SOME INEQUALITIES WITH MEDIANS IN A TRIANGLE

MIHALY BENCZE AND MARIUS DRAGAN

ABSTRACT. In this paper we find the best upper bounds homogenous
function depend by R and r (where R is the radius of circumscribed
circle and r is the radius of the inscribed circle) of the sums of median
of triangle and using this results we prove the Sun Wen Cai inequality
(see [2]).

1. INTRODUCTION

n [1], Chu Xiao Guang and Yang Xue-Zhi established the inequality
(mq + my +me)? < 4s® — 16Rr + 512

with mg, my, m. the medians, R circumradius, 7 inradius and s semiperime-
ter.

Sun Wen Cai posed a stronger conjecture in a personal communication
which is solved by J. Liu in [2] and [3] which say that in any ABC triangle
is true the inequality:

(ma +mp + me)? r?

<24 —.
Zirte SR

In the following we find the best homogenous function f(R,r) such that the
(mg + mp + me)?
a?+b% 4 2

inequality < f(R,r) is true in every ABC triangle.

Theorem 1.1 (Blundon). In any ABC triangle is true the inequality s1 <
s < s9 where

s1 = \/2R2 + 10Rr —r2 — 2(R — 2r)vV R?> — 2Rr

= \/2R2 +10Rr —r2 4+ 2(R — 2r)vV R? — 2Rr
with the cases of equality for two isosceles triangle with the sides

w = 2r(R+r —d) . _(R+de)(Rfd)
ERVr=r EREER N S
o — 2r(R+1r+d) b — c (R+r+d)(R+4d)
2T JRydE 2 T J(RraR-r

where

d=|0I| = v/R? - 2Rr. (1.1)
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Lemma 1.1. In any tm'cmgle ABC are true the following equalities
Zm mi = s + 7%+ 4Rr)? — 16Rr52] (1.2)
i)  (4mempme)? = s° 4 (3312 — 12Rr)s*
— (337" + 60R?r* 4 120Rr3) — (r* + 4Rr)>  (1.3)

Proof. i) We denote x = a? + b% + 2

1
2 2 _ L _ a2 _ a2
E MaMp = 16 g (2x — 3a®)(2x — 3b%)

_i 2 _ 2 272 _3 272
=16 [42* — 62 (x c)+9ab]—162ab
=1 [(s* +r? + 4Rr)* — 16Rrs?] .

ii) We denote r? + 4Rr = z. We have

64m2m2m? = H[2(b2 +2) —ad? = H(2x — 3a?)
=82% — 122° +9 Z a?b*2x — 27a*b*c? = —423 + 1837[(2 ab)? — 4abc 5]
—27 - 16R?*r?s* = —32(s2—2)3 + 36(s* — 2)[(s® + 2)? — 16 Rrrs?]| — 432R?r? s>
= —32(s% — 3512 + 35227 — 23) + (365 — 362)[s* + (22 — 16Rr)s? + 27]
—432R%*r%s% = —325% 4+ 962 s — 962252 + 3223 + 3655 + (722 — 576 Rr)s?
+362%5% — 36251 — (722% — 576 Rrz)s® — 3623 — 432R%r%s>
=455 + (962 + 72z — 576 Rr — 362)s® — (9622 — 362% + 722° — 576Rrz
+432R?r?)s? 4 322% — 362% = 45% + [132(r% + 4Rr) — 576Rr]s’
—[132(r? 4+ 4Rr)? — 576 Rr(r* + 4Rr) + 432R*r?)s* — 423
= 45% 4 (132r% — 48Rr)s* — (1327 + 480Rr> + 240R?r?)s? — 423,

So, (4mgmyme)® = s° + (33r* — 12Rr)s* — (33r* + 120Rr® + 60R*r?)s”
(72 + 4R7")3. O

2. MAIN RESULTS

Theorem 2.1. In any triangle ABC' is true the inequality

V(R —d)2 =712+ /82 + (R —d)? < Ma +my + me
V4r2 +2(R — d)? T Va?+ b2+

_ VR4 -+ /87 + (R+d)?
- VA2 +2(R + d)? '

Proof. We denote x = a? + b* + ¢ = 2(s> — r? — 4Rr) and

2
wo Metmtme s \/f Pl b )+ Plbe.a) + /Ple ).

a? + b2 4 ¢2

(2.1)




Some inequalities with medians in a triangle 3

After squaring we obtain

2

2 2,192 2 2

m maom mam;m

w2 2: a 9 z: a2b 9 a3bc
Xz xr A

or, if we consider f,g,h : [s1,52] = R

m?2 m2m? | mZm2m?2
f(S):Z?,g(S):Z me,h(S): T;

we have (w? — f(5))? = 4(g(s) + 2h(s)w), with w > \/f(s).
We consider the function F : [«/f(s), +oo) —R

F(u) = ut — 2f(s)u2 — 8h(s)u + f2(s) —4g(s), u € [\/f(s),—l—oo) .

We observe that F'(w) = 0.
Since F'(u) = 4u3 — 4f(s)u — 8h(s) = 4u(u® — f(s)) — 8h(s), it results that

F’ is increasing on (O, \/f(s)>.

But, F’( f(s)) = —8h(s) < 0 and le F'(u) = +o00. It follows that F’
has only root on [\/f(s), +oo>.

Since

F f<s>)=f2<>—2f2 ) — 8h(s \ﬁ+f2 49(s)
= —8h(s)\/ f(s) —4g(s

and lim F(u) = 400, it results that equation F(u) = 0 has w as only
uU—00

solution in [\/f(s), +oo) interval.

In conclusion, it exists a only continuous function w : [s1, s2] — R such
that F(u(s)) =0, (V) s € [s1,s2].
From the implicit theorem it results that the function w is differentiable on
interval (s, s2).

If we differentiate the equality

(u?(s) = f(5))* = 4(g(s) + 2h(s)u(s)), (V) s € (s1,52),

we obtain

2(u*(s) = f () 2u(s)u'(s) = f'(s))
= 4g'(s) + 8K/ (s)u(s) + 8h(s)u'(s), (V) s € (s1,52)

(2u®(s) — 2f (s)u(s) — 4h(s))u'(s)
= ['(s)(u®(s) = f(5)) +29'(s) + 4B/ (s)u(s), (V)5 € (s1,52) (2.2)
From AM-GM inequality we have

u?(s) = f(s) +2 ) /Pla,b,c)P(b,c,a) > f(s) + 6/h2(s) (2.3)
u?(s) — f(s) > 6/ u(s). (2.4)

or
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Also
u?(s) > 63/h2(s) or u(s) > V6 u(s). (2.5)
From (2.4) and (2.5) we obtain that

2u3(s) — 2f(s)u(s) — 4h(s)
= 2u(s)(u(s)— f(s))— 4h(s) > 123/h2(s)u(s)— 4h(s) > 12v/6h(s)— 4h(s)
- (12\/6 - 4) h(s) >0
So, we obtain that

2u3(s) — 2f(s)u(s) — 4h(s) > 0. (2.6)

, (V) s € [s1,82] and f/(s)=0, (V) s € [s1, s2).

A~ w

m2
We calculate f(s)=>_ ?a:

From (1.2) we have

> m2mi 9 [(s®+r?+4Rr)> — 16Rrs?

9(s) 22 64 s2 —r2 —4Rr

To simply the calculation we denote t = s> — 2 — 4Rr. We obtain

9 [(t+2r* +8Rr)? — 16Rr(t + r? + 4Rr)]

9(t? + 4r%t + 4r* + 16Rr®
_ 9t +4r7t +4r" + 16Rr) 2.7)
6412
We consider the function H : [s1, so] — R, H(s) = h?(s).
From (1.3) we h H()—136+x34_y32_z3 h denot
rom (1.3) we have H(s) = ) e where we denote
x = 33r2 — 12Rr, y = 33r* + 60R%r2 + 120Rr>, z = r? + 4Rr.
We obtain that
H(s):i (t+2)3+at+2)?—ylt+2z)—23
32 t3
34+ 3z + 2)t2 + (322 + 222 — y)t + 2(x2 — v)
B 32¢3
1 1\ ) 1)\’
= 32[z(:pz —v) (82 — z> + (32° + 22z — y) <s2 — z>
1 1 1
1| = — 2.
+(32+x)<82_z)+ ] 32Q<s2—z> (2.8)
We define Q [ ! n ) R
e define Q : | ————=,4+00) —
VAR? + 2r?
R
Q(a) = apa® + a10® + aza + az, f = o
where

ap = z(zz —y) = —1085%(1 + 4B8)r® < 0
a1 = 322 + 220 —y = (108532 + 1448 + 36)r* < 0 since B > 2
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as =3z +x = 36r% and a3 = 1.

1 1
We have 32—z2 IV

Q@) < (gryga) (29)

Since Q" () = 6aga+2a; < 0, it follows that

We prove that
1
Q'(w) <0 (210)

3ag + 2a1(4R* + 2r%) + ag(4R* + 2r*)? <0

or

or
—324(B%+ 48°) + (882 +4)(—1083% + 1445+ 36)+ 36(163* +163% + 4) <0
or
—324% — 12963 — 8644* + 11524° 4 2883% — 43232
+5763 4 144 + 5768* 4+ 5763 + 144 < 0
or
2883% + 14433 — 10852 — 5765 — 288 > 0, (V) 8 > 2,

inequality which is true.

From (2.9) and (2.10) it results that Q’(a) < 0 which implies that H'(s) > 0,
(V) s € [s1, s2].

From AM-GM inequality we have that

H(s) = mgmgmg 2 mgmgmg < 1
- 3 3 =
(a2 A (Tmd)” ~ 4
> 43,
or i) =

From (2.3) we have

u2(s)22+6\3/ﬂ(8) or u(s)> Z—FGBH(S)

we have since H'(s) > 0 that

g'(s) +2h'(s) - u(s)

/ 1 / / 1 3 3 /
=)+ 6uls) 2 §6) + s [ 5+ SVHGIHG)

) 31 01\,
=g'(s) + 1H(S)+6 (H(s))H(S)

> f(5) + /5 48+ 6VIBH'(5) = /() + VB £ 16 £H(s)
=4'(s)+ 12H'(s) (2.11)
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We prove that the function G : [s1,s2] — R is increasing G(s) = g(s) +
12H (s) is an increasing function

g t2 + 4r2t + 412z

G0s) =51 2

12 [3 + (32 + 2)t2 + (322 + 222 — y)t + z(z2 — y))

32 3
9t3436r2t2+36r2 2t + 2413+ 24 (32 +3)t? +24(32% + 220 — y )t + 242 (x2 —y)
B 6413
3363+ [36r2 + 24(3z + x)t2 4 (36122 4 24(32%+ 2za — y)|t + 24z(xz—y)
B 64+ 3

_ ! 24z(zz — y) ( ! )3 + 36122 + 24(32% + 222 — y) ( ! )2]
64 s2— 2 s2—2

1
+ [367“2 +24(3z + ) (52 — z> + 33}

1 1 3+ 1 2+ 1 N
=— |ag | —— a a a
64 |0\ 52— 2 222 2\s2 -2 3

1

We consider the function U : { —i—oo) — R, U(a) = apa® +a1a®+

4R2 4 272’
az20 + as
Gls) = ~u (-2 (2.12)
s) = — )
64 §2 —z
where

ap = 24z(xz — y)
= 2475(1 +4B)(33 + 1328 — 123 — 484% — 33 — 6042 — 1208)
= —24-10855%(14+48) <0

ay = 36r°2 + 24(32% + 222 — y)

= r4{36(1 +48) + 24 [3(1 4 168% + 88) + (2 + 83)(33 — 12p)
—33-6083° — 120ﬂ] } =t {36 + 1446 + 24(3 + 486% + 248

+ 66 — 246 + 2643 — 965% — 33 — 60582 — 1203)

= 11 [36 4 1440 + 24(—1084% + 1445 + 36)]
= r4(=259253% + 3608 + 900) < 0 for > 2

ag = 36r° + 24(3z + ) = r?[36 + 24(3 + 126 + 33 — 128)]
= 72(36 + 24 - 36) = 900r>

But a = R > Tk We have U'(a) = 3apa? + 2a1a + as.

We prove that
U'(a) <0 (2.13)
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for each « 2 m

1
Since U"(a) = 6apa + 2a; < 0 it results that U'(«) < U/(4Rﬂ+27’2>'
To prove (2.13) it will be sufficient to prove that

1
!
R W
v <4R2+2r2> <0

3ag + 2a1(4R* + 2r%) + ag(4R* + 2r*)2 <0

or

or
—72-1086%(1+453) + (83%44)(—25928%+3605+900) + (45%+2)%900 < 0
or
—18 - 108(B% + 48°%) + (28% + 1)(—25925 + 3603 + 900)
+225(166% 4+ 1632 +4) <0
or
—19943% — 77763% — 51848* + 72033 + 18003
—2592/32 + 3608 + 900 + 36008 + 3600582 4 900 < 0

or
15843* + 705633 — 81432 — 3603 — 1800 > 0

which is true since 8 > 2. So, we have U is decreasing function. From (2.12)
it follows that G is an increasing function. So, we obtain

G'(s) =9(s) +12H'(s) > 0 (2.14)
From (2.11) and (2.14) it results that
g’ (s) + 21 (s)u(s) >0, (V) s € [s1, sa]. (2.15)

From (2.2), (2.6) and (2.15) it results that u/(s) > 0, (V) s € [s1,52]. So, u
is an increasing function. It results that u(s;) < u(s ) u(s2).
From (1.1) we obtain

a(s) = \/4(;%—@% +2\/2a§+b§
Vo |V i
R—r—d 8r2+(R—d)?
- R+r—d
\/(R +r—d)[4r? + 2(R—d)?] (B+r=d) (R—d)2 —r?

VR —-d)? =124 /8r2 4+ (R —d)?
B V42 +2(R — d)2

a2 + 2b2 V

V(R +4d)? —r2+\/8r2 (R + d)?
VA4r? +2(R + d)?

u(s2) =
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In [1] is proved the following inequality.

Theorem 2.2. In any triangle ABC' is true the inequality

(mq + mp +me)? 2
<24 — 2.16
a2+ +c2 TR (2.16)
Proof. We denote R/r = x, d, = \/x(xz —2). From (2.1) it results that to
prove (2.16) it will be sufficient to prove that

\/(erdx)Z1+\/(x+dx)2+8§\/<2+xl2) [4+ 2(x + dx)?]

and after squaring
2% (x + dx)? + 72% + 222 \/[(x + dp)? — 1] [(x + dy)? + 8]
< 82 + 44 (42 + 2)(z + dy)?

or

202\/[(x +dp)? — 1] [(x + dy)2 + 8] < 22 + 4+ (222 + 2)(z + d,)?

or

202 \/[(x + dy)? — 1] [(z + dy)? + 8]
< 4at — 42 4 52 — 4o + 4 + (423 + 42)d,. (2.17)
After squaring inequality (2.17) may be written as
4xt (207 — 20— 1)(22% — 2 + 8) + 162 (2 — 22) + 825 (4a* — 4z + 7)d,
< (4ot — da® + 52? — da + 4)* + (4a® + 4do)*(2? — 27)
+ (823 + 8x) (42t — 423 + 5a® — 4x + 4)d,

or
162° — 1627 + 6425 — 1627 + 1625 — 642° — 826 + 82° — 322%
+1625 (2 — 22) + (3227 — 3225 + 562°)d,
< 1628 4 162° 4 252* + 1622 + 162% — 3227 + 402° — 322°
+32x* — 402° + 322* — 322 + (1625 4 322* 4 162%)(2? — 27)
+(3227 —3225 + 4025 — 3221 43223 4+-322° — 3221 +-402° — 3227 + 322)d,,
—402% 4 402* — 322
or
1625 + 1625 —1212% + 7223 — 5622 + 322 —16 — (322° + 1623)(z—2)
< (1625 — 642 + 7223 — 3222 + 322)d,
or
(x—2)(162° + 48z =253 + 2202 — 122 + 8) — (x—2)(322° + 162%)
< 8z(x —2)%(22% + 1)d,
or

(x — 2)? [8z(227 + 1)dy + 163" — 162% + 927 — 42+ 4] >0
which is true since x > 2.



Some inequalities with medians in a triangle 9

In the following we find the best constant o, 8 € R, n > 0, such that the
inequality
(m(z + my + mc>2
a? + b2 + 2
is true in every ABC triangle.
We prove that the inequality (2.16) is the best which we search.

We suppose that it exists a, 8 € R, n > 0 better than in theorem (2.16).
From Theorem 2.2 we obtain

§a+ﬁ<%)n (2.18)

2
(ma+mb+mc)2 (\/(R+d)2 _TQ + \/87"2 + (R+d)2>
a?+b+c2 4r2 + 2(R+ d)?

cara(p) <o (7) i

is true in every ABC triangle.
In the case of isosceles triangle with a = 0, b =c =1, mg = 1, my =
1

1
me =5, R= "= 0, from (2.19) we obtain a = 2.

1
In the case of equilateral triangle we obtain a4+ Zﬂn =2+ 1 So, B = 2"2.

T n—2
Also, from (2.19) we have that <2> > 1 orn > 2. We consider n > 2

n—2

(VErarT+ Varares) < (2+20) s+ oy

xn
or after perform some calculation

22"/ [(z + dy)? = 1] [(« + d2)? + 8]
< 4xn+2 _ 4$n+1 + " + 2711:2 _ 9Ny + on + (4$n+1 + 2”1’)(11

or
422" (22 — 22 — 1 + 2xd,) (22° — 2 + 8 + 2xd,,)
S (4xn+2_4xn+1 -I-SCn-|—2”1)2—2nx+2”)2+(4$n+1+2n$)2($2—2$)
+ (82" 4 27 ) (422 — 4a™ T g™ 4 270? — 2"x 4 2)d,
or

48x2n+2 +a1x2n+1 +a2x2n +a3mn+4 _’_a4xn+3 _|_a5xn+2

n+1

+agx + a7x" + (181‘4 + (191‘3 + a10x2 +a11x + aig

< dy (=4822 by 2 T3 by 2 p by T 4 by Fbsa® +bgx. (2.20)

Since n > 2, we have 2n+2 ¢ {2n+1,2n,n+4,n+3,n+2,n+1,n,4,3,2,1}
and 2n+1¢{n+3,n+2,n+1,3,2,1}.

Dividing (2.20) by #?"*? and taking # — oo, we obtain 48 < —48 which
represent a contradiction. So, remain n = 2. It results that inequality (2.16)
is the best of type (2.18). O
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