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Ty = C Py Fy

where the polynomial part P; has the form:

P, =xlj’xzj’...x,i'. (3

while the trigonometric part F; is:

F, = gég(k,y1+k2y2+. otk (4)
In practice, one does not operate with Poisson series, but with

partial sums of these ones, called Poisson expressions, of the
form:
¥
S-Z;Tl, NeN. (5)
PSP operates with Poisson expressions of the form (5). The

hierarchical model of ites algebraic specification consists of
five levels:

1) numerical coefficients specification;

2) trigonometric part specification;

3) polynomial part specification;

4) term specification;

5) Poisson expression specification.

1. Humorio*l coefficients specification. The coefficients
C; from (1) are considered rational numbers, of the form M/N,
with M,Ne23. The definition of the abstract data type RAT follows
the chain:

BOOL --> NAT =-=> INT =-> RAT

where:

BOOL - represents the primitive boolean type;

NAT - represents the hieratchical natural type (including

zero value);
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* zero eq zero = true,
* zero eq succ(N) = false,
* succ(N) eq succ(M) = N eq M,
* N noteq M = not (N eq M),
* pred(succ(N)) = N,
(N,1) = N,
(3 R, P: nat t: R<M, N=P *M + R) ==> (N, M] =P,
GCD(N, 0) = N,
U < V ==> GCD(V, U) = GCD(U, V- U * (V , UJ]),
GCD(U, V) = GCD(V, U),
* N*0 = 0 = 0 +*N,
* N * succ(M) = (N * M) + N = succ(M) * N,
* N * pred(M) = (N * M) - N = pred(M) * N,
* N+0 = 0+N = N,
* N + succ(M) = succ(N + M) = succ(M) + N,
* N + pred(M) = pred(N + M) = pred(M) + N,
(0 < succ(0)) = true,
(pred(N) < succ(N)) = true,
(N < succ(N)) = true,
(pred(N) < N) = true,
N <M ==> (succ(N) < succ(M) = true),
N <M ==> (pred(N) < pred(M) = true),
* N-0 = N,
* IF M <N THEN N - gucc(M) = pred(N - M),
* IF M <N THEN N - pred(M) = succ(N - M),

endoftype.
We define NAT*, subtype of the NAT type:

type NAT» =
SORT bool, natw»,
CONS
one: --> natw,
succ: nat#* --> nat¥,
pred: (nat* x: x noteq one) ~-> natw,
OPNS
+: nat* --> natw,
-: nat* --> natwe,
*: nat*, nat* --> nat#*,
eq: nat*, nat* --> bool,
noteq: nat*, nat* --> bool,
VARS
M, N: nat*,
AXIOMS
The axioms of NAT type marked with * are axioms of the
subtype NAT*, with the following modifications:
one eq one = true,
one eq succ(N) = Trfalse,
N#*1 = 1 *N = N,
N+1 = 1+ N = succ(N),
IF 1 <N THEN N -1 = pred(N),
endoftype.
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1.3. The INT type

The specification of INT type uses BOOL and NAT as primitive
types:
type INT

SORT bool, int, nat,
CONS

zero: =--> int,
succ: int --> int,
pred: int --> int,

OPNS
eq: int, int: --> bool,
noteq: int, int --> bool,
+: int, int --> int,
-: int, int --> int,
*: int, int --> int,
<: int, int --> bool,
{_1: int --> nat,

VARS
N, M: int,

AXIOMS .
NegM = MeqN,
zero eq zero = true,
succ(N) eq succ(M) = N eq M,
N noteq M = not (N eg M),
pred(succ(N)) = N,
succ(pred(N)) = N,
i 03 = o,
(pred(0) < 0) = true,
The axioms of INT which refer to the operations +, -

and < are inherited from NAT type;
endoftype.

Remark. The INT type contains the zero value and two unary
operations, succ and pred. The integer number n (n>0) is obtained
by n successive applications of the succ operation to 0.
Analogously, the integer number -n (n>0) is constructed with
pred, starting with 0.

1.4. The RAT type

The specification of RAT type uses INT and NAT* as primitive
types:
type RAT =

SORT int, nat*, rat,
CONS
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_/_: int, nat* --> rat,
OPNS
+ : rat, rat --> rat,
"% ; rat, rat --> rat,
“:7: rat, rat --> rat,
~-_: rat, rat --> rat,
VARS
M/N, P/Q: rat,
S, T: natw,
AXIOMS
(M/N) + (P/Q) = ((M *Q) + (P * N)) / (N *Q),
(M/N) * (P/Q) = (M *P) / (N *Q),
(M/N) ¢ (P/Q) = (M * Q) / (N *P),
(M/N) - (P/Q) = ((M * Q) - (P *N)) / (N*Q),
(3 S: nat*, 3 T: nat*, :
M = S % GCD({M|,|N}) AN = T % GCD(|M},|N})) =
- M/N = S/T
endoftype.

2.lTriqonomotric part specification. The definition of the

trigonometric parts F; from (4) follows the chain:
SET -=-> FLIN --> TTR

where:

SET - represents a symbol set;

FLIN - represents the abstract type of linear forms;

TTR -~ represents the abstract type of trigonometric parts.

2.1. The BET type

The SET type consists of a set of symbols. This type is used

as primitive type for the specification of FLIN type.

type SET =

SORT set,

CONS
X, ¢ --> set,
X, ¢ =-> set,
X, : --> set,
Y, : --> set,
Y, ¢ --> set,
Y. : —-=> set

endoftype. "
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ALGEBRAIC SPECIFICATION OF PSP

2.2. The FLIN type

The FLIN type defines the linear forms over the types SET

and INT.
type FLIN =
SORT int, set, flin,
CONS
_*_ (concatenation) : int, set --> flin,
OPNS
+_: flin, £lin --> flin,
“-_: flin, flin --> flin,
“#* : int, flin --> flin,
VARS
X, ¥, Z2: set,
M, N, K: int,
AXIOMS
X1 = 1-X = X,
X0 = 0-X = 0,
N-X = X-N,
X (N+M) = (N+M'X = NX+ MX,
N-X + MY = MY + N-X,
(N‘X + M'Y) +K'Z = NX+ (MY + K- 2),
N-X+0 = 0+ NX = N-X,
N*0 = 0 = 0 *N,
1 %X = X*1 = X,
N * (MX) = (N * M)'X,
N* (MX +KY) = (N*M:'Xt (M*K)Y
endoftype.

The FLIN type contains linear combinations of the form:
Ny Y 4Ny Yoo LN Yy
which can be used as arguments for sine and cosine functions in
trigonometric parts F;. The three operations (+, * and
concatenation), together with the axioms, are used for the
specification of the trigonometric part.
2.3. The TTR type

type TTR =
SORT flin, ttr,
CONS
cos: flin --> ttr,
sin: flin --> ttr,
AXIOMS
cos 0 =
sin 0 =
endoftype.
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3. Polynomial part specification. The definition of the

polynomial parts P; from (3) follows the scheme:

MPOL --> PPOL

where:

MPOL - represents the set of monomials;
PPOL - represents the set of polynomials.
3.1. The NPOL type

The MPOL type defines the set of monomials of the form XV,

where X is in SET and N is of INT type.

type MPOL =
SORT int, set, mpol,
CONS
_"_ (raise to power) : set, int --> mpol
( XN = xVN)
VARS
X: set, N: int,
AXIOMS
(X ~0) = 1,
(X~ 1) = X,
endoftype.
3.2. The PPOL type
The PPOL type defines the set of polynomials of the form
(3):
type PPOL =
SORT mpol, ppol
CONS
_% _: mpol, mpol --> mpol,
VARS
M, xN, M, 2X : ppol,
AXIOMS
XM o x¥ - XN wxM = XM
XN ox yH = yM o N,
XVow 1 o= xN o= 1w xN
endoftype.
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4. Term specification. The terms T, from (2) are defined as

follows:
type TERM =
SORT rat, ttr, ppol, term,
CONS
(concatenation) : rat, ttr, ppol --> term,
VARS

N/M : rat, cosY, sinY: ttr, X: ppol,
* * * We denote with Y the linear form and with X the polynomial
* * % form

AXIOMS
sinyY siny
(N/M - { }) - X=N/M- - ({ ) X,
cosY cosY
siny sinY siny
N/M - { } - X ={ } - N/M - X = { } - X - N/M
cosY cosY cosY
sinY
=X - N/M { P
cosY
0 -0 X =0,
i/r -1 - X=X,
siny
0 { } X = N/M 0 X =0
cosY
endoftype.

S. Poisson expression specification. Taking into account the
above definitions, the Poisson expressions (5) will be defined

in the following form:

type EXP =
SORT term, exp,
CONS
_+_ : term, term --> exp,
_~_: term, term --> exp,
_* : term, term -~-> exp,
OPNS
d (differentiation) : exp, set --> exp,
| (integration) : exp, set --> exp,
VARS

N/M , P/Q : rat,
Y, ¥y , Y, : flin,
X, Xy , X, : mpol,
AXIOMS
sinyY siny
N/M - {  } - XtP/Q- { }‘ @ X-=
cosY cosY
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siny
= (N/M £ P/Q) - X - { } o
cosY
(N/M - cosY, * X;) * (P/Q - sinY, - X;) =
= (1/2 * N/M * P/Q) - X; * X, - sin(¥;+Y,) +
+ (1/2 * N/M * P/Q) - X; * X, * sin(¥,-Y,) ,
(N/M - sinY, - X;) * (P/Q - sinY, * X;) =
= (1/2 * N/M * P/Q) - X, * Xy * cos(¥,-Y,) -
- (1/2 * N/M * P/Q) - X; * X, ° cos(Y;+Yy) ,
(N/M - cosY, * X;) * (P/Q - cosY, ' X;) =
= (1/2 * N/M * P/Q) - X; * X, * cos(Y;+Y,) +
+ (1/2 * N/M * P/Q) - X; * X, * cos(Y,-Y,) ,
d COoB (Ny- Y +Ny Yot o o +Np - Yo+. . L #N - Y,)
—== (N/M - |
aYk Bin(Nl‘Y1+N2‘Y2+...+Nk' Yk+...+N1'Y1)
D R I
COS(NI' Y1+N2‘ Y2+. . -+Nk' Yk+' . -+N1' Yl)
= N*M, /M - { }
Sin(Nl' Y1+N2' Y2+o . -+Nk' Yk"‘. . -+N1' Yl)
M1, .y Mk-1, . x, Mh
XMooy D N IR
8in(Ny- Y +Ny- Yo+. oo #Np Y+, . . +N; - Yy)
¥ N*Nk/M ‘ { }
COS(Nl' Y1+N2' Y2+. - .+Nk' Yk+' . .+N1' Yl)
M1, .y, Mk, . x, Hh
XMooy e o My
Ny
Io = [ N/M : sin(Np Y +Ny Yo+, . +Np- Yo+ . +N; Y,)

M, Mgy O My41 Mp
Xl ‘e e .Xk_l M Yk - Xk*l ° o e e ° Xh dYk =
= (-1/Nk*N/M) * COB(NI'Y1+N2'Y2+..o+Nk' Yk+--.+Nl‘Yl)'
M, Mgy, O Myksy M,
N Xl S eew .Xk_l * Yk N Xk*l ¢ eee ° Yh
k .
I; = [ N/M - sin(Np Y +Np Yo+ o o #+Np - Yo+, .o 4+Ny 0 Y))

M) M, 1 Myiy My,
Xyt oo Xyy o Yy o Xygp ¢ oee. o Xy AY, =
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= (=1/N *N/M)

+ (1/ (N *Ny))

Ny

Tp

= (-1/N*N/M)

cos(Nl-Y1+N2~Y2+...+Nk~Yk+...+N1'Y1)-
My M, 1 My41 My,

XI ‘eee .xk_l * Yk * Xk*l * oo xh

Sin(Nl' Y1+N2' Y2+. . .+Nk' Yk+° . .+N1' Yl) ¢

Ml Mk_l 0 Mk*l Mh
Xl ’....Xk_l * Yk * Xk*l C eee Xh

= [ N/M - sin(Ny Y 4Ny  Yo+. .. 4+Np Y+ o 4Nyt Y)

M, M., p My My,

Xy “eeeeXyy 0 Yyt Kyyy 0o-ee 0 Ky QY =

COS(N1° Y1+N2' Y2+. . .“"Nk' Yk". . .+Nl' Yl) *

M, | Y M, L Y M,
Xl ‘....Xk_l * Yk * Xk+1 S e e Xh +

+(N/M*p/ (N &N, ) ) - 8in(Ny Y Ny Yok o o 4N - Ypbo oo 4+N) - Y)) -

endoftype.

M, Mo, Pl My, My
Xl '....Xk_l N Yk * xk+1 ° e e Xh

k
= (N/M*p/Ny*(p-1) /Ny) - I, ,

Remark. The EXP type must also contain the axioms referring

to the recurrent computation of the integral:

My

Jp

= (=1/N, *N/M)

= [ N/M - COS(N " Y +Ny Yot . +N Yy +. . +N - ¥,)

M, M My M,

Xl '....xk_l ‘ Y ‘ Xk,l * e Xh dyk =

SAN(N - Y 4N Yot L LN Y4 L L4 - Y )

M, M1 P Mpa My,
Xl '....Xk_,l * Yk * Xk+l S e ee ° Xh +

+(N/M*p/(Nk*Nk))~cos(N1-Y1+N2-Y2+...+Nk-Yk+...+N1-Y1)'

CONCLUDING REMARKS.

M M1 Pm1 My, M,
x1 '....Xk_l * Yk * Xk+1 ¢ «ee " Xh -

P
= (N/M*p/Ny*(p-1) /Ny) - T,

This paper specifies the data types
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defined in PSP (implemented in Pascal) in a hierarchical way.
Some of the advantages of algebraic specifications are used,
especially those involving the correctness of the defined
operations. In such a way the singular cases (as non-
determinations or exceptions) are avoided. The authors intention
is to simulate the operational semantics of PSP by using terms
rewrite rules. PSP can also be specified in the specification and

programming language OBJ3 (see [Gog88)] and [Kir87j).
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