result. O
Using Lemma 3.6, (33), (30) and p = vpppq, we obtain

10413 + @l I3 < (2vT+ 27+ 2V2NO(1 + 45) (1 Wm)M)?_

1—71

<(1
<(

Therefore, by the definition of w, we get

(35) @< V14267 +V2NO(1+46)(1+ V2 + 45 )M.

1—7
In this stage, we choose 7 = m and 6 = m. From (35) it follows
- 1 2 —2 1 1 .
that & < ;=== Morecover, 0(v)* + 20° < sseran? + aasay < 1 which
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implies that the iterate (z/,s/) is a strictly feasible solution of (19) with
v = vT. The next lemma gives an upper bound for §(vf).

0.3363
Lemma 3.7. Let 6(v) < 7. Then, 6(vf) < Trie-

Proof. From Lemma 3.3 we have
2 -2
5f) < 0(v)* + 2w° + 0V2N
1—0++/(1-0)(1-6v)?—2w?2)
- 72+ 2% + 0V2N
T1-0+ /1 -0)(1 72 -2?)
0

. _ 1 _ 1 - 1
Now, using 7 = 60447 ! = wN(Tan)? and w < sviTIn Ve get

1 1 2N
(16(1+4n) )2 + 2(2\/1+4H)2 + 271\/\(/1:1,{)2

s(v) <

1 1 1 1
1_m+\/(1—m)(1—(m>2—2(m)2)
1 (1 1,2
< mwle T2 %) . 0.3363
T2 26 1 1\ ~ 1+4k’
ﬁ*\/ﬁ(l—ﬁ—é)

This implies the desired result. O

Lemma 3.8. Let (z7,sm) be the iterates obtained by a main iteration of the

algorithm and 5(v) < 7. Then §(vT) :=§(zT,sT;ut) < m.

Proof. Since the iterate (z,s") is obtained by a main iteration of the
algorithm, thus z+ = z/ + Az, st = s/ + As. Using Lemma 3.7, we have
0.3363 1
s(vl) < < ,
(') 14+4x /1 +4k

which applying Lemma 2.5 for (19) with v = v+ implies that * and s are
strictly feasible. Now, we use Lemma 2.8 for (19) with v = v and we obtain

5(o™) < (1 +4k)6(v/)? _ 1 _
1++/1—(144r)5(wN2  16(1 + 4k)
This completes the proof. O
In each main iteration, both the duality gap and the norm of the residual
are reduced by the factor 1 — 8. Hence, the total number of main iterations is
bounded above by

1. max{(z)"s", [|rg]lr}
Elog p .

Since every main iteration consists of two inner iterations, we may state the
main result of the paper.
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Theorem 1. If (1) has an optimal solution (z*,s*) such that ||z*||s < pp and
|s*|loc < pa, for some pp, pa > 0, then after at most

max{(2°)"s", [|rglr}

€

54N (1 + 4x)* log

iterations, the algorithm finds an e-optimal solution of the Cartesian Pi(k)-
SOCLCP.

4. CONCLUSIONS

We proposed and analyzed a new full Nesterov-Todd step infeasible interior-
point method for the Cartesian P (x)-SOCLCP based on the technique intro-
duced in [5]. We have shown that in each iteration the new algorithm needs
a feasibility step and one centering step in order to prove that the algorithm
is well defined. We derived the complexity bound for the algorithm which
coincides with the currently best-known iteration bound for ITPMs.
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