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REZUNAT. - Asupra convergentei metodelor de ordinul trei Sn

spatii Préchet. In 1lucrare se demonstreazd existenta

gl

unicitatea existentei ecuagiei (1) precum gi convergenta metodei

iterative (2), renuntind la uniform m¥rginirea operatorului
A= [x*,x";P]7),

1. It is known that the rapidity of convergence for the

sequence of approximates (x,) of solution of the operatorial

equation

P(x) =8

(1)

given by an iterative method, can be improved if the first and

the second order divided differences, which enter
algorithm exprimation, are taken on special nodes.
In the case of opafatorial equation
P(x) = x~F(x) = 0
using the metod
Xpe1 ™= Xp~A,(I-|Xp,u,,v,;PY A, P(uy,) An)'l P(xp)
where
A, = [X,,uy;PY Y K = (u,v,/P)?
and

u, = F(x,;); v,=F(u,) = (F(x,))

in the

(2)

(3)

this property is proved in the paper [1}. The following theorem
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are proved:

THEOREM A. If for x,eX, there exist’ uy,B, M>1 and N so that
the following conditions:

1) )l P(xg) |( < Wgi

2) For any x',x'',x''' x'V

€ S(xq,R), R remaining to be
defined, we have
a. A = [x',x'";P])"! exists and Y1 A |( < B;
b. )| [x',x*';F] |( < M;
c. )| f[x',x**',x""";P) |( < K;
d. )| (x*,x*', xV;P] - [(x',x*",x*"*"";P) |( <
< N)| xV =~ xrre |

3) Gohg < 1 where hy:=B2MKp, < 1/2 and

Gg:

_ M(1+BKpo) [1+BKpy (1+M) ) (1+ N )
(1+hy)2(1-2h,) BK?

hold, then thé equation (2) has the solution.x'eS(xo,R), where

n .
B“o E (Goho) 3"_1

R=(1+M) p,+M?Q and Q=
¢ 1 "ho m=0

solution which 1s the limit of the sequence genereted by (3), the

rapidity of convergence being given by
) |x*-x,|C . (G,hy) ¥ 0.

THEOREM B. In the conditions of Theorem A, the solution of

equation (2) is unique.
In the following, we will change the condition 2a of Theorem

A, removing the uniform bounded of the operator A.
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2. Let us consider the equation
P(x) = x-F(x) = 0 .

where P:X-X is a continuous operator considered with its
generalised divided difference (2] nwp to the second order,
inclusively, X is a Fréchet space with a quasinorm induced by a
distance invariant to translation, i.e )| x |( = d(x,0), x,8 ¢
€ X [(3]).

To solve the equation (2) we consider the algoritm (3).

Concerning the convergence of the method (3) ., we prove

THEOREM. If for x, ¢ X exists @, M>1, X and N such
that the following conditions:

1° For any x',x'',x''' ,x*V c S, where S = {x |)|x-xu| ( <R},

R=(1+R p,+ND; D= 3‘—‘;3-2; (BE,) ™
0 Ml

we have:
a. A= [x',x'"";P)"! exists;
b. )| Afx*,x**;F) |( < N
c. )| Alx',x"',x'"*"";P} (< K
d. )| A ([x',x*,x¥V;P) - [x',x"',x*""";P)) |( <
< N)|x™V - x|
2° )| APGRO) 1( < Fos

39 T,H, <1 where W, :=M'Rp,<1/2 and

(-]

R(1+Xp,) (1+Ry, (1+8) N
m- 1e—
(1+h,)*(1-2h,) K?

hold, then the equation (2) has the unique x"CS(xo,R), which is
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the limit of the sequence genereted by (3), the rapidity of
.
convergence being given by

)| x*-x, | ( < (G By) 3™ -p.

Proof. We consider the equation

P(x)=0 (6)
where

P(x)= AP(x)= A(x-F(x)), A=[x',x";P]?

equation which is equivalent to (2).
Indeed, if x" is a solution of equation (2), i.e. P(x")=0,

du; to liniarity of A, it results
AP(x*) =P(x*)=0. (7)
Reciprocal, if x" is a solution of equation (6), i.e.
B(x*) =AP(x*) =0

from the existence of operator A, it results A"l-[x',x";P]
which, applied to the left of the equation (6), leads to P(x")=6.

For solving this equation, we have the iterative method

Xy =X -K (I-[%,,0,, v, ;PIK P(u,) ;{'n) 1P(x,) . (8)
Using the induction, one can prove that for X;=X,, U,=U,, V.=,

a8
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the sequence given by (8) is identical with the sequence (3).
For the operator P, the conditions of Theorem A and B are
true. Indeed
12 )] B (%) | ( = ) |AP(Xo) | ( < Wyi
2% For any x',x'',x''* ,x ¢ S(x,,R), we have
a) A= [x',x''; P17} = (A[x',x'"';P]"} =I, then
X exists and )| X |(=1= B ;
by )|(x*,xt; P (=AM ,x"F)| (< M
) )lx*,xtr,x't 'y P (= )|Alx',x'x P} (< K
aQ ) ftxtxt XV Py - et xttx G P( =
= ) JA(x',x' xTV5P) - [x0x0,x G PY) | (<
< RB)|xWV- x| ;

3% BH, <1, where K, i=F R X, < % and

Cn.n(l"PIFa) [1+BRE0(1+N)] (1+ b )

(1+hy) 2 (1-2hy) BK?

It results that the hypotesis of Theorem A are satisfied by
P, hence the equation (6) has a solution x*eS, which is the limit
of sequence gesnerated by the algoritm (3) or (8), the rapidity
of convergente being given by (4).

Because (6) is equivalente to (2), the statement results.

REFERENCES

1. Oroze,8., Chiorean,I., On the convergence of Nethod analogous to the
Method of tangent hyperbolas in Fréchet Spaces, Ressarch Seminar,
Preprint Nr.9, 1989, pp.41-49.

2. Grozge,S., Janko,B., Asupra diferentelor divizate generalizate, Anal.
Univ. "Al.I.Cuza", lagi, Matematica, T.XVI, 1977, pp.375-379.

3. Rolewics,8., Netric linear spaces, PWN, Warszawa, 1972.

39



