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The best constant in some
geometric inequalities

Mihály Bencze and Marius Drăgan

Abstract

The purpose of this article is to find a way to determine the
best constant for some geometric inequalities.

1 Introduction

First recall the fundamental triangle theorem of Blundon (see [1]):

Theorem 1. For any triangle ABC , the inequality s1 ≤ s≤s2
holds, where s1, s2 represent the semiperimeter of two isosceles
triangles A1B1C1 and A2B2C2 which have the same circumradius
R and irradius r as the triangle ABC , where

s21 = 2R2 + 10Rr − r2 − 2
√
R(R− 2r)3

s22 = 2R2 + 10Rr − r2 + 2
√
R(R− 2r)3.

Also recall the Blundon theorem for acute triangles (see [4]):

Theorem 2. For any acute triangle holds

s1 ≤ s ≤ s2 if 2 ≤
R

r
≤
√
2 + 1 and s3 ≤ s ≤ s2 if

R

r
≥
√
2 + 1,

where s1, s2 represent the semiperimeter of isosceles triangles from
Theorem 1 and s3 the semiperimeter of a right angle triangle, where
s3 = 2R+ r .
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We will search the best constant k for the inequality of type

E(a, b, c, k) ≥ or ≤ 0 (1)

where E are symmetric and homogeneous in a, b, c.
We reduce the inequality (1) at inequality of form

F (R, r, s) ≥ or ≤ k (2)

We consider R, r in (2) constant and s variable.

If we denote x =
R

r
inequality (2) is equivalent with

F (x, 1, s) ≥ or ≤ k (3)

defined for x ≥ 2.
Let f : [s1, s2]→ R, f(s) = F (x, 1, s), x ≥ 2.

For inequality F (x, 1, s) ≥ k or f(s) ≥ k.

If f is increasing we obtain f(s) ≥ f(s1) ≥ k, so k ≤ f(s1) = h(x),
∀x ≥ 2. So the best constant is k1 = inf

x≥2
h(x).

If f is decreasing then f(s) ≥ f(s2) ≥ k, hence k ≤ f(s2) = g(x),
∀x ≥ 2, and the best constant is k2 = inf

x≥2
g(x).

For inequality F (x, 1, s) ≤ k or f(s) ≤ k, if f is increasing we
have f(s) ≤ f(s2) ≤ k or k ≥ f(s2) = u(x), ∀x ≥ 2.
So the best constant is k3 = sup

x≥2

u(x).

If f is decreasing we have f(s) ≤ f(s1) ≤ k or k ≥ f(s1) = v(x),
∀x ≥ 2, so the best constant is k4 = sup

x≥2

v(x). In the same way

we proceed in the case of acute triangle using Theorem 2.

In the following we present some applications.

I. Find the best constant α such that the inequality

a2

(b+ c)2
+

b2

(c+ a)2
+

c2

(a+ b)2
≤ α+

3− 4α

2

r

R
,
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is true in every ABC triangle.

The following identities are known:

∑ a

b+ c
=

2s2 − 2r2 − 2Rr

s2 + r2 + 2Rr
and

∑ bc

(a+ b)(a+ c)
=
s2 − 2Rr + r2

s2 + 2Rr + r2

So ∑(
a

b+ c

)2

=

(∑ a

b+ c

)2

− 2
∑ bc

(a+ b)(a+ c)

=
2[s4 − (6r2 + 4Rr)s2 + 6R2r2 + 4Rr3 + r4]

(s2 + r2 + 2Rr)2
.

We consider the function f : (0,+∞)→ R

f(t) =
2[t2 − (6r2 + 4Rr)t+ 6R2r2 + 4Rr3 + r4]

(t+ r2 + 2Rr)2
with

f ′(t) =
4R[(2R+ 2r)t− 5R2r − 6Rr2 − 2r3]

(t+ 2Rr + r2)3
.

From Gerretsen inequality we have t = s2 ≥ 16Rr − 5r2 . We will

prove 16Rr − 5r2 ≥
5R2r + 6Rr2 + 2r2

2R+ 2r
which is equivalent with

(2x+ 2)(16x− 5) ≥ 5x2 + 6x+ 2, ∀x ≥ 2.

This inequality is true if x >
2
√
97− 8

27
' 0, 43, which is true

since x ≥ 2. We deduce that f ′(t) > 0 or f is increasing. Then
f(t) ≤ f(s22), therefore one has

∑ a2

(b+ c)2
≤

29R3 − 5R2r − 8Rr2 − 4r3 + (7R+ 2r)
√
R(R− 2r)3

2R(3R+ 2r)2
.

The inequality from the statement is equivalent to

29x3 − 5x2 − 8x− 4 + (7x+ 2)
√
x(x− 2)3

2x(3x+ 2)2
≤ α+

(
3

2
− 2α

)
1

x
, ∀x ≥ 2
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or

α ≥
x

x− 2

[
29x3 − 5x2 − 8x− 4 + (7x+ 2)

√
x(x− 2)3

2x(3x+ 2)2
−

3

2x

]

=
29x2 + 26x+ 8 + (7x+ 2)

√
x(x− 2)

2(3x+ 2)2
, ∀x ≥ 2.

So the best constant is

α0 = sup
x≥2

29x2 + 26x+ 8 + (7x+ 2)
√
x(x− 2)

2(3x+ 2)2
WA
= 2.

Remark 1. In every ABC triangle is true

a2

(b+ c)2
+

b2

(c+ a)2
+

c2

(a+ b)2
+

5r

2R
≤ 2.

II. Find the best constant α such that the inequality

a2

(b+ c)2
+

b2

(c+ a)2
+

c2

(a+ b)2
≥ α+

3− 4α

2

r

R

is true in every ABC triangle.
We saw in I that f is increasing. So

f(t) ≥ f(s21) =
29R3 − 5R2r − 8Rr2 − 4r3 − (7R+ 2r)

√
R(R− 2r)3

2R(3R+ 2r)2

therefore

29x3 − 5x2 − 8x− 4− (7x+ 2)
√
x(x− 2)3

2x(3x+ 2)2
≥ α+

(
3

2
− 2α

)
1

x
, ∀x ≥ 2

or

α ≤
29x2 + 26x+ 8− (7x+ 2)

√
x(x− 2)

2(3x+ 2)2
, ∀x ≥ 2

So the best constant is

α1 = min
x≥2

29x2 + 26x+ 8− (7x+ 2)
√
x(x− 2)

2(3x+ 2)2
WA
=

11

9
.
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Remark 2. In every ABC triangle is true

a2

(b+ c)2
+

b2

(c+ a)2
+

c2

(a+ b)2
+

17r

18R
≥

11

9
.

III. Find the best positive constant α such that the inequality

α

(
tan2

A

2
+ tan2

B

2
+ tan2

C

2

)
+ 8(1− α) sin

A

2
sin

B

2
sin

C

2
≥ 1,

is true in every ABC triangle.

We know identities:
∑

tan
A

2
=

4R+ r

s
,
∏

sin
A

2
=

r

4R
.

The inequality from statement may be written as

α

[
(4R+ r)2

s2
− 2

]
+ (8− 8α)

r

4R
≥ 1. (4)

We consider the function f : [s1, s2]→ R

f(s) = α

[
(4R+ r)2

s2
− 2

]
+ (8− 8α)

r

4R
,

which is decreasing in s with R, r fixed.
So from Blundon’s inequality we obtain

f(s) ≥ f(s2) (5)

From (4) and (5) it follows that f(s2) ≥ 1 or

α

[
(4x+ 1)2

s22(x)
− 2

]
+

2

x
−

2α

x
≥ 1, ∀x ≥ 2,

where s2(x) = 2x2 + 10x− 1− 2
√
x(x− 2)3 .

We obtain after perform some calculation

α ≥ u(x) =
2x2 + 10x− 1 + 2

√
x(x− 2)3

12x2 + 8x− 1− (4x+ 4)
√
x(x− 2)

, ∀x ≥ 2

So α ≥ sup
x≥2

u(x)
WA
=

1

2
.

Therefore the best constant is α =
1

2
.
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Remark 3. If we take α =
1

2
, we obtain

∑
tan

A

2
+8

∏
sin

A

2
≥ 2,

which represent a problem of Leon Banoff from Crux Mathematico-
rum no 5 (1984).

IV. Find the best constants α, β, γ ≥ −2 such that the inequality(
r

ra

)3

+

(
r

rb

)3

+

(
r

rc

)3

≤
αR+ βr

R+ γr
,

is true in every ABC triangle.
First we will prove that(

r

ra

)3

+

(
r

rb

)3

+

(
r

rc

)3

≤
8R− 13r

8R+ 11r
(6)

We have(
r

ra

)3

+

(
r

rb

)3

+

(
r

rc

)3

=
(s− a)3 + (s− b)3 + (s− c)3

s3
(7)

=
9s3 − 3s2

∑
a+ 3s

∑
a2 −

∑
a3

s3

=
3s3 + 6s(s2 − r2 − 4Rr)− 2s(s2 − 6Rr − 3r)

s3
= 1−

12Rr

s2

From (6) and (7) it follows that we need to prove that

1−
12Rr

s2
≤

8R− 13r

8R+ 11r
or s2 ≤

8R2 + 11Rr

2
. (8)

By Gerretsen’s inequality s2 ≤ 4R2 + 4Rr + 3r . So to prove (8), it
remains to show that

8R2 + 8Rr + 6r ≤ 8R2 + 11Rr or 3r(R− 2r) ≥ 0,

which clearly holds.

In the following we will prove that the best inequality of the type in
the statement is the inequality (6).
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We suppose that it exists other constants α, β, γ ∈ R and γ ≥ −2
such that(

r

ra

)3

+

(
r

rb

)3

+

(
r

rc

)3

≤
αR+ βr

R+ γr
≤

8R− 13r

8R+ 11r
(9)

is true in every ABC triangle or

1−
12Rr

s2
≤
αR+ βr

R+ γr
≤

8R− 13r

8R+ 11r
. (10)

According to Blundon’s inequality and (10), we obtain

1−
12Rr

2R2 + 10Rr − r2 + 2
√
R(R− 2r)3

≤
αR+ βr

R+ γr
≤

8R− 13r

8R+ 11r
.

(11)
In the case of isosceles triangle with sides b = c = 1, a = 0, from

(11) since R =
1

2
, r = 0 it follows that 1 ≤ α ≤ 1 or α = 1.

In the case of equilateral triangle
R

r
= 2, from (11)

1

9
≤

2 + β

2 + γ
≤

1

9
or γ = 9β + 16 ≥ −2 or β ≥ −2

So inequality (11) may be written as

1−
12x

2x2 + 10x− 1 + 2
√
x(x− 2)3

≤
x+ β

x+ 9β + 16
≤

8x− 13

8x+ 11
.

(12)

The second part of inequality (12) (x ≥ 2 ≥ −9β − 16), may be
written as:

8x2 +8βx+11x+11β ≤ 8x2 + (72β+128)x− 13x− 13(9β+16)
or

(64β + 104)x− 13(9β + 16)− 11β ≥ 0, ∀x ≥ 2. So

64β ≥ −104 or β ≥ −
13

8
. (13)
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The first side of (12) may be written as

2β + 4

x+ 9β + 16
≤

3x

2x2 + 10x− 1 + 2
√
x(x− 2)3

, ∀x ≥ 2

or

(x− 2)[(4β + 5)x+ β + 2] + (4β + 8)
√
x(x− 2)3 ≤ 0, ∀x ≥ 2

or
(4β + 5)x+ β + 2 + (4β + 8)

√
x(x− 2) ≤ 0, ∀x ≥ 2

or

4β + 5 +
β + 2

x
+ (4β + 8)

√
1−

2

x
≤ 0, ∀x ≥ 2

Taking x→∞ we obtain

β ≤ −
13

8
. (14)

From (13 and (14) we get that (6) is the best inequality of the type
in the "statement".

V. Find the best constant α such that the inequality

bc

(s− a)2
+

ca

(s− b)2
+

ab

(s− c)2
≤ α

R

r
+ 12− 2α,

is true in every acute triangle.

We have ∑ bc

(s− a)2
=
r − 8R

r
+

(4R+ r)2

rs2
.

So the inequality from statement is equivalent to

F (s,R, r) =

[
(4R+ r)3

rs2
− 11−

8R

r

]
r

R− 2r
≤ α.

Since F is decreasing we obtain

F (s,R, r) ≤ F (s1, R, r) ≤ α1 if 2 ≤
R

r
≤
√
2 + 1

F (s,R, r) ≤ F (s3, R, r) ≤ α2 if
R

r
≥
√
2 + 1.
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Consider the functions f1 :
[
2,
√
2 + 1

]
→ R with f1(x) = F (s1, R, r)

and f2 :
[√

2 + 1,+∞
)
→ R defined by f2(x) = F (s3, R, r).

One can show that α1 = sup
x∈[2,

√
2+1]

f1(x) and α2 = sup
x∈[
√

2+1,+∞)

f2(x)

are the best constant for inequalities (3)

f1(x) =

(
1

x− 2

)(
(4x+ 1)3

2x2 + 10x− 1− 2
√
x(x− 2)3

− 11− 8x

)

f2(x) =

(
1

x− 2

)(
(4x+ 1)3

(2x+ 1)2
− 11− 8x

)
.

Using WA we obtain

α1 = sup
x∈[2,

√
2+1]

f1(x) = f1

(√
2 + 1

)
= 10 + 2

√
2

α2 = sup
x∈[
√

2+1,+∞)

f2(x) = 10 + 2
√
2.

So the best constant is 10 + 2
√
2.

Remark 4. In every acute triangle ABC

bc

(s− a)2
+

ca

(s− b)2
+

ab

(s− c)2
≤
(
10 + 2

√
2
)R
r
− 8− 4

√
2.

VI. Find the best constant k such that the inequality

a

b+ c
+

b

c+ a
+

c

a+ b
−

3

2
≥ k

R− 2r

2R
.

it’s true in every acute triangle.

From identity
∑ a

b+ c
=

2s2 − 2r2 − 2Rr

s2 + r2 + 2Rr
, the inequality from

the statement is equivalent with

k ≤
R

R− 2r

s2 − 10Rr − 7r2

s2 + r2 + 2Rr
or k ≤ F (R, r, s) = f(s),
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where f : (0,+∞) → R given by f(s) =
R

R− 2r

s2 − 10Rr − 7r2

s2 + r2 + 2Rr

satisfies f ′(s) =
2s2(12Rr + 8r2)

s2 + r2 + 2Rr
> 0.

Hence f is increasing and k ≤ f(s1) ≤ f(s) if 2 ≤
R

r
≤
√
2 + 1

and k ≤ f(s3) ≤ f(s) if
R

r
≥
√
2 + 1.

So k ≤ u(x) =
x

x− 2

x2 − 4−
√
x(x− 2)

x2 + 6x−
√
x(x− 2)3

if x ∈
[
2,
√
2 + 1

]
.

Therefore the best constant is k1 = inf
x∈[2,

√
2+1]

u(x)
WA
=
√
2− 1.

Also if
R

r
= x ≥

√
2+1, k ≤ f(s3) = v(x) =

x

x− 2

2x2 − 3x− 3

2x2 + 3x+ 1
.

So the best constant is k2 = inf
x≥
√

2+1

x

x− 2

2x2 − 3x− 3

2x2 + 3x+ 1
=
√
2− 1.

Therefore, in general, the best constant is
√
2− 1.

Remark 5. In every acute triangle holds

a

b+ c
+

b

c+ a
+

c

a+ b
+
(√

2− 1
) r
R
≥

2 +
√
2

2
.

VII. Find the best constant α such that

a2

(b+ c)2
+

b2

(c+ a)2
+

c2

(a+ b)2
≥ α+

3− 4α

2

r

R

is true in every acute triangle.

We see at problem I that the function f is increasing.
So according Blundon inequality in acute triangle, we have since

α ≤ f(s) that α ≤ f(s21) ≤ f(s2) if 2 ≤
R

r
≤
√
2 + 1 or

α ≤ u(x) =
29x2 + 26x+ 8− (7x+ 2)

√
x(x− 2)

2(3x+ 2)2
.
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So the best constant is α2 = inf
2≤x≤

√
2+1

u(x)
WA
=

4−
√
2

2
.

Also if
R

r
≥
√
2 + 1, we have α ≤ f(s23) ≤ f(s2) or

α ≤ v(x) =
16x5 + 4x4 − 46x3 − 55x2 − 22x− 3

2(x+ 1)2(2x+ 1)2(x− 2)
.

So the best constant is α3 = inf
x≥
√

2+1
v(x)

WA
=

4−
√
2

2
.

Therefore the best constant is
4−
√
2

2
.

Remark 6. In every acute triangle it’s true the inequality

a2

(b+ c)2
+

b2

(c+ a)2
+

c2

(a+ b)2
≥

4−
√
2

2

5− 2
√
2

2

r

R
.

VIII. Find the best constant k such that the inequality

cos4A+ cos4B + cos4C ≥ k

is true in every acute triangle.

Let x = a2 , y = b2 , z = c2 . Since a, b, c are the sides of an
acute triangle, then x, y, z is the sides of an triangle with R, r the
circumradius and inradius and s semiperimeter. From the cosine
law, for all s ∈ (0,+∞) we have

∑
cos4A =

∑ (y + z − x)4

16y2z2
=

1

16x2y2z2

∑
x2(y + z − x)4

=
1

16σ2
3

[
48σ2

3 + σ6
1 − 10σ4

1 + 8σ3σ
3
1 + 32σ2

2σ
2
1 − 32σ1σ2σ3 − 32σ2

2

]
=

(256R2r2 + 32r4)s2−(2048R3r3 + 1536R2r2 + 384Rr5 + 32r6)

256R2r2s2

=
256R2r2+32r4

256R2r2
−

2084R3r3+1536R2r4+384Rr5+32r6

256R2r2s2
=f(s).
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So f is increasing (we use σ1 = 2s, σ2 = s2+r2+4Rr , σ3 = 4Rrs).
We obtain f(s) = F (R, r, s) ≥ k or f(s) ≥ f(s1) ≥ k or

k ≤ f(s1) = u(x) =
256x2 + 32

256x2
−

2048x3 + 1536x2 + 384x+ 32

256x2(2x2 + 10x− 1) + 2
√
x(x− 2)3

.

Therefore the best constant is

k0 = inf
x≥2

u(x)
WA
=

73

384
.

Remark 7. In every acute triangle the following inequality holds

cos4A+ cos4B + cos4C ≥
73

384
.

IX. Find the best constant k such that the inequality

cos3A+ cos3B + cos3C ≤ k.

holds in every acute triangle. It’s known the identity

∑
cos3A =

4R3 + 12R2r + 6Rr2 + r3 − 3rs2

4R3
= F (s,R, r) = f(s),

f is decreasing in s. So we search k such that f(s) ≤ k.

In the case 2 ≤
R

r
≤
√
2 + 1, according Blundon theorem in acute

triangle we have f(s) ≤ f(s1) ≤ k or

u(x) = f(s1) ≤ k, ∀x ∈
[
2,
√
2 + 1

)
u(x) =

4x3 + 6x2 − 24x+ 4 + 6
√
x(x− 2)3

4x3
, ∀x ∈

[
2,
√
2 + 1

]
So the best constant in this case is k = sup

x∈[2,
√

2+1]

u(x)
WA
=

1
√
2

.

If
R

r
≥
√
2 + 1 we have f(s) ≤ f(s3) ≤ k or v(s) = f(s3) ≤ k,

∀x ∈
[√

2 + 1,+∞
)
, where v(x) =

4x3 − 6x− 2

4x3
∀x ≥

√
2 + 1.
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So the best constant is k2 = sup
x∈[
√

2+1,+∞)

v(x)
WA
=

1
√
2
.

Therefore the best constant is
1
√
2

.

Remark 8. 1) In every acute triangle one has

cos3A+ cos3B + cos3C ≤
1
√
2
' 0, 707.

2) In [5] Yu-Dong Wu and Nu-Chun Hu find that k0 ' 1, 225 . . .
is the best constant for which

∑
cos3A ≤ k holds in every ABC

triangle. In [6] we give an easier solution for this inequality.

X. Find the best constant k such that the inequality

cos3A+ cos3B + cos3C ≥ k

holds in every ABC triangle.

By Problem IX, function f is decreasing or f(s) ≥ f(s2) ≥ k.
So v(x) = f(s2) ≥ k, ∀x ≥ 2, where

v(x) =
4x3 + 6x2 − 24x+ 4− 6

√
x(x− 2)3

4x3
, ∀x ≥ 2

So the best constant is

k2 = inf
x≥2

v(x)
WA
=

3

8
' 0, 375.
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[6] Drăgan, M. and Stanciu, N., Cea mai buna constantă pentru
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