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Introduction and preliminaries

Generalized variational inequalities

Let X be a real Banach space, X* its topological dual, and for x* € X*
denote by (x*, x) the scalar x*(x). Consider the set K C X and let

A: K — X* and a: K — X be given operators. Recall that
Stampacchia variational inequality, VIs(A, K), is:

Find an element x € K, such that
(A(x),y —x) >0 forally € K,
where the set K is convex and closed.
The general variational inequality of Stampacchia type, Vis(A, a, K), is:
Find an element x € K, such that
(A(x),a(y) —a(x)) >0, forallyecK. (1)

Obviously, when a = idk, then (1) reduces to Stampacchia variational
inequality Vis(A, K).
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Let T: K = X* and f : K — X be given operators. Consider the
following problem.

Find an element x € K, such that

Aue T(x): Vy € K{u,f(y)—f(x)) >0. (2)

It is easy to observe, that if T is single valued, then (2) r duces to the
general variational inequality of Stampacchia type, VIs(T,f, K). Let us
denote by S(T,f, K) the set of solutions of (2).

Let A and B be two arbitrary sets let F : A = B, respectively

f,g: A— B be given mappings. Recall that a point a€ Ais a
coincidence point of F and g, respectively f and g if

g(a) € F(a), respectively f(a) = g(a).

If A= B and g = ida then the above definition reduces to the definition
of a fixed point of F, respectively f.
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Let H be a Hilbert space, K C H and f,g : K — H two given
mappings, such that f(K) C g(K). Assume that (1) admits a solution for
the operators A = g — f and a = g respectively. Then obviously there
exists xg € K such that {((g — f)(x0), g(x) — g(x0)) > 0 for all x € K.
Since f(K) C g(K) there exists x; € K such that g(x1) = f(xo), hence

(g(x0) — f(x0), f(x0) — &(x0)) = 0, consequently f(xo) = g(xo).

Let F : K = H a setvalued mapping such that R(F) C f(K), where
R(F) = Uxek F(x) is the range of the operator F. Assume that (2)
admits a solution for the operators T = f — F and f respectively. Then
obviously there exists xo € S(T, f, K). Hence there exists ug € T(xo)
such that (up, f(x) — f(xo)) > 0 for all x € K or equivalently, there exists
vo € F(xp) such that (f(xo) — vo, f(x) — f(x0)) > 0 for all x € K. Since
R(F) C f(K) there exists x; € K such that f(x;) = v, hence

(f(x0) — vo, vo — f(x0)) > 0, consequently f(xo) € F(xo).
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Operators of type ql

Let X be a real linear space. For x,y € X let us denote by [x, y] the
closed line segment with the endpoints x respectively y, [x, y] being the
set {z=(1—t)x+ty:t € [0,1]}. The open line segment with the
endpoints x respectively y is defined as

(x,9) = b y]\ {xoy} =z = (1— )+ ty s £ € (0, 1)}

Definition (L.)

Let X and Y be two real linear spaces. One says that the operator
A:D C X — Y is of type ql, if for every x,y € D and every
z € [x,y] N D one has A(z) € [A(x), A(y)]-

Proposition (L.)

Let f : | CR — R be a function. Then f is of type ql, if and only if f
is monotone (increasing or decreasing).
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Proposition (L.)

Let X and Y be two real linear spaces, let D C X be convex and let
A: D — Y be an affine operator. Then A is of type ql.

Proposition (L.)

Let X and Y be two real linear spaces and let A: D C X — Y be an
operator of type ql. Then AA : D — Y is of type gl for all \ € R.

Proposition (L.)

Let X be a real linear space, let D C X convex and let f : D — R be a
function. Then f is of type ql if and only if f is quasilinear, i.e. for every
x,y € D and t € [0, 1] we have

min {f(x), f(y)} <f(1-t)x+ty) < max{f(x), f(y)}.

Coincidence point results via variational inequalities



Introduction and preliminaries

Proposition (L.)

Let X, Y, Z be real linear spaces, D C X, C C Y and let

A:D— Y, B:C— Z, A(D) C C be two operator of type ql. Then
BoA:D — Z is of type ql.

At this point is time to give some examples of operators of type ql, that
are nontrivial in the sense that are neither linear operators nor quasilinear
functions. The first one provides an operator of type gl in finite
dimension.

SEE

Let us consider the operator A : [—1,1] x [-1,1] — R3,

Alx.y) = 2x + 2y (x+y)3+4 (x +y —2)?
T\ Yy —12+3 (x+y—12+3 (x+y—-12+3)°

Then A is a continuous operator of type qgl.
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Indeed, it can be easily verified that A= Po Q o S, where

S:[_111]2—>[_171]15(X7y):X—;ya
2x
Q . [_111] — [_111]7 Q(X) - XZ—H,
e 3 _ X 2 2 —2x . L.
P: 1,1]—>R,P(x)—(2x,2x7 2X).Smce5|sl|near,

according to the previous Proposition, is of type ql. It is obvious that S is
continuous as well. It is easy to check that Q is a monotone increasing
function, hence is of type gl. Obviously Q is continuous as well. The fact
that P is continuous and of type gl can be verified directly. The
conclusion follows from the previous Proposition.

The next example provides an operator of type gl in a general infinite
dimensional setting.

SEE

Let D = {f € Cp,p|f(a) > 0} C (5 and consider the operator
S:D — RR, S(f)(x) = (f(a))?>x. Then S is a nonlinear operator of
type ql.
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Theorem (L.)

Let X and Y be two real linear spaces, let D C X be convex and let

A: D — Y be an operator of type ql. Then for every finite number of
elements x1, xa,...,x, € D and for every x € co{xy, xa, ..., X, } we have
A(x) € co{A(x1), A(x2), ..., A(xa)}

Definition (A. Amini-Harandi-L.)

Let X and Y be two real linear spaces and let D C X be a convex set.
An operator B: D — Y is said to be of type g-ql if, for every n € N
and every xi,...,x, € D, there exist y1,...,y, € D, not necessarily all
different, such that for any subset

Wis-- ¥} Sy yat, 1 < k < n, we have

B(co{y,-l, - ,y,-k}) - CO{B(X,'I), ceey B(X,'k)}.
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Theorem (A. Amini-Harandi-L.)

Let X and Y be two real linear spaces and let D C X be a convex set.
Let B: D — Y be an operator, and assume that there exists a convex
subset D1 C D, such that the restriction of B on Dy, B|p, : D1 — Y is
of type ql, and B(D1) = B(D). Then B is of type g-ql.

Next we provide an example of operators of type g-ql which are not of
type ql.

Example

Let X = R and consider the functions f,g : R — R, f(x) = x? and

g(x) = { (1)’ ii f 8’ Since f and g are not monotone f and g are

not of the type gl. On the other hand f and g are of type g-ql (let
I = [0, 00) and apply the previous Theorem.
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The existence of the solutions

In what follows let X be a real Banach space, let X* be its topological
dual, let K C X beaconvexsetandlet A: K — X*anda: K — X
be two operators. Recall that an operator T : X — X™ is called weak to
I - |I-sequentially continuous at x € X, if for every sequence x, that
converge weakly to x we have that T(x,) — T(x) in the topology of
the norm of X*. If the range of T is a subset of X, we say that T is
weak to weak-sequentially continuous at x € X, if for every sequence x,
that converge weakly to x we have that T(x,) converge weakly to T(x).
One of the main results of this section is the following theorem.

Theorem (L.)

If A is weak to || - ||-sequentially continuous, a is of type ql and weak to
weak-sequentially continuous and K is weakly compact and convex, then
Vis(A, a, K) admits solutions.
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A generalization of the previous result is the following.

Theorem (A. Amini-Harandi-L.)

Let K C X be a weakly compact and convex set and let a be of type
g-ql. Assume that one of the following conditions is fulfilled.

a) A is weak to || - ||-sequentially continuous and a is weak to
weak-sequentially continuous.

b) A is weak to weak-sequentially continuous and a is weak to
|| - |-sequentially continuous.

Then VIs(A, a, K) admits solutions.

The next example shows, that the assumption, that the operator a is of
type (g-)ql in the hypothesis of the previous Theorems is essential.
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112
Let K C 2, K = (xk)€I2:Zxk—F <1p.Let A: K — 2

k>1

(Ox) — A(()) € P, A(())((vk) = D Xy

k>1

- 2X1
23 +1
and A and a are continuous, but Vls(A, a, K) has no solutions. In
other words, all the assumptions of the previous Theorems are
satisfied, excepting the one that a is of type (g-)gl, and consequently
their conclusions fail.

Let a: K — 12, a((xk)) : (xk). Then K is weakly compact,
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Let X and Y be two Banach spaces. An operator T : X =2 Y is said to
be weak to (weak) weak* upper semicontinuous if, for every xo € X and
for every open set N C Y, in the (weak) weak* topology of Y,
containing T(xp), there exists a neighborhood M of xg, in the weak
topology of X, such that T(M) C N.

Theorem (L.)

Let K C X be nonempty, weakly compact and convex, consider the
set-valued map T : K = X* and let f : K — X be of type ql. Assume
that one of the following conditions is fulfilled.

a) f is weak to weak-sequentially continuous on K, T is weak to norm
upper semicontinuous on K and T(x) is compact and convex for
every x € K.

b) f is weak to norm-sequentially continuous on K, T weak to weak*
upper semicontinuous on K and T(x) is weak* compact and convex
for every x € K.

Then, S(T,f,K) # 0.
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The next example shows that the assumption that f is of type ql is
essential in the previous result even in finite dimension.

Example

Let K = [~1,1] x [-1,1] C R? and consider the operators

T:Kija T(Xay): [727717X2y2] X {Xy}7

respectively
f:K— Rza f(X,y) = (7Xy,Xy)-

Then all the assumptions of the previous Theorem are satisfied excepting
the one that f is of type ql, hence its conclusion fails.
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Coincidence points |.

Theorem (A. Amini-Harandi-L.)

Let H be a real Hilbert space identified with its dual. Let K C H be a
convex and weakly compact set, let f : K — H be weak to weak
sequentially continuous, g : K —> H be weak to norm sequentially
continuous and of type g-ql. Assume that f(K) C g(K). Then there
exists xo € K such that f(x) = g(xo).

It is well known that in finite dimensional spaces the weak and strong
topologies coincide. As a corollary we obtain the following coincidence
point result, a generalization of Brouwer fixed point theorem.

Corollary

Let K C R" be a convex and compact set and let f, g : K — R" be
continuous. Assume that f(K) C g(K) and that g is of type g-ql. Then
there exists xo € K such that f(xp) = g(xo)-
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Let K C H be nonempty, weakly compact and convex, consider the weak
to weak upper semicontinuous set-valued map F : K = H with weakly
compact and convex values and let f : K —> H be weak to norm
continuous and of type ql. Assume that R(F) C f(K). Then, there exists
x € K such that f(x) € F(x).

As an immediate consequence, in finite dimension we obtain a result that
can be viewed as an extension of Kakutani’s fixed point theorem.

Corollary

Let K C R" be nonempty, compact and convex, consider the upper
semicontinuous set-valued map F : K = R" with compact and convex
values and let f : K — R" be continuous and of type ql. Assume that
R(F) C f(K). Then, there exists x € K such that f(x) € F(x).
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Let K C H be nonempty, weakly compact and convex, consider the
set-valued map F : K = H with weakly compact and convex values and
let f : K — H be weak to weak-sequentially continuous and of type ql.
Assume that R(F) C f(K) and that the map f — F is weak to norm
upper semicontinuous. Then, there exists x € K such that f(x) € F(x).

In virtute of weak to weak-sequential continuity of the map
idg : K — K, idk(x) = x, as a corollary we have the following fixed
point result.

Corollary

Let K C H be nonempty, weakly compact and convex, consider the
set-valued map F : K = K with weakly compact and convex values.
Assume that the map idx —F is weak to norm upper semicontinuous.
Then F has a fixed point, that is there exists x € K such that x € F(x).
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Relations between VIs(A, a, K) and Vis(Ao b, a(K))

The following result ensures the equivalence between the existence of the
solution of VIs(A, a, K) and the existence of the solution of a particular
Stampacchia variational inequality.

Lemma (A. Amini-Harandi-L.)

Let b: a(K) — K be a single valued selection of a=*. Then u € a(K) is
a solution of Vis(A o b, a(K)) if and only if, b(u) € K is a solution of
Vis(A, a, K).

Proposition (L.)

If A is weak to || - ||-sequentially continuous and K is weakly compact and
convex, then Stampacchia variational inequality, Vls(A, K), admits
solutions.
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Theorem (A. Amini-Harandi-L.)

Assume that a(K) is weakly compact and convex. Assume further, that
for every sequence {x,} C K the following condition is satistied: if the
sequence {a(x,)} C a(K) converges weakly to a(x) € a(K) then the
sequence {A(x,)} C X* is norm convergent to A(x) € X*. Then
Vis(A, a, K) admits solutions.

The following classical result concerning on the existence of the solution
of VI(A, K), is due to Hartmann and Stampacchia.

Proposition

Let X be a reflexive Banach space, let K be a weakly compact convex
nonempty subset of X. If A: K — X* is a monotone operator,
continuous on finite dimensional subspaces then Vis(A, K) admits
solutions.
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Let the Banach space X be reflexive. Assume that A is monotone relative
to a and a(K) is weakly compact and convex. Assume further, that for
every finite dimensional subset L C a(K) and for every sequence

{xn} C K, such that a(x,) € L for every n € N, the following condition
holds: if the sequence {a(x,)} C L converges to a(x) € a(K) then the
sequence {A(x,)} C X* is weakly convergent to A(x) € X*. Then

Vis(A, a, K) admits solutions.

In what follows, we introduce the concept of an a-a inverse strongly
monotone operator in a Banach space context.

Definition

Let X be a Banach space and let A: K — X* and a: K — X be two
given operators. We say that A is a-a inverse strongly monotone if there
exists a > 0 such that

(A(x) = A(y), a(x) — a(y)) > al|A(x) — A(y)||?, for all x,y € K.
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The next result is due to Takahashi and Toyoda.

Proposition

Let K be a bounded, closed and convex subset of a real Hilbert space H

and let A: K — H be an « inverse strongly monotone operator. Then
Vis(A, K) admits solutions.

Theorem (A. Amini-Harandi-L.)

Let K be a subset of a real Hilbert space H and let a: K — H and
A: K — H be given operators. Assume that a(K) is a bounded closed
convex of H and that A is a-a inverse strongly monotone. Then

Vis(A, a, K) admits solutions.
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Coincidence points Il.

The following result ensures the equivalence between the existence of a
coincidence point of two mappings and the existence of the solution of a
particular general variational inequality of Stampacchia type.

Lemma (A. Amini-Harandi-L.)

Let K C H and let f,g : K — H be two given mappings. Assume that
f(K) C g(K). Then x € K is a solution of Vis(g — f, g, K) if, and only

if, f(x) = g(x)-

Theorem (A. Amini-Harandi-L.)

Let K C H and let f,g : K — H be two given mappings. Assume that
f(K) C g(K) and g(K) is weakly compact and convex. Assume further,
that for every sequence {x,} C K the following condition holds: if the
sequence {g(xn)} C g(K) converges weakly to g(x) € g(K) then the
sequence {g(xn) — f(xn)} € H converges to g(x) — f(x) € H in the
topology of the norm of H. Then f and g have a coincidence point.
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The next corollary provides sufficient conditions for the existence of a
fixed point of a given mapping.

Corollary

Let K C H be a weakly compact and convex set, let f : K — H be a
given mapping such that f(K) C K. Assume that for every sequence
{xn} C K the following condition holds: if the sequence {x,} C K
converges weakly to x € K then the sequence {x, — f(x,)} C H is norm
convergent to x — f(x) € H. Then f has a fixed point.

Theorem (A. Amini-Harandi-L.)

Let K C H and let f,g : K — H be two given mappings, such that
lg(x) — g > (F(x) — F(y),8(x) — g(y)) for all x,y € K. Assume
that f(K) C g(K) and g(K) is weakly compact and convex. Assume
further, that for every finite dimensional subset L C g(K) and for every
sequence {x,} C K, such that g(x,) € L for every n € N, the following
condition holds: if the sequence {g(x,)} C L converges to g(x) € g(K)
then the sequence {f(x,)} C H converges to f(x) € H in the weak
topology of H. Then f and g have a coincidence point.
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As an immediate consequence we obtain the following fixed point result.

Corollary

Let K C H be a weakly compact and convex set, let f : K — H be a
given mapping such that f(K) C K. Assume that f is continuous on
finite dimensional subspaces and ||x — y||*> > (f(x) — f(y),x — y) for all
x,y € K. Then f has a fixed point.

Theorem (A. Amini-Harandi-L.)

Let K C H and let f,g : K — H be two given mappings. Assume that
there exists a > 0, such that (2o — 1){f(x) — f(y), g(x) — g(y)) >
(a—1)|g(x) —gW)|I? + allf(x) — f(y)||? for all x,y € K. Assume
further, that f(K) C g(K) and g(K) is bounded closed and convex.
Then f and g have a coincidence point.
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Let K C H and let f,g : K — H be two given mappings. Assume that
f(K) C g(K). We say that f is strict g—pseudocontractive on K, if there
exists a real number k, with 0 < k < 1, such that

I£(x) = FI? < llg(x) — gW)II* + ki (g = F)(x) — (g = F)(y)I|? for all
x,y € K. If g =idk we obtain the notion of strict pseudocontractive
mapping (see [7]).

Note that if kK = 0 then f is g—nonexpansive, i.e.

[£(x) = F)Il < llg(x) — gyl for all x,y € K.

Corollary

Let K C H and let f,g : K — H be two given mappings and assume
that f is strict g—pseudocontractive on K with some 1 > k > 0. Assume
further, that f(K) C g(K) and g(K) is bounded closed and convex.
Then f and g have a coincidence point.
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As immediate consequences we obtain the following fixed point results.

Corollary

Let K C H be a bounded closed and convex set, let f : K — H be a
given mapping such that f(K) C K. Assume there exists o > 0 such that
(2a = 1){f(x) = f(y),x —y) = (a = 1)lIx = y||* + al[f(x) — f(y)]? for
all x,y € K. Then f has a fixed point.

Corollary

Let K C H be bounded closed and convex set and let f : K — H be a
given mapping. Assume that f is strict pseudocontractive on K with
some 1 > k > 0. Assume further, that f(K) C K. Then f has a fixed
point.
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