Volume 0, No. 0, XXXX 9999 1

The best constant in some
geometric inequalities

Mihaly Bencze and Marius Dragan

Abstract

The purpose of this article is to find a way to determine the
best constant for some geometric inequalities.

1 Introduction

First recall the fundamental triangle theorem of Blundon (see [1]):

Theorem 1. For any triangle ABC, the inequality s; < s<S
holds, where s;, s, represent the semiperimeter of two isosceles
triangles A, B;:C; and A;B>C, which have the same circumradius
R and irradius r as the triangle ABC', where

s2 =2R?> + 10Rr — r* — 2\/R(R — 27)3

s> =2R?+ 10Rr — r* + 2\/R(R — 27)3.

Also recall the Blundon theorem for acute triangles (see [4]):

Theorem 2. For any acute triangle holds

R R
s1 <8< s ifzﬁ?ﬁ\/i-FlandSsSSSSz if —>v2+1,

r
where s, so represent the semiperimeter of isosceles triangles from
Theorem 1 and sz the semiperimeter of a right angle triangle, where
S3 = 2R + r.
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We will search the best constant k£ for the inequality of type
E(a,b,c,k) > or <0 (1)

where E are symmetric and homogeneous in a, b, c.
We reduce the inequality (1) at inequality of form

F(R,r,s) > or <k (2)
We consider R, r in (2) constant and s variable.

R
If we denote * = — inequality (2) is equivalent with
r

F(x,1,s) > or <k (3)

defined for = > 2.
Let f: [s1,82] =& R, f(s) = F(x,1,s), ¢ > 2.

For inequality F'(x,1,s) > k or f(s) > k.

If f is increasing we obtain f(s) > f(s1) > k,so k < f(s1) = h(x),
Vax > 2. So the best constant is k; = 11;f2 h(x).

If f is decreasing then f(s) > f(s2) > k, hence k < f(s2) = g(x),
Vx > 2, and the best constant is ks = ir>1fzg(a:).

For inequality F(x,1,s) < k or f(s) < k, if f is increasing we
have f(s) < f(s2) <k or k> f(s2) = u(z). Vo > 2.
So the best constant is k3 = sup u(x).
r>2
If f is decreasing we have f(s) < f(s1) <k or k > f(s1) = v(x),

Va > 2, so the best constant is k4, = supv(z). In the same way
r>2

we proceed in the case of acute triangle using Theorem 2.

In the following we present some applications.

I. Find the best constant o such that the inequality

a’ N b? n c? <adt 3—4ar
o H°
(b+¢)? (c+a)? (a+b)?— 2 R
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is true in every ABC triangle.

The following identities are known:

Z a 2s%2 — 2r2 — 2Rr Z be s2 —2Rr +1r?
b+c_

5242+ 2Rr (a+b)(a+c) s> +2Rr+r2

So

a 2 a 2 be
= —2
Z(b—i—c) (Zb—l—c) Z(CL-I—b)(a-I—c)
B 2[s* — (672 + 4Rr)s? + 6 R?r? + 4Rr® + 7]
N (s2+r2+ 2Rr)2 ’

We consider the function f: (0, +o00) — R

2(t> — (672 4+ 4Rr)t + 6 R?>r? + 4Rr3 + 4]
(t+ 72+ 2Rr)?
4R[(2R + 27)t — 5R?*r — 6 Rr? — 2r3]
(t + 2Rr + r2)3 )

F(t) = with

f(@#) =

From Gerretsen inequality we have ¢t = s* > 16 Rr — 5r2. We will

5R2r + 6 Rr? + 272 L i .
prove 16 Rr — 572 > which is equivalent with
2R + 2r

(2x + 2)(16x — 5) > 522 + 6z + 2, Va > 2.
24/97 — 8

7
since x > 2. We deduce that f’(t) > 0 or f isincreasing. Then
f(t) < f(s2), therefore one has

This inequality is true if > ~ 0,43, which is true

Z a? 29R® — 5R?*r — 8Rr? — 4r3 + (TR + 27)/R(R — 27)3
(b+¢)?2 — 2R(3R + 2r)? |

The inequality from the statement is equivalent to

29x% — 522 — 8z — 4 + (Tz + 2 —2)° > :
T T T + (Tx + )mﬁa—I—(E—Za)—,ViBZz
x

2x(3x + 2)?
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or

x |2923 — 522 —8x — 4+ (Tx + 2)\/z(x —2)3 3

T x—2 2z(3x + 2)? 2z
2922 + 26x + 8 + (7Tx + 2)\/x(x — 2) Va2
= €T .
2(3x + 2)2 ’ -

So the best constant is

292 + 26x + 8 + (Tx + 2)/x(x — 2) wa
Qg = sup = 2.

Remark 1. In every ABC triangle is true

a? n b2 L c? n 5r <9
(b+¢)?2  (c+a)® (a+b?2 2R~

II. Find the best constant a such that the inequality
a’® b2 c? 3—4dar

>
bto? (ctar @rb2="T "2 =&

is true in every ABC triangle.
We saw in I that f is increasing. So

R? — 5R?*r — 8Rr? — 4r3 — (TR + 2r)/R(R — 2r)3
2R(3R + 2r)2

£ > F(s?) = 2

therefore
2913 — 522 — 8x — 4 — (7 2 —2)3 3 1
x x T (Tx 4+ 2)\/x(x ) Za—l—(——2a>—,Vzc22
2z(3x + 2)2 2 x
or ,
29 26 8 — (7 2 —2
o < 297 + 26x + (Tx + 2)\/x(x ),‘v’m22

= 2(3z + 2)2
So the best constant is
29z% 4 26x + 8 — (Tx + 2)\/x(z — 2) wa 11

a; = min =
VT 2(3x + 2)2 9
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Remark 2. In every ABC triangle is true
a? n b? L c? n 17r S 11
(b+¢c)2  (c+a)? (a+b)?2 18R~ 9

III. Find the best positive constant a such that the inequality

A

o tan2é+tan2E—|—tan2€ —|—8(1—a)sin—sinEsin—>1,
2 2 2 2 2 2 =

is true in every ABC triangle.

A 4R + r A r
We know identities: ) tan 5=

S
The inequality from statement may be written as

a{(4R+T)2

82

r

We consider the function f : [s1,s2] = R

{(4RS+ r)? B 2}

fs) =@ + (8= 80) =,

which is decreasing in s with R, r fixed.
So from Blundon’s inequality we obtain

F(s) = f(s2)
From (4) and (5) it follows that f(s2) > 1 or
[(4:13 +1)2 ]
ofl———— — 2

s3(z)
where sp(z) = 222 + 10x — 1 — 2\/x(xz — 2)3.
We obtain after perform some calculation
2z2 + 10z — 1 + 2\/z(x — 2)3
a > u(x) =
1222 4+ 8x — 1 — (4 + 4)/xz(x — 2)

1
So a > supu(x) = (s

r>2 2

2 2cx
+—-——=—2>21,Vx > 2,
x x

1
Therefore the best constant is a = 5

, sin — = —.
H 2

4)

(5)
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1 A A
Remark 3. If we take o = o5 We obtain ) tan 54— 8 [ sin o > 2,

which represent a problem of Leon Banoff from Crux Mathematico-
rum no 5 (1984).

IV. Find the best constants «, 3,7 > —2 such that the inequality
r\3 r\3 r\3 aR + 8r
)+ () + () =%
Ta Ty T R+ ~r

is true in every ABC triangle.
First we will prove that

<r)3+(r)3+<r>3<8R—13r ©)
Ta Ty T — 8R + 117r
We have
r\3 r\3 r\3 s—a)l+(s=0b)32+(s—c)®
R e
Ty T T s
95 —3s*Y a+3s)y.a’* - a®
- e
_333+6s(32—r2—4Rr)—23(32—6Rr—3r)_1 12Rr
- 53 - g2

From (6) and (7) it follows that we need to prove that

12Rr _ 8R— 13r , _8R*+11Rr
1— < or s° < —— . (8)
52 S8R 4+ 11r 2

By Gerretsen’s inequality s? < 4R? + 4Rr + 3r. So to prove (8), it
remains to show that

8R?>+8Rr +6r < 8R*+ 11Rr or 3r(R—2r) >0,
which clearly holds.

In the following we will prove that the best inequality of the type in
the statement is the inequality (6).
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We suppose that it exists other constants a, 3,7 € R and v > —2
such that

r\3 r\3 r\3 aR + Br S8R — 13r
e I e I e < (©)
Tq T Te R+ ~r S8R+ 11r

is true in every ABC triangle or

12Rr aR + Br S8R — 13r
1— < < . (10)
82 R+ ~r S8R + 11r

According to Blundon’s inequality and (10), we obtain

| 12Rr aR + Br < S8R — 13r
2R? 4+ 10Rr —r2 +2\/R(R—2r) = R+~r ~— 8R4 11r
(11)

In the case of isosceles triangle with sides b = ¢ =1, a = 0, from

1
(11) sinceR:E, r=0itfollowsthat 1 < a <1 or a=1.

R
In the case of equilateral triangle — = 2, from (11)
r

2+

<
=97

< or y=98+16> -2 or (32> -2

NJ
2
NJ

[u—

So inequality (11) may be written as

12x < x+ 3 <8:n—13
222 + 10z — 1+ 2/z(x —2) ~ = +98+16 — 8z + 11
(12)

The second part of inequality (12) (x > 2 > —98 — 16), may be
written as:

822 + 88z + 11z + 118 < 8z2 + (728 + 128)x — 13z — 13(98 + 16)
or

(6483 + 104)x — 13(98 + 16) — 113 >0, Vx > 2. So

13
643 > 104 or B> . (13)
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The first side of (12) may be written as
28+ 4 3x
< , Ve > 2
z+98+16 — 222+ 10x — 1 + 2/z(x — 2)3 -

or

(x —2)[(48+5)z+ B+ 2]+ (48 + 8)Vz(z —2)* <0, Vz > 2
or
(48+5)x+B+2+ (48+8)Va(r—2) <0, Vo > 2

or

2 2
115+ 2 Luprsyfi-2<o vz
xXr £Zr

Taking  — oo we obtain
13
B < 2" (14)

From (13 and (14) we get that (6) is the best inequality of the type
in the "statement".

V. Find the best constant a such that the inequality

bc ca ab R
Goay T sobp T smep S, T127 2

is true in every acute triangle.

We have
be r—8R+(4R+r)2

Z (s —a)? T rs?

So the inequality from statement is equivalent to

4R 3 8R
4R +r)* . 8RR} r
rs2 r | R—2r —

F(s,R,r) = {
Since F is decreasing we obtain
F(s,R,7) < F(s1,R,7) <y if 2 <

F(s,R,r) < F(s3,R,7) < ay if
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Consider the functions f; : [2, V2 + 1} — Rwith fi(x) = F(s1, R, 7)

and f»: [vV/2+ 1,4+00) — R defined by fo(x) = F(s3, R, 7).
y

One can show that a; = sup fi(«) and a; = sup f2(x)
z€[2,v/2+1] z€[vV24+1,400)
are the best constant for inequalities (3)

fl(w)—(m_2><2w2+10;c—1—2 x(x — 2)3 H 833)

fa(@) = (w - 2) (gz i Bz

— 11—8:13).

Using WA we obtain

a;= sup fi(z)=rhf (\/§+ 1> =10 4+ 2v2

we[27\/§+1]

Qg = sup fa(x) = 10 + 2v/2.
z€[V2+1,+00)

So the best constant is 10 + 24/2.

Remark 4. In every acute triangle ABC

bc ca ab R

< (10 +2v2)= — 8 — 4v2.
(s—a)2+(s—b)2+(s—c)2_< + >r

VI. Find the best constant k such that the inequality

a N b n c 3>kR—2r
b+c c+a a+b 2 2R

it’s true in every acute triangle.

a 252 — 2r2 — 2Rr

From identity )’ = , the inequality from
b+c s?2+1r24 2Rr

the statement is equivalent with

R s?2—10Rr — 7r?
k< or k< F(R,rs) = f(s),
R—2r s241242Rr
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R s2—10Rr — 7r?
R—2r s24 724+ 2Rr

where f : (0,4+00) — R given by f(s) =
2s?(12Rr + 8r?)
s24+7r24+ 2Ry

satisfies f'(s) =

<V2+1

=y

Hence f is increasing and k < f(s1) < f(s) if 2 <

and k < f(ss) < () 1 > V341,

So k < u(x) z @-d-ya(@—2) e[2v§+q
) u(x) = if x .
- r—2224 6x — \Jx(r—2)3 ’
Therefore the best constant is k; =  inf  wu(x) V2 1.
$€[2a\/§+1]

r 2x®>—3x—3

x—22x2+3x+1
. ) xr 2x2—3x—3

So the best constant is k, = inf =+v2-1.
e>ver1x —22x%2+3x+1

Therefore, in general, the best constant is V2 —1.

R
Also if — =z > V241, k< f(s3) =v(z) =
T

Remark 5. In every acute triangle holds

a b c r 2+2
V2 —-1)— > .
b—l—c+c—|—a+a—|—b+( )R_ 2
VII. Find the best constant «« such that
a? N b? n c? S +3—4ar
a — ——
(b+¢c)?  (c+a)? (a+b)?2— 2 R

is true in every acute triangle.

We see at problem I that the function f is increasing.
So according Blundon inequality in acute triangle, we have since

a < f(s) that a < f(s?) < f(s?) if 2353\/§+1 or
r

2922 + 26x + 8 — (Tx + 2)/z(x — 2)
2(3x + 2)2 '

a<u(x) =
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4— V2
So the best constant is a; =  inf  u(x) v —\/_
2<z<Vv2+1 2

R
Also if — > +/2+ 1, we have a < f(s2) < f(s?) or
r

16x° + 4x* — 4623 — 5522 — 22 — 3

< =
o s (@) 2z + 1)2(2z + 1)2(z — 2)
4 — /2
So the best constant is a3 = inf v(x) A —\/_
x>v/2+1 2

4—+2
Therefore the best constant is ———.
Remark 6. In every acute triangle it’s true the inequality

2

2 2 _ _
a " b N c >4 V25 2\/52
(b+c)? (c+a)? (a+0b)?2— 2 2 R

VIII. Find the best constant k£ such that the inequality

cos?* A+ cos* B+ cos*C > k

is true in every acute triangle.

Let £ = a?, y = b?, z = 2. Since a,b,c are the sides of an
acute triangle, then =z, y, z is the sides of an triangle with R, r the
circumradius and inradius and s semiperimeter. From the cosine
law, for all s € (0, 4o00) we have

Zcos4A:Z(y+z—m) = ! sz(y+Z—w)4

16y2%22 - 16x2y222

= 1602 [480'§ + Jf — 100';1 + 80'30':1i + 320’30’% — 3200203 — 320’3]
3

_ (256R*r? 4 32r*)s® — (2048 R*r® + 1536 R*r® 4 384Rr° + 32r°)
B 256 R272 52
256 R2r24+32r*  2084R3r3+1536 R2r*+384Rr°+432r° £(s)
— — = f(s).
256 R?r? 256 R2r2s2
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So f is increasing (we use oy = 2s, 03 = s°+r?>+4Rr, 03 = 4Rrs).
We obtain f(s) = F(R,r,s) > k or f(s) > f(s1) >k or
256x2% + 32 2048x2 + 153622 + 384x + 32
k< f(s1) =u(x) = 5 .
256 256x2(2x2 4+ 10z — 1) + 2/z(z — 2)3
Therefore the best constant is

Remark 7. In every acute triangle the following inequality holds
cos* A + cos* B + cos* C > ﬁ
— 384
IX. Find the best constant k£ such that the inequality
cos® A + cos® B 4 cos® C < k.

holds in every acute triangle. It’s known the identity

4R3 + 12R? 6 Rr? 38— 3rs?
Ycosta= ST ERIT O T Z I s Ryr) = £(s),

f is decreasing in s. So we search k such that f(s) < k.
R

In the case 2 < — < +/2 4 1, according Blundon theorem in acute
r

triangle we have f(s) < f(s1) < k or

u(z) = f(s1) <k, Vo € [2,V2+1)

4x% 4 622 — 24x + 4 + 6\/x(x — 2)3
3

u(z) = , Vo € [2,V2+1]
4x
: . : wa 1
So the best constant in this caseis k= sup wu(zx) = —.
2€[2,7/3+1] V2

ir > V241 we have f(s) < f(ss) < k or v(s) = f(ss3) <k,
"
43 — 6x —

2
o ‘v’a:Zﬁ—{—l.
T

Vz € [V2+1,+00), where v(z) =
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So the best constant is ks = sup v(x) e
zE€[v2+1,400)

Sl-

1
Therefore the best constant is —.

V2

Remark 8. 1) In every acute triangle one has

1
cos® A + cos® B+ cos® C < — ~ 0, 707.
= \/5 9

2) In [B] Yu-Dong Wu and Nu-Chun Hu find that k, ~ 1,225...
is the best constant for which " cos® A < k holds in every ABC
triangle. In [6] we give an easier solution for this inequality.

X. Find the best constant k& such that the inequality
cos® A + cos® B + cos® C >k
holds in every ABC triangle.

By Problem IX, function f is decreasing or f(s) > f(s2) > k.
So wv(x) = f(s2) > k, Vo > 2, where

4x3 + 6x% — 24z + 4 — 6\/x(x — 2)3
, Vo > 2

43

v(x) =

So the best constant is

ko = inf v(x) A

~ 0,375.
x>2

| w
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