SOME RELATIONS BETWEEN THE TANGENT LENGTHS
OF A BICENTRIC QUADRILATERAL

MARIUS DRAGAN AND MIHALY BENCZE

ABSTRACT. The purpose of this article is to give some new identities and
inequalities involving the sides a, b, ¢, d, the inradius r and circumradius
R, the semiperimeter s and the tangent lengths t1, t2, t3, t4 of a bicentric
quadrilateral.

In the following we will call the distances from the vertices to the points
of the tangency at the sides with C(I,r) the tangent lengths.
Let M, N, P,Q the points where AB, BC,CD, DA cut the C(I,r).
We denote the tangent lengths with AM = t1, BN = to, CP = t3, DQ = t4.
A

P
Figure 1

Lemma 1. In every bicentric quadrilateral the following equalities are true:
i) tittatitztta=s;
M)hh+wm+@m+mh:m(¢ﬂﬁjﬁ_0;

i) Y. tit; = 2rVARZ +12;
1<i<j<4

iv) S titjte =1r2s;
1<i<j<k<4

V) titatsty = rt.
Proof. We have

i) ti1+to=a,to+ts=bts+tys=c, tg+1t1 =d.
Suming up these equalities we obtain the statement.

) Usin t A_MI_ ad btai o ad
i1) Using an o = =\ We o alna—\/—or

b be
t1=r E to=r c—d t3=r %l ta =1 a—b
Y Woad ba’ 2 Nove' ™t Ved
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So

a d
tity + tots + tts + taty = 1’ <c + - —I- ‘i )

b
_ 2 (a+c)2_2 b+d _g 2ac+bd_4
- ac abed

_T2<ac+bd ) 2(ac—|—bd 4r>
= .

= ac+ bd — 4r? = 2r\/4R? 4+ r2 — 292

iii) We have tit3 = toty = r2. So from ii) we have

Z tit; = 2rv/4AR? +r? — 212 4+ 212 = 2r\/4R2 + r2

1<i<j<4
b cb dce ad
' titity =12 [/ 2 +4/ 2 44/ E 4%
i) 1<§<4 itk T( cd+ da+ ab+ be

(ab+dc+bc+ad> 7;))czb—l—cic—i—bc%—ad 2
vVabed Vabed

v) titg = toty = r? from which tytatsty = r4. H

rs

Theorem 1. Let ABCD a bicentric quadrilateral. Then t1,ts,t3,ts are the
roots of a four degree equation with the coefficient depending only on a, b, ¢, d.

Proof. t1,t2, 13,14 are the roots of the equation t* —o1t3 4 0ot? —o3t+04 = 0,
where according to the lemma

g1 =8, 092 = QT\/W.
But ac+ bd = 2rvVAR?2 + 12 + 2r? or

2abed
o9 = ac+ bd — 2r® — ac + bd — a;
s
9 abcd
o3 =7r°s = ——
S
4 2b2 2d2
04:4744:70, 4C .
S

So 01,09, 03,04 depend only on a, b, ¢,d. We obtain the equation
2 1 212 .2 32
t4—z:at3+<ac+bd— 8abcd2> 5 2abed n 6abc4d _
2 (> a) 2 a (2-a)

with the roots t1, t2, t3, t4. U

Theorem 2. Let ABCD a bicentric quadrilateral. Then t1,ts,t3,t4 are the
roots of a four degree equation with the coefficient depending only on R,r
and s.

Proof. From lemma we have

th — st3 + 2rVAR2 + 7262 — 25t + 1t =0

the equation having the roots t1, t2, t3, t4. U
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Corollary 1. Let ABCD a bicentric quadrilateral. Then t1,t3 are the roots
of the equation st®> — x1t + sr> = 0 and to,ts are the roots of the equation
st? — xot + sr2 = 0.

2 be t2+r2 m t2+r? a3
Proof. We have == — or ——= —. Also ——= —.
f Ve 2T r2 ad t2 be

Multiplying these two equalities, we obtain

t2 412 2 21\’
( ! ) = <1> or (t24+71?)s=mxt, or

rt1 ST
st% —x1t1 + s =0
st% — x9t1 + r’s=0
st% —x1t1 + r’s=0
sti — xot + 125 = 0,
from which it follows the statement. O
Corollary 2. In every bicentric quadrilateral the following equality is true:
th— st3 + 2r\/mt2 —r2st 414
= (- Zt+0?) (2= 2402,
S S
Proof. We have
(R - ﬂt+rZ) <t2 - 9t+r2)
S S

2
— <“lerz> £+ <2r2 + x;?) £ - %(Il?l +ao)t+ 1

=t —stP+ (202 + 16R% 2 — p2st +rt
27‘(\/4R2 +r2 4+ r)
=t* — st + 2rVAR2Z + 1212 — r2st + 1.

In the following we will write t1, t2, t3,t4 according only to z1,zs, 7. O

Corollary 3. In every bicentric quadrilateral we have

x1 £ /2?2 — 4r2s2 o+ /22 — 4r252
! 1 and { 2 2

{t1,ts} =

since S = \/r1+ 2o .
Proof. Tt follows from Corollary 1. O

Remark 1. Since 1 = ab+cd, ro = ac+bd, it follows that t1, t9, t3, t4 may
be written according only to a,b, ¢, d.

Corollary 4. In every bicentric quadrilateral we have
(a—0)*(a—c)*(a—d)*(b—c)*(b—d)*(c —d)?
= (t1 —t3)* (ta — ta)* [(t1 — t3)® — (t2 — ta)?] -
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Proof. Since a =t1 +to, b =1t9 +1t3, c=t3+t4, d =t4 + t1, then
(@ =0)*(a—c)*(a—d)*(b—¢)*(b—d)*(c - d)?
= (t1—t3)%(t1+ ta—tg—ta) (ta—1t4)* (ta—t4)* (ta+ ts —t1 —ts)*(t3—t1)*
= (t — t3) (ts — ta)* [(t1 — t3)® — (t2 — ta)?]

In the following we will write ¢1, t2, t3,t4 using only a, b, ¢, d.

Corollary 5. In every bicentric quadrilateral the following equality is true:

be cd da ab
th=—,tla=—,1t3=—,t4=—.
s S s s

Proof. We have
[ be F [be vabed | be be
tl =T _— = — _—= _—= —
ad sV ad s ad s

Corollary 6. In every bicentric quadrilateral the following equality is true:
(a - b)2(a — 0)*(a — (b — (b — d)*(c — d)?

1652 [(mf _ } (s~ sr (Varz 02 -1)].
Proof. We compute
s5(ty — t3)*(t2 — t3)* = (ad — be)*(ab — de)?
= [(ad + be)? — dabed)” [(ab + dc)® — dabed]”
— [(2? — 4F)2 (23 — 4F)?]? = [(z122)? — 4F%(2? + a2) + 16F*]?
_ { 2(VAR2 472 —r) s — 45512 1-85%2 - zr(\/m—r)s%ws‘*r‘*r
= 25 [(VARZ 472 = 1) = 5 4 (VAR 472 = 1) + 4]

2
= 427448 [( 4R2+T2+T)2—$2} .

O

Also
s4[(t — t3)2 — (t2 — t4)?]” = [(ad — be)? — (ab — cd)?]?
= [(ad + bc)* — dabed — (ab + cd)? + 4abed) 2= (a2 — 23)?
= (22 + 23)? — 42223 = [(z1 + x9)% — 2x1x2]2 — 4a3a2

= (s* — 2z129)? — 42?22 = 5° — 4stay 2o

= st [s = 8r (VAR + 12 1) 7]
(1) — [ s (VAR T )]

We obtain

(t1 — t3)(to — t4)* = 16¢* [(\/4R2+T2+r) —sr
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e [(tl - t3)2 — (to — t4)2] = s? [52 — 8r (\/m — r)]
From (1) and Corollary 4 we obtain the statement. O
Let M = ABNC(I,r). We have:
bctd

Lemma 2. Let ABCD a bicentric quadrilateral. Then MO = | R? — — -
s

bctd
Proof. We have R? — MO? = tity or MO:\/R2—Z—. O

Corollary 7. In every bicentric quadrilateral the following equality is true:
2
MO? + NO? + PO* + Q0* = (VAR +77 7).

Proof. From Corollary 6 we have

2 2 2 2
M02 —|—N02 + POQ + Q02 _ 4R2 _ <asl2)d + abc bCQd n adQc)

52 s s
2, 12 2, .2 2 9
_ 4R2_ac(b +d )—I—de(a +c%) :4R2_ac(s 2bd)+2bd(s 2ac)
S S
2 J—
:4R2_s(ac+bd) 4ab0d:4R2—ac—bd+4r2

2

S
2
— 4R = 2r VAR 77 = 2%+ 4p? = (VAR 477 — 1)

O
Theorem 3 (Fuss). In every bicentric quadrilateral the following equality
18 true: 4 = R? +r2 — VAR + 2.
Proof. From sine theorem in triangle M OA, we have
R a _a
sina  sin(m — 2a) o ST Ok
BO MO

From sine theorem in triangle M OB we have or

sinff  sina

BO R 2 1
sinf3 = sina = 1- 2 ——V4R? — a?.

MO MOV T 4R2 T 2MO

Figure 2
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We have

COsy = cos (z —B) =sinf = 1 V4R2 — a?.

2 2MO

From cosine theorem in M 10O triangle we have

_ be2d
4= MI?+ MO®*—2MI MO cosy= 1%+ R~ 2.2 _p\/aR2_ a2
S

In the same way

2
d=Rr2 42 e ame

52
- 5 o ba’d 5 5
d=R"+1r° — 2 —rvV4R? — ¢ and
_ 2
& =R+ S0 ViR - 2

s

By summing up we get
_ 1
4d° = 4R + 47 — = (a®bd + bPd + ad’c + ab’c)
S
@) —r (\/4}22 — a2+ VAR — b2 + ARZ — 2 + \/AR? — d2)

We have

% [(a® + *)bd + (b* + d*)ac]

1
— (a®bd + bc*d + ad®c + ab*d) =
S S

1
(3) = (s*(ac + bd) — 45°r%) = ac + bd — 4r>
s
To prove (2) we will prove the following lemma:

Lemma 3. In cvery bicentric quadrilateral the following equality is true:

VAR? — a2+ \/AR? =02+ \/AR? — 2+ \/AR? — 2 = 2\/4R2 412 4+ 2r
Proof.

Figure 3
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Let OU L AB, OV L BC, OW L DC, OT 1 AD.
We denote OU = z, OV =y, OW = 2z, OT =t, BD = di, AC = do,

d d
UT:WV:%JW:TW:§¢M:OB:mkwm:R

From Ptolemy theorem in cyclic quadrilateral AUOT, BUOV, CVOW,

d at &R b AR b diR
OTDW, we have — + = = S0 20 o @R 2 bvo_ 0%

2 2 272 2 272 2 27
zd ct OR . .. .
-5 + 5= 5 Adding these equalities we obtain
z(b+d)+yla+c)+2(b+d)+tla+c) =2R(d + da)
2R(dy + d
or x+y+z+t= M
d1 xT9
We denote o = dy + ds. But from Ptolemy theorem we have — = — and
2 @
d d
dMQny:w(¢uﬁ+rﬂ+ﬁ S0~ = 2 and 2=
s a s
d1d2 .’El.CUQ 16R27‘282
By multiplying we obtain —~= ——. But z1z2 =
o S x3
rs  16R?*r? 38
We obtain ? W or o = TRT‘

So we obtain x+y+z+t— VAR? + 12 + 7.
1
But z = 5\/4R2 —a?. So ,Z VAR?Z — a2 = AR?2 +r+7r or
(4) D VAR —a? =2V4R? + 12+ 2r
If we replace (3) and (4) in (2) we obtain
4d° = 4R? + 4r% — 2rV/AR2 4+ 12 — 2% 4+ 412 — 2r\/AR2 + 12 — 2r?  or

Ad” = AR? + 42 — dr/AR? + 12 or  d=R24+1%—r\VAR2 42,

U
Corollary 8. Let M, N, P,Q the points where AB, BC,CD,DA cutC(I,r).

Then
_MN—am/ Qt NP—2m/
4

ty
MQ =2r
to +ty’ @ t1—|—t3

PQ =2r

Proof. We have Al = Since AMIQ is cyclic, from Ptolemy theorem

wn A
sin &
2
we have AM - QI+ MI-AQ = MQ - Al or MQ - AI = 2tyr, or
217 A ad
MQ =———F =2t18in — =2t
@ r/sin% ! 2 "Voad + be

t3 t1 t1
=2t/ N =9
Wt s S\ 1 15 t +t3
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Corollary 9. In every bicentric quadrilateral, MP 1 QN with the notation
from above.

Proof. From Corollary 8 we have MQ? + NP? = MN? + QP?. So MNPQ

is orthodiagonal. O
Corollary 10. In every bicentric quadrilateral we have
r° (VARZ 77 +7)
MN-NP-PQ-QM = .
R2
Proof. From Corollary 8 we have
16+/E1tatstar? 1675
MNNPPQQN: 6 11213047 _ 67
(t1 + t3)(ta + tg) 2o ('/4R2+T2—T>
2 5
= # ( 4R2+7’2+7’).

O

Corollary 11. In every bicentric quadrilateral the following inequality is
true:

2r
1+/——m—— < MN+NP+PQ+QM <
\/Wuﬂ_r— Q+QM <
r(\/4R2—|—r2+2ﬁR+T)

2
Proof. According to Corollary 8 we have f : [s1, s2] — R,

(s ):MN+NP+PQ+QM

_ 12 +\/ 2} +\/ 31 +\/ i3
t2+t4 to + 14 t1 + 13 t1+ 13
\ﬁ—l—\ﬁ Vad + Ve 2T(\/x1+25r+\/x2+23r)
\/ab—i—cd Vad + bc

< < 4V2r.

I T2

23r (x1 + 1:2) N 2\/3:11'2 + 2sr(z1 + wo) + 45312

T1x2 122

2srs?2 x 2sr s x 4s52r2g
\/2+ ’ +2\/1+ S+ ]

16 R2r252 16R2r2s2 = 16R2r2s2

ST3 1 + ST3 I3

2 4 -

SR2r SR2r ' 4R2’

which is increasing in s. SO
f(s1) < f(s) < f(s2)
or
MiN1+ N1PL+PiQ1+Q1Mi <MN+ NP+ PQ+QN <L
< MaN2 + NoPs + PaQa + Q2 Mo,



Some relations between the tangent lengths of a bicentric quadrilateral 9

where M7, N1, P, Q1 represent the intersection of the incircle with the sides
of A1 B1C1D; from Blundon theorem and Ms, No, P», Q5 the intersection of
the sides Ay BoCy D9 with incircle C(1, 7).

We have

by + Veud di + /b
M1N1+N1P1+P1Q1+Q1M1:2r<\/a1 L+ Ve 1+\/a’1 1 \/161>

Vaiby + cidy Vaidy + bicy
From Blundon-Eddy theorem we have

a1 =c; = /R2— (r —d)2 + /R% — (r + d)?

by =2 RQ—(T—CZ)Q, dp =2 RQ—(T-l-d)Q

So
Vb1 ++/dy bi+di + 2v/b1dy
M{N; + N, P, + P, M, =2 =2
1N1+ NP+ PiQq + Q1M Jhiid, byt d,
2/ 472 4 2
=2 1+77':2 1+ ! =2, 1+ ﬁ
s v/
L \/8r (\/4R2 2 —r> T

Also

MsNy + NoPs + PoQo + Qo My :2r<\/a2 2 + V/cads N Vasds + +/ 202>‘

Vazbay + cady Vads + baca
From Blundon theorem we have
2R 2R

=by=—+/(R+d)2 —1r2 =dy=—+/(R—d)?—1r2
a2 2 R+d ( + ) r ) 62 2 R_d ( ) r
So
MyNy + NoPo + PoQ2 + Q2 M
_ % n \/i _ a2 —|-202 _ S9
as + c; \/(ag + ¢2)? — 2asco \/S% _ ?ﬁfgj
We have
4R?
a202 = m\/[(R +d)? = r?[(R - d)* — 7]
4R?
~ g VIE= 7 = PR+~ P
4R? 4R?r?
_ AP 2 SADP2 L 2 _
RQ—dQ\/(T 4R+ r 2Rr) ('r 4R+ r +2Rr> 2
So
VAR? 412 +
MyNo+No Py +PoQo+ Q2 Mo = T +V2

2
\/(\/4R2+r2 + r) - 18%]3222
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We have
2 8272
< 4R2—|—r2—|—7“) Y]
2.2
= 4R? + 2r? + 2r\/AR2 4 12 — L
r (\/4R2 +r2 — r)
= 4R? + 212 + 2r\/4R2 4 12 —27‘( 4R2—|—1"2+r) = 4R?
We obtain
<\/4R2 +7r24+r+ 2\/§R> r
MoNo 4+ NoPy + PoQo + QoMo = R .

O

Corollary 12. In every bicentric quadrilateral the following inequality is

true:

2
MN+NP+PQ+QM28%

R

Proof. From Corollary 11, if we denote — = = >/, it will be sufficient to
T

prove that

2 2 2
L+ ——=—=—2>= o 2*+2° | ————= >4,
Vadz2+1—-1" = Vazr2 +1—-1

or
2

5 22— >4 22

) Vax?2+1-1"

If z > /2 the inequality is true.
We will prove that inequality (5) is true for each v/2 < z < 2.

/ 2
If we denote 22 = g, we will prove that y m >4—y,Vy € [2,4]

or 2y > (4—y)*VAy +1—(4—y)* Vye[2,4],

or 3y® — 8y +16)* > (4 —y)*(4y + 1), Vy € [2,4],

or (y—2)(y>— 16y% + 72y — 128) <0, Vy € [2,4],

or y® — 16y + 72y — 128 <0, Vy € [2,4].
Since 3 —16y%+72y—128 = 0 has only real roots 79 ~ 10,148 and f : R — R
is an increasing function, it follows that f(y) <0, Vy € [2,4]. O

Corollary 13. In every bicentric quadrilateral the following inequality is
true:

3274 (\/4R2 +7r2 — 27“)
VARE T %
r4 (24R4 — 8R%r2 — 4r* — 493\/4R2 + r2)
RA

> MN*+ NP*+ PQ* + QM* >

>
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Proof. From Corollary 8 we have f : [s1,s2] = R

12+ 12 t2 12
s) = MN*+ NP*+ PQ* + M4:16r4[ 13 2 4
/() AR CES AT
d b b d
%c aé §d+c

= 16r*

d b
%C—{— +2 Zd—i— +2

16,4 (ad + be)? — 2abed N (ab+ ed)? — 2abed
= 167
(ad + bc)? (ab + dc)?
x] — 27“252 £U2 — 27252 2r2s%(z? + 22)
= 16r4< : — > = 167" (2— —$2;2 : >
2 172
2.2 (4 _ 32R%r%s?
— 1604 o 2r252(s* —2w129) 1604 |9 2rs (8 - x!s)
- 2202 e 256121752
172 o
3
1604 |2 r3(r35* — 32R%r%s?)
= s —_
128 R2

From Blundon-Eddy inequality we have
r35% > x3 - 8r (\/ 4R? + 12 — r)
— 1612 ( AR? 472 + r) (\/4R2 2o r) — 64R%2 > 32R%2,

or 35> > 32R%r2.
So, if we consider the function g : [s1, s3] — R,

g(s) = 35t — 32R?*r%s? = (235> — 32R*r?)
¢ is an increasing function as a product of two positive increasing functions.
x39(s
It follows that f : [s1,s2] — R, f(s) = 1674 <2 - 39(5)

128 R?
function on [s1, s2], or f(s2) < f(s) < f(s1), Vs € [s1,s2], or

is a decreasing

MiN{ + N\P} + PIQ} + Q1M > MN* + NP* + PQ* + QM* >
> MyN§ + No P+ PyQb + QoM.
We have
MN{ + N1 P} + PiQY + Q1M

1674 ( ald? + bic? atb? + Ad? >
— 161
(a1d1 + b161)2 (a1b1 + Cld1)2

A (b + d)? s%
32rt (8r (m —r)—8?) 82 (\/W ~2r)

8T(~/4R2+T2—T> VAR2 +1r2 — 7
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Also
MN{ + NP} + PLQt + Qi M
_ 164 ( a3d3 + b3cs a3b2 + c3d3 )
(agdy + baca)?  (agbe + coda)?
4 (243 as+c3 \ L4 1 as +c3
= 16r 52T 75 25 =107 t 5 5g )
dazey (a5 +c3) 2 (a3 +c3)
We have as + ¢y = s9 = VAR?2 +1r2 +r. Also
4AR?r?

a202:7R2_d2:r( 4R2+7‘2+7‘).
We have
2, 2 _ 2
a; + ¢ = (a2 + c2)” — 2as¢y
2
:( 4R2+T2+T> —27“( 4R2—|—r2—|—r>
= (VAR 12 4 7) (VAR 472 = 1) = 4R?
Also

2
ad+ = (a + D) - 20} = 16R" — 202 (VAR + 17 + 1)

=16R* — 8R%*r? — 4r* — 4r3\/4R2 + 12

So
MyN3 + No Py + PoQ5 + Q2 My
(1  16R*—8R*? — 4rt — 413\/AR? + r?
=16r"| = +
2 16 R4
1 24RY — 8R?r? — 4yt — 4r3\/AR? 4 12

=T R4 5

from which we obtain the statement. O

Corollary 14. In every bicentric quadrilateral the following inequality is
true:
16r* < MN* + NP* + PQ* + QM* < 8R?*?
Proof. From Corollary 13 it results that we have to prove
MN*+ NP*+ PQ* + QM* > 16r*.

R
It will be sufficient to prove that, if we denote z = — > v/2,
r

24zt — 822 — 4v/4a? + 1

o
or (22%—222—1)2 > 422 +1,Y2 > /2, or 42%(2? —2) > 0, which is true.
The right side of the inequality from the statement is equivalent using Coro-

llary 13 with 32 <\/4x2 T1- 2) < 812 (\/4952 Ti- 1) or
(22 —4)V4r2 +1> 2% -8, Vo > /2.

If 4 < 22 < 8, the inequality is true.

> 16, Va > V2
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If 2 < 2% < 4, the inequality is equivalent (if we denote 22 = y) to
(8—y)? = (4—y)*(4y+1),Vy € [2,4], or (y—2)(y*—6y+6) <0,y € [2,4],
or > —6y+6<0, or y€ [3—\/3,3+\/§].

If 22 > 8 the inequality is equivalent to (y — 4)%(42% + 1) > (y — 8)2,
Vy>38, or (y—2)(y?— 6y+6) >0, which is true since y > 8. O

In the following we refine the right side of the inequality from Corollary
15.

Corollary 15. In every bicentric quadrilateral the following inequality is
true:

MN*+ NP*+ PQ* + QM* < V213V R3/r.

Proof. In the same way as in Corollary 14, to prove the inequality from
statement, it will be sufficient to prove that

32 (\/4:52 T1- 2) < V21333 (\/4932 . 1) Vo> 2,
which is verified using Wolphram Alpha. O

Theorem 4 (Blundon-Eddy). In every bicentric quadrilateral the following
inequality is true:

\/87"(\/4R2+r2—r> < s<VARZ + 712 41,

Proof. The left side of the inequality from the statement, using Lemma 1
from equalities s = t1+to+ts3+t4 and (t1+t3)(ta+t4) = 2r (\/ 4R? 4+ 2 — r),

is equivalent to 4(t1 +t3)(ta +1t4) < (t1 +t3+t2 +t4) which is true according
to AM-GM inequality.

Also
t1 +1t3)(ta + ¢
\/4R2+r2—r:(1 3)(t2 )
2r
or
t1 +1t3)(ta + ¢
4R2+r2+r:(1 3;(2 4)+2r
r

or, since r = +/t1totsty, we have

t1 + t3)(t2 + t4)
4R2—|-7“2—|-7“:( + 2Vt tatsts.
2 Yt tatsts 1r2nst

So the right side of the inequality from the statement is equivalent to

2V/titatsta(ts +ta +t3 + ta) < (t1 + t3)(t2 + ta) + 4V/t1latsts

or, since t1t3 = t2t4,

tit tit
2v/tts <t1 it +t3+ f) < (ty +t3) (t3 + 13) + 4t
2 2
or
2Vtts [tits + 15 + ta(t + t3)] < (B + t3) (83 + tats) + dtatsta.
If we denote x = to, y = t1 + t3, z = \/t1t3, we obtain
22(2% + zy + 2°) < y(2? + 22) + 42%x

or (y — 22)(2® + 22 —22) > 0,
which is true since, from AM-GM, t; + t3 > 24/t1t3 or y > 2z. O
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