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ABSTRACT. The purpose of this paper is to obtain some inequalities between sum or product of power to
order, k € [0,1] relate to distences from an interior point M of triangle ABC to the vertices of triangle, radii of
triangle M BC, MC A, M AB and distances from M to the sides BC,CA, AB and using this inequalities and an
inversion of pol M and ratio ¢ in conexion with vertices A, B, C' to obtain many other new inequalities.

1 INTRODUCTION

Let be M an interior point of triangle ABC, R,, Ry, R. the radii of the circumscribe of triangles
MBC,MCA, MAB, Ry, Ry, R3 the distances from M to the vertices A, B, C and ry, 9,73 the distances
from M to the sides BC,C A, AB.

The inequality Erdés-Mordell

Ry + Ry + R3 >2(r1 + 72 +73) (L.1)
is true in any triangle ABC.
Also a generalization of Erdés-Mordell appears in [1] who said that:
2Ry 4+ y*Ry + 22 R3 > 2 (yzry + zare + xyrs) (1.2)

is true for any real numbers x,y, z > 0.
If we take A\ = 22, Ao = 32, A3 = 22 are true inequality

AMR1 4+ ARy + A3R3 > 2 (\/ o371 + \/)\3)\17’2 + \/)\1)\2T3> (13)
who appears in [2].
Also
Ry Ry R
MRy 4+ A2Ry + A2Re > Mo | — + 2 4 =2 (1.4)
M A As

Who are published in [3].
In the following we give a lot of inequalities of this type and many other in connection with them.

Lemma 1. Let be M an interior point of triangle ABC. Then we have:

c,. By |, b R
a). 1> ¢ 5k T a 2R

b R c R
b). 1> 2 5@+ 35
Proof.

a). We use the well-known inequality

aRy > cry + brs

and the equality

_ RyRy
" 2R,

1

who result writing the area of triangle MBC



R2R3 ary
Saapc = Jp= =5

b). It result from the inequality

aRy > bry + cr3

Lemma 2. Let be M an interior point of triangle ABC. Then we have:

We consider U = pril,, V.= pril,. uw = p(LUAM), v = u (LVAM). We have

A — A
ro +r3 = Ry (sinu + sinv) = 2Ry sin;cos u—v < 2R, sin§

or

R3 Ry n R Ry
2Ry 2R,

Who is equivalent with the inequality from the statement.

A
< 2R; sin Bl

Theorem 1. Let be M a interior point of triangle ABC'. Then for every real number k € [0, 1],
A1, Az, A3 > 0. We have:

a). M RF + AQRZ, + A3 RF > \/)\2/\3Rk + \/AgAlRQ + VA A RE

) V>\2A3Rk+Rk + V>\3>\1Rk+Rk + V>\1>\2Rk+Rk S

<1 (m i VAN e VA VRW) < A

Proof. a). From the inequality (x +y)F > 2kt (2% 4+ y*), k € [0,1] it result that:

k & k k k
o B b RV e (g B0 (B
c 2R, ¢ 2R, ¢/ (2R,) c 2R,

Using this inequality and Lemma 1. We obtain

k k k k kN F
1> o B +éﬁ > oh—1 (9) ik+ b By
c 2R, c¢ 2Ry ¢/ (2R,) c 2R,

or
0 @ B W ORY
~ck RE F RE
or k k k
Rk bk R
and the similar inequalities
k Rk k R
k b k b k
2)\2Rb >)\2b Rile +>\2b Rk RS
blc Rk ck Rk
k a k a k
2A1RGZA187R7§R3+)\1EﬁR2

Adding this inequalities and apply the A-M inequalities we obtain:

bk k k k
2 (AMRE + XoRf + A\3RY) > RY <>\3 : R ¢ Rb) +

Ck RkJr)\Q bk Rflg



k k k k k k k k
. a* Rk & Rk a* RE bk RE
+RQ<A3'ck'}z§;+A1'cﬁv Rk>+R3<A2'bk RkJ’A ak Rk =

> 2v/ M A3 RY + 2/ A3\ RE 4 20/ X0\ RE

b). Adding the inequalities

a* R bk R¥
> Aqo — . 2 R §
203 > A3 &R + A3 &R
bk: Rk Ck Rk
ONy > Ny » — s 3 Ay — .2
12 A R’lf+ " RE
T a* Rk
23 2 Ao o T e
We obtain
a* Rk c* R
2(A1+ A2+ A3) > ()‘3 Ck'R’;—F)\l.ak.R’g’)—’_
bk Rk & Rk bk RE a* Rk
Aa - A L1 Aj - — - 28 LAy — .8 ) >
+<3Ck Rk+2b R§)+(1ak R§+2b’f Ri)~
RS R} RS
AlAg-\/W+2\/)\2)\3- + 2y A1 A2 >
adte RFRE RERE
VNP s + 4/ Do i—l—éh/AA _ B
13 RE L RE 2 RE 4+ RE Y2 Rk 4+ RF

We observe that b) gLy a)
Indeed putting in b). )\1—>)\1R§, Ay — )\gR{f, A3 — )\3R’§, we obtain

ipe . VX e B VAL T BE Ve
b-te RkJFRk ctla Rk—i-Rk a’'h —
b c a c /ng _|_Rlb€
1 1
5 (MR} + XoRE + X\sRE) < 5 (MRE+ \oRF + \3RE)

Also putting in b) )\1 — )\1ng, )\2 — )\QRIS, /\3 — )\3R§ and /\1 — )\QRllf, /\2 — )\3R§, /\3 — >\1R§, we
obtain:

Theorem 2. Let be M an interior point of triangle ABC'. Then for ecery real number k € [0, 1],
A1, A2, A3 > 0, we have:

a).
k[P k Rk RE\/RE - Rk
ﬁ'R“/RC Rk S \/ 31/

RE + RF Rk+Rk VA " RE+RE

1 Rk
<3 \/AQA?)R’“,/ + \/Aglek,/Rk + «/A1A2R3,/Rk

1
<3 (MRE + AaRE + X\3RF)

IN



RE/RF-RE R’%/R’C R’f R3./R’f Rk
,//\3)\1.#4_

RF + RE " RE+RE CRE+RE T

1 Rk Rk Rk
<5 VAsALRY /R—; + VMR | ng + VA2 AR /sz <
b c a

1 .
< 5 (MeRE + AaRE + M RY)

If in Theorem 1 and 2 we take \; = Ay = A3 we obtain

Corollary 2.1. a).

R* + RF + R* > R¥ + RE + RE
b).

P S
JRERE  VEERD | [RER}

k k Rk k Dk
Rk RkRk R5\/RiR} Rg\/RR 1 R ig+Rk RilchrRk Rﬁlpc
Rk + RE RE + RE RE+RF 2\ "\/RF "2\ RE P\ RE

(RE+ R} + RY)

L S
RE+RF " RE+RE ' RE+RF ™

IA
o] w

A
N | =

IN

l\’)\»—l

If we take kK =1 in a). we obtain the following inequality

Ra+Rb+RCZR1+R2+R3

who appears in [1].
Also if we take k =1 in b). we obtain:

R1 R2 R3 1 Rl R2 RS
+ + <3 + +
Ry+R. R.+R, Ro.+Ry  2\VRyR. +R.,Ry, VR.R

who represent a refinement of inequality RﬁlR + Ri"’R + RTRb < % who apperas in [2].

If we take in c¢). k =1 we obtain

RVRR, | ByVRoRy | BsyRpRe 1 <R1 /g B RC> _
b

1 SR
Ryt R. Rt R,  R.t1R. ~2 . T\ R,

1
< §(Ra+Rb+Rc)
If in Theorem 2) we take A\; — A2, Ay — A3, A3 — A3, we obtain

Corollary 2.2. Let be M an interior point of triangle ABC. Then for every real number & € [0, 1],
A1, A2, Ag > 0, we have

RF RE Rk
SRRV

MRE+ MR+ NIR2 > Mdods ( +=24+=

If we take k = 1 we obtain



R R R-
A Ra + A3Ry + AjRe > AMdo)s R
At A A3

who represent just inequality (1.4).

Corollary 2.3. Let be M an interior point of triangle ABC. Then for every real number &k € [0, 1] we
have

a).
RYRF + RERY + RERY < RYRY + RYRF + RFRE
b).
Rt Rk Rk Rk RE
T 5 2 =t =+ =
¢ B JrERE\JRERE VEGRS

and similar inequalities

c).
RYRY + RE\/RFR: + RE\/RFRE < RERF 4+ RFR" + RERY

and similar inequalities

d).

RE R R RS RS B
BE T RE T RE &
Ry RE  R{ ™ \/RFRE \/RfR’; \/ngng

and similar inequalities

e).
RY\/RKRF + RE\/RERE + RE\/RERF < RER} + RERF + RER)
Proof. We take in theorem 1

1 1 1 1 1 1
(>\17>\2a)\3) = <7 Dk’ ) 7()‘17>\23)‘3) = (7 Dk )
RE'RF’ RE RE’RF’ RE

1 1 1 1 1 1
AL, A, 03) = | =, —, = M. Do) = — — —
( 1, N2, 3) <R§7RZ,R§),( 1,12, 3) (R§7R§7R§>

1 1 1 1 1 1
(>\17>\25)\3)< ) ) )7()‘17)\23)‘3)( ) ’ )

RE’RE’RE RE’RF’ RE

Corollary 2.4. Let be M an interior point of triangle ABC. From every real number & € [0, 1], we
have:

a).
RE Ry RE RE RF R
TRk T RE S R T RE T RE
RF "Rt RE = RE " REF ' RE
b).

Ry |Ri R [Ry  Ri [Ri Ry Rp Ry
RF\/RE " RE\| RE " RE\| RF = RE " RF " RF



R¥ R RA Rf R
—+— + —+—+1

Rk R(l;": /RkRk - Rk

and similar inequalities
d).

RY R} RY
\/RkRk VRERL .\ [RLR}

Proof. We take in Theorem 2:
(A1, A2, A3) = (Rl,g];,;]%k) (A1, A2, A3) = (El%lkz)
(A1, A2, A3) = <;,gpi,3}%k) (A1, A2, A3) = <Rl,glkls>
(A1, A2, A3) = (leRl,gl%) s (A1, A2, Az) = (le;f;g)

Corollary 2.5. Let be M an interior point of triangle ABC. Then for every real number k € [0, 1] we
have

a).
R*RY + R3*RF 4+ R2*RF > R?*RE + RZ*RY + RZ R}
b).
R2kRk R2Ichc RQkR
=+ + 2 < R{* + R3" + R3"
\/RkRk \/RkRk \/RkR’“
c).
ok ok | 10 2k pk Rlzf ok ok | 18 2k pk 2k pk 2k pk
Ry R¥ Rk
d).

RQkRk Rfllg +R2kRk RilbC + RQkR Rilcc < RQkRk + RQ}CRk +R2kRk
1 2 ng 2 143 ng 3 111 R;; = 3 1 “te 2 ‘la

RE R R’f)
RYRY’ RYRY’ R3RS’

Proof. We take

(A1, A2, A3) = <

in Theorem 1 and 2

Corollary 2.6. Let be M an interior point of triangle ABC. Then for every real number k € [0, 1] we
have

a).
RF  RF R’f 1 N 1 N 1
R%k R2k RQk — Rk R.IQ{: R'I?f




1 1 1 1 1 1
+ + e R
RE\/RERE  REVERERE  pe [pepy — B® O R3Y R

Proof. We take in Theorem 1:

1 1 1
(A1, A2, A3) = <7 ST >
Rk’ R2F’ RIF
Theorem 3. Let be M a interior point of triangle ABC. Then for every real number & € [0, 1] we have

a).

RuRoR. _ 1 TI(0F+c9)"" -
RiRoR; — 8% abe =

Rt Rk 64 (abc)”
— )| < <
T+ ) < o e <

Proof. From the inequalities Ry > <1y + 27"3, Ry > 37‘2 + £rz and (v + y)’c > ok—1 (xk + yk) ,if

k € ]0,1] it result.
b c \" [ bF ck
R} > (arz + ar3) > 2kt (ak s+ r§)

and

k k k
k ¢ b k1 (€ K OY
Rl Z (a'f‘g + aT3) Z 2 (akrz + ak’l"3>
Adding the last two inequalities we obtain

DRE > k-1 [@ (bk—l—c )+r§ <bk+ck>:| _ ok—1 (rl2<:_|_,r§:) (bk+ck)

ak ak ak

and the similar inequalities.
By multiplication we obtain:

g IO+ 8) (7 £ )

8 (R1R2R3) Rk ok
Taking account by equalities ro = 1%23}%}371 , T3 = 131}52 we obtain:
RERY RkRk [T (6" + ¢¥)
k—1 3 143
8 (RiRaRs)" > 8 H ( 2k Rk 2kR’g > akbkck
or
Rk Rk [T (0" + ) R RE
64>H< ) akbkck ZSH("‘Rk)
or
kpk .k
H &+& < 64a”b%c <3
Ry [T (b* + c*)
b). We have

64> [ Ry Ry (0" +c4) I+ (R RaR3)"
COTNRDRe) et T atbE (R Ry R



It result that

RoRyR. _ 1 TI(F+c)"" -
RiRyR3 — 81/k abe -

this inequality represent a refinement of inequality

R.,RyR. > R1 R R3

Theorem 4. Let be M a interior point of triangle ABC. Then for every real number k € [0, 1],
)\1, /\2, )\3 > O, we have

a).
LA . B
2k (AIR’f sin® 5+ Ao RF sin® 5+ A3 RF sin® > VXA RE 4+ /A AsRE + /A A RE

A v B
k <)\1 sink — + Xg SlIl + A3 sin C> /\2)\3 A3\

2 2

R
./RkRk v/ RERE
AlAQRi]g VA2 L + VA =—2— + /M1 )
[RERE "R} + Rk Rk P Rk + Rk

Proof. From Lemma 2 and inequality (z + y)* > 281 (2% 4+ y*), k € [0,1] it result:

k k
4ksm’“é > <R2 + RP’) > k-1 <f{i + gi)

2 ~\R. Rb - "
or

RS RE
k+1 ik 2 3
2 S 5 = Rflg + Ril]f

or & "

R, R

2F I\ RE sin® = > AlR—Zng + A1 ﬁng
c b

and the similar inequalities
Rk Rk
PLRED P Rk sin® = > )\2 b R’“c + )\2 b R]~c

Ry

C k
PLREDW Rk sin® ) > )\3 R Rk + A3—+ I R§

If we add this inequalities we obtain:

i A B r C R’“ R’g
ok+1 <)\ RIC sin® = —l— )\QRb sin® —|— )\3Rk sin® 2) > R’f ( Rk + A3 Rf) +

. RE Rk R;
+R% (Ale + A3 Rk) + R¥ (AlR + X =S > > 2/ A A3 RY 4 2/ M A3 RS + 24/ M Mo RE
b). Adding the inequalities
A k
2]”1)\1 sin® = > A\ gi + )\1&

and



B k
ok+1 N, sin® > Ag—> R3 R

Rt + A2 RE
C Rk Rk
k+1 ok 2
2 A3 sin 5 > A3 Rk +)\3Rk
we obtain
A B C Rk Rk Rk Rk
k+1 -k k k 2 2 1 1
2 (Alsm §+>\281H 5+)\3Sln 2) Z ()\3]%54')\1]%?) + ()\3}{5):“1‘)\2]%]2)“!‘

Rk
+ 2/ Ao\ ——2—= >
,/RkRk \/RER:

Rk
4 <\/)\1)\3Rk o + VA )\2)\13>

R} + RE

k Rk
A + A=) > 2/ A s} 2¢/ A3\
<2R,~C 1R§)_ 1473 Rk(+ 3\ —F——

(I.

Corollary 4.1 Let be M an interior point of triangle ABC. Then for every real number k € [0, 1],
)\1, )\2,)\3 Z 0, with )\1 + )\2 + )\3 = 1. We have:

a).

NA¥ WL S v /A iyt MAF A2B ¥ A€
. /RkRk ' /RERE . /RkR’“ 2

k k k 5
RE Ry B _ <8R + 27“) s
VERERE  VEIRL - [RERE IR

Proof. We consider the function f : (0,7) — R, f (z) = sin® 5 with " (z) = % kgink=2z 2 (kcos? 2 —1).
But kcos? £ —1 < cos? £ — 1 = —sin® £ < 0 it result that f is a concave function. From Jensen
inequality and Theorem 4 a it result a).

b). From Jensen inequality we have

sin® A + sin® B + sin® = ¢ 1 sin A + sin B + sin ¢ '
2 2 2 — 3k-1 2 2 2

In [6] is proved the inequality

Siné+sin§+sin€< A gr
2 2 2 = 2R
It result that k2
A B C 4R+ r 1
k -k sk
n §+51n §+sm QS( 5R ) 31
From Theorem 4 b). we have fror \; = Ay = A3
R’f R§ R§ 2k <‘kA .1 B ,kC’>
+ + < sin” — +sin” — 4+ sin” — | <
JRERE  VERERE | [Rpepy — 3 2 2 2

Corollary 4.2



A B k k k
2k <A§R’; sin® 5+ M\2RF sin® 7+ AZRF sin® g) > AMAo)s (R L R‘?’)
Proof. Tt result from Theorem 4a). taking A\; — A3, A2 — A3, A3 — A2

Theorem 5. Let be M a interior point of triangle ABC. Then for every real number k € [0, 1],
)\1, /\2, /\3 > O, we have

a).

e A
<)\1Rb sin® —|— /\ng sin® + )\3Rk sin O) >

VA2 A3 R / Rk \/AsleQ,/ + VA1 A RE | Be Rk

s A . B e C
2k ()\gRb sin® = —|— )\3Rk sin® = + Ale sin® ) >

> Az R”/Rk + \/AIAQR’*“,/ + \/)xgx\gRM/Rk

Proof. a). We take in Theorem 4 \; — A; R Ay — AR )\3 — Ang
b). We take in Theorem 4 A\; — )\gRb, Ay — )\3Rc, A3 —> AlR’;

Corollary 5.1. Let be M a interior point of triangle ABC. Then for every real number k € [0, 1],

A1, Az, A3 > 0, we have

a).

A B C
F (Rssink2+Rfsink2+Rfsink 2) > RY + Rj + R}

>

A B k k i
z (Smk S +sin® = +sin® C) > R 1 R3

> + +
2 2 2/ \JRkRrE VBRI [RERE

RY RY RY
22 k k+ k k+ k k
RF+RF " RE+ RE " REL R

A | Rk | RE | Rk
2k<Rbsm —+Rksm ——f—Rksm >Rk Rk+R2 R’“+R3 R’“

Proof. Tt result from Theorem 4 and 5 taking Ay = Ay = A3. If we take in theorem 5 \; =
A3 =

ﬁ, we obtain the following Corollary.
b

Corollary 5.2. Let be M an interior point of triangle ABC. Then we have:

a).

Rk A RF B RF C Rk RE Rk
k k c ik a ik > 2 3
2 ( . sin Bl + —Z sin 5 + —Z sin 5 ) >

o)
Sl



k A k B k
ok (ﬁ;’c sin® 35 + %Sink 35 + %smk 2) >
a b c

re B[R RE [RE
—Rk RETRERE TR\ R

Theorem 6. Let be M a interior point of triangle ABC. Then for every k € [0,1], A1, A2, A3 > 0, we
have

rA . B B .. C s C A

4 | RYRE sin® = sin® —+R2R3 sin® = sin” —+R3R1 sin® — sin® = ) >
2 2 2 2
> 2k 2k —l—r%k +3 (r1r2 +r2r3 —l—r’gfr’f)

Proof. From Lemma 2 and inequality (z + y) > k-1 (mk + yk) , for k €10, 1] it result

A -
2Ry sin® 5 > (ry +15)" 2 2871 (rf + 1)

or
A
2le sin® 5 > r§ + r§
Also we have

B
2Rk sin® 5 > r§ + ¥

It result that

ARERE st sin > (7 o) (7 + )

and the similar inequalities.
By adding we obtain the inequality from the statement.

Theorem 7. Let be M a interior point of triangle ABC. Then for every k € [0, 1], A1, A2, Az > 0, we
have

RiRyR3
r17T2T3

y H(rfgwg)”’{
2 k

L
r

rireT3

Proof. If we multiply the inequality 2R¥ sin®

5 4 > 5 4 vk and the similar inequalities we obtain:

A B
8RkRkR3 (Sln251ns1n ) > H r2 —|—r3 > 8H T1ToT3) k
or
k
(m&m)> [1(r5 +r5) -1
r17273 -8 (sin % sin £ sin g)k (7‘17"27"3)k B
or

RiRyR3

H 7"2 +7"3 K1/ 4R
> Rl

> 1

r1re’r3

Corollary 7.1. Let M be an interior point of triangle ABC, k a real number k € [0,1]. Then we have:

8% k r1727T3



k k k B 4
le 7T kR2 r T kRB k>3'22k33<R> > 3. 20!
ry + 13 ry + 1] ry +ry r

Proof. Using the A-M inequality and Theorem 7, it result that:

k k
Xik > 3 Ll fs) 2y(“ﬁ.123%w4
Ty + r3 I (r§ + 7'73?) r 8
Theorem 8. Let M be an interior point of triangle ABC, A1, AoA3 > 0. Then we have

(CLRl)2A1 (bR2)2>\2 (CR3)2)\3 > 4)\1+)\2+)\3 (CLTl)A2+>\3 (br2)>\3+>\1 (CTB))\H-)\Q

Proof. As

b\ M c\ M
R>\1 > 2)\171 el A1 <7> A2
12 a ryT + a T3
we obtain
2
(aR1)2)‘1 > gMl (b’\lrg‘l + c’\lrgl) > 4™ (sz))\l (crg)’\1

After multiplication with other two cyclic inequalities we obtain:

(aRl)Q)\l . (sz)Q)\z . (CRS)Q)\S, > 4)\1+>\2+/\3 (arl))\er)\s (brz))\3+)\1 (Crs))\l+)\2

Corollary 8. Let be M a interior point of triangle ABC. Then for every k € [0,1], A1, A2, A3 > 0, we
have

)\lle + )\QRIZC + >\3R§ 2 Qk (\/ )\2)\37”If + )\3)\17"5 + )\1)\27’§)

k k k
c b w1 (€ L WY 4
]ﬁZ(J3+JQ 221<M”+a”3

and the like one. Adding this inequality we obtain:

Proof. We have

MRY + XoRE + N3RS >

k—1 c* vk a¥ ck b, a
> 2 A1 k7‘2+)\1 kT3—|—/\2 7“3—|-/\2 7“1—|—/\3 kr1+)\3 er —

1 k bk A Ck ak bk lc
:2 )\Qbk+>\3k +’I’2 A1a7+A307 +7’3 /\1 k+)\2b 2

> 2k_1 (\/ )\2)\3T’f + )\3)\17‘]5 + )\1)\27’§)

In the following we consider the inversion of pol M and ratio t, i, : 7 — 7.
Let be Ay =i, (A), B, =i, (B),Cy =1}, (C); and U,V, W, U; the projection of the point M on the
sides BC, AC, AB, B1(C.



We denote A; M = R

MA -MA; =MB-MBy=MC-MC; =t
it result that

t
Ry = (1)
We have ABMU ~ AMU,C,. Then = = 2L or
r—l—&orr—l—Rﬂ%3 or vy = ! (2)
iRy vyt ' RyR3
/ RIQR/3 RiZRg t / t
Ra = 2,,,/ = 2try = ? or Ra = ? (3)
1 RaR3 1 1
Also ABMC ~ AB1MC(C;. It result that
BC  BM
B.C;  MC,
so we have:
a _ Ry or df aRy at
A A Ry R3R-
Then
, at
= 4
N (4)

We calculate the area of the triangle A1 B;C}



le
! frnd S S = a Tl = =
S =SaBmc, +SaBima, +Saamc, E E R2R3 ' Roa

2 ary t2
- Z RIRZ 2 RIRIRZ 2 oRin ©)

We calculate the semiperimeter p’, the radius of incircle 7' and the radius of circumscrible R’

1 a 1 t

= ¢ = 6
2t RoRs P T 2 R RyRs > an (6)

/ t R2
et o @

p R1R2R3 Z(IR1

/b/ / b t

oo e abc (8)

4s 2> aR3ry

If «, B, represent the baricentric coordinates of point M in triangle ABC and o', 5’,~' represent the
baricentric coordinates of point M in triangle A; B1C1, then

1,0 2
, a'rg ar1 Ry
= = 9
¢ T oy S aR3r ©)
Also
! R T1
in A’ — O 20fin 10
Y T 9R T beRaRs (10)
Theorem 9. Let be M a interior point of triangle ABC. Then for every k € [0,1], A1, A2, A3 > 0, we
have

MRERS + A2 RERE + M RERS > 2 (Vs Rt + VoA Rirs + Ve Rirh)
Proof. From Corollary 8 it result that:
MR+ MRS+ A RE 2 25 (Voaharl + Vs + Vet
or
k k

t t th
Mo + Ao +A3—>2 (\/)\2)\3 Y

Rk Rk Rk RERE R’C Rk *RERE

+\/—tr3>

or

MBERS + A2 RERY + M RERS > 2% (VAdaRErt + Voahi Rrb + Ve Rirh)

Theorem 10. Let be M a interior point of triangle ABC. Then for every k € [0, 1], A1, A2, A3 > 0, we
have

)\1R1’/‘1 + )\2R2T2 + /\3R3T3 > ok (\/ /\2/\17,12ch1€ + )\1)\3’1{6’/’]3C + /\3/\2T§T‘§)
Proof. We have:

or

b k
erl 2k71 (/\1ar 1"1 + A1 k?"lgcr]f)



and the line one.
Adding this inequalities we obtain

)\1R 7“1 + )\2R2T2 + )‘SRSTJ [

_ bk ak ck ak ck bk
Z Qk 1 [(/\lak + )\2bk) TST'If (Alak + /\30k> r’frlgf + ()\Qbk +)\3Ck> 7‘§T’§:| Z

> 2% (Vaadarkrk + VAt + Vgdorkrh )
Theorem 11.
MRERE + MoRERY + M3 RERE > 483/ X \o)s (\/ rhTE N darEr 4 /X 7”17'2)

Proof. Taking in Theorem 10 Ay — v/A2A3, Ao — VA3, A3 = VA1 A2, we obtain:

2 (VAR + VA RS + VAR ) >

From this inequality and Theorem 9 it result the inequality from the statement.
Corollary 11.1. Let be M an interior point of triangle ABC. Then we have:

a).

(R?+—R§+—R§)é/R§R§R§:>4k<’5T§ 7§T% 7fT§>
> =t Tt

Rk Rk Rk \/7 ,rk,rk rkrk Tka
9 e 2 RkRkRk > 4k 2'3 3"'1 1'2
(Rg + Rk + Rk.) 12543 = RIQC + R?]f + le

Proof. We take in Theorem 11

1 1 1 1 1 1
Mo As) = [ =y — =) and (A AasAs) = [ —ory s ——
( 1,12, 3) <R%,R§’R§> an ( 1, N2, 3) (R%k’ng’R§k>

Theorem 12. Let be M a interior point of triangle ABC. Then for every k € [0, 1], A1, A2, A3 > 0, we

have
a).
A1 A2 A3 k(\/)\w\s Vs \/)\1/\2)
2y Dy +
Attt U T T w
b).

SAt+A+ A3
Proof. a). From Theorem 1la). it result that:

MRE 4 MR+ A RE > /DX RE + VMRS + VAo RY

or



tk tk tk tk tk
A A A V23— + A3A1—r + VA de—¢
12kr’f+ 22kr§+ 32kk— 2 3 3 1R,2C 1 2R’§
b). From Theorem 1b) and (1) (2) (3) it result the 1nequahty from the statement.

Theorem 13.
rk rk rk rk rk rk
v/ Ao A 72 3 Az 73 1 AMdg——— L [2 <
2P RE (rh + rk SR (rF k) VERE (k4 k) \ ok =

< )\2)\3 ’1“12C )\3)\1 T]?f >‘1)‘2 T]f 1 ﬁ Q + é
-2 rk 7“2 - 2k+1 7“]5 ry o}

1
Proof. From Theorem 2a). and ( ) it result the mequahty from the statement.

Theorem 13. Let be M a interior point of triangle ABC. Then for every k € [0, 1], A1, A2, A3 > 0, we
have

Tk T T‘k Tk Tk Tk
\//\)\72 — Ma——2—< [ F+Vds———F—— 1= <
SURE (ko VRRE (b k) \ R (k) ok

1
)\)\ ’f )\)\ k )\)\ k 1 A A A
< (VRE AR VR Y L (s
2 7”1 s kAL Ak ok

Proof. Tt result from ( ) and Theorem 2b).

Corollary 2.7. Let M an interior point of triangle ABC'. Then for every real number & € [0,1] we
have:

a).
(L, R S WP B
R’fr’f R’grlz“ R’§r§ - r’fr§ T§r§ r’:,frf
b).
1+ﬁ+ \/7"27“3 \/7“17“2 \/7"17"3
r§ r’?f Rk Rk Rk
c).
& 1 1 1 1 1 1
2 K k& k S gr vt aEE T s
erl RE\/rkrk  RE\/rkrk Ty TaT3 T3y
d).
ﬁ+ﬁ+ﬁ>2k \/7“37"1 \/T17"2 \/7“27"3
r’f r’f rlg - R’f Rk Rk
e).

1 1 1 1 1
2k < + +
(R’f\/rlfrlg Rk\/r2r3 \/r3r1> rirk kel orkek

Proof. We use the Corollary 2.3. in triangle A; B;Cy and the equalities (1) and (3).

Corollary 2.8. Let be M an interior point of triangle ABC. For every real number k € [0, 1] we have:



b).
k k k k k k k k k
ok (T2 T3 73 o JTio T M) T Te T8
k k & k k k k k k
Ry 7R3 ry  Rg T3 T2 3 1
c).
k k k k&
k[ T2 T3 1 LA T3 2
S T iy e i
1 2 T2 3 Ty T3
d).

VIEE VR
Rk Rk R — 2k

Proof. We use the Corollary 2.4. in triangle A; B;Cy and the equalities (1) and (3).

Corollary 2.9. Let be M an interior point of triangle ABC. For every real number k € [0, 1] we have:

a).
1 n 1 n 1 _ 1 n 1 n 1
[ AV T - A
b).
ob (Vrirh Vet vrrd) 1 11
R2kRE ~ RZ*RY  RZRE ) — R¥ R3¢ R3k
c).
ok 1 r§+ 1 r§+ 1 ¥ < 1 n 1 + 1
RERE\ ot T RRE S TR ) S R R R
d).
2k1r§+1 r§+1 r’f<1+1+1
R¥REN r¥  RZFRE\ vk R2ERE\ ok | = RZkpk — R2kpk — R2kpk
e).
R2k RQk R2k
—2 43 4 >9% (R} + RS + RY)
T T T
1 2 3
f).

2k (R§ \rhrh + RE ket R’;N/r’fr’g) < R% 4 R% + R
Proof. We use the Corollary 2.5. and 2.6 in triangle A; B1C; and the equalities (1) and (2).

Theorem 15. Let be M an interior point of triangle ABC. Then for every real number k € [0, 1] we
have:

a).



abc k=1 bk c
> | I —+ — | >1
r17ToTs _8 " (Rk+Rk> -

rk 8akbFck
Sk 1 H - 3 S S 1
Ry Rk R’fRQ“ [T (RYb* + REck)
Proof. We use the Theorem 3 in triangle A; B1C; and the equalities (1) (2) (3) and (4).

Theorem 16. Let be M a interior point of triangle ABC. Then for every k € [0, 1], A1, A2, A3 > 0, we

have
a).
k k k k / 27"1 r’fr§ 7"§7"§
)\17‘1 + )\27”2 + /\37’3 Z 2 )\ )\1 )\1/\3 RS + )\3)\2 le
b).

MRE £ ARE £ ARE > 48 YA ahs (\ﬁrz i f 7“17“2>
Proof. We use Theorem 10 and 11 in triangle A;B;C; and the equalities (1) and (2).

Lemma 3. Let be M an interior point of triangle ABC. Then we have

a).
R2 C R3
R > 2.2 .8
12 Rs T2 R, T3

b).

sz Rgc

2R, 2R
Proof. It result from the inequality
a).

d v

Theorem 17. Let be M a interior point of triangle ABC. Then for every k € [0, 1], A1, A2, A3 > 0, we
have

b). We take ro = R%—‘;l and r3 = Rlﬁlfz

/ / / Rk Rk
MRYY 4+ Mo RErE + N3 RErk > 2F (x/)\ Ao Rl + V23 3 s AsA R R )

Proof. From Lemma 3 and inequality (z + y)* > 2¢-1 (a?k +y*), k €0,1] it result that

or

k k k k
/\1R17’1 > 2k= 1</\1bk'R2 vrk C*'R?" kk)
a

Rﬁg .

and the like one. Adding this inequalities we obtain



bt RE a R’f>+

)\1er1 + )\2R27"2 + )\3R3T3 2k_1 |: (Al . AQ e
k Rk bk ng

t Ry b* RE A & RE a* RE
+T27’3 ()‘2 bk Rk A3 Ck Rk) + T3T1 (Alak Rk )‘3 Ck ng):| 2

/pk pk / /
> 9 ( R R VA bk R R vV Az F bk Y311 \/A1A3>

Theorem 18. Let be M an interior point of triangle ABC. Then for every real number k € [0,1], we
have:

Rka® Rk RE 2\" .
< b <3z
RF R§+ng—“++c— 3) P

Proof. From Lemma 3b) we have:

k
o> Rab N Rsc S gh-1 REbF N Ric*\ _ 1 (R5b* N REck
2R, ' 2R. 2kRE  2FRE 2\ R} RF

C

and the like one. Adding this inequality we obtain:

RFa*  Rkd* n REck
Rk R} RE

<af 4+ bk 4 F
The part two of inequality it result from Jensen inequality.

Theorem 18. Let be M an interior point of triangle ABC. Then for every number k € [0,1], we have

28 (aFrf + 0Frf + Frh) < a*RY + 0FRE + RS
Proof. From inequality Theorem 18 and equalitites (1) (3) and (4) we have

k .k kptk k 1k
Rll a RIQ v + Ré 4 < a/k =+ b/k + C/k
k —
RI¥ R} R

who is equivalent with the inequality from the statement.
2 APPLICATIONS

Let be M an interior point of triangle ABC. Then we have
2.1. aRy + bRy > cR3
2.2. a®?R} + b*R3 + R} > 2V/3 (aR3r1 + bR3ro + cRrs)
2.3. a?R? + V*R3 + *R3 > 43R (arqars + brsry + crirs)
2.4. a’R? + b2 R%+ ®R3 > 43R (argrs + brary + crira) + (aRy — bRy)? + (bR — cRs)* + (cRs — aRy)?
2.5. a®?R? + V*R3 + *R% <
< 4V3R (argrs + brary + crire) +3 {(aRl - bR2)2 + (bRy — CR3)2 + (cR3 — aR1)2
2.6. abcRi RaR3 (aRy + bRy + cR3) > 16 R? (argrs + brary + cr1r2)2
2.7. 4R (aR1 + bRy + CRg) (arg’l’g + brary + CT1T2) < 3\/§abcR1R2R3
2.8. arors + brsry +criro < RS
2.9. abR1 Ry + bcRoR3 + caR3 Ry > 4\/§R (ar2r3 + brsry + C’I“17“2)
2;2 2 2 2 2
2.10. R? + R3 +R§ < max {9F 52 <o}
2.11. 4R2 <b2(:2 + p a2 + 2b2) (a/f'g’l”3 + b’l"37"1 + CT1T2)2 S 3 (R%T% + R%T% + Rg’f%)

(X ar)®
2.12 I + + T3 — QRZCI/:“z’I‘g
Proof




2.1. Asa’ + b > ¢ it result that

at L bt o ct
R2R3 R3R1 R1R2

2.2. From inequality Weisenbock applied in triangle A; B;C; we obtain

or aR; + bRy > cR3

2

1 1
E a’? > 4v/35" or t? E RZRZ > 4\/§§t2m E aR3ry or E a’R? > 2V/3 E aR3ry
2413 1oy

2.3. We prove that Y ari R? = 2R arors. Let be o, 3,7 the boricentric coordinates of interior point
M. Then

R = —fvya® — (a = 1)70° — (@ — 1) Bc?

and o = GL, f = %2, v=52, 3= 2—25 It result that
” ~berars o2 (ary — 2s) ers B (ary — 25) brg 2
L= 452 452 452
or
2 be 2
R} = v [—rorsa® — (ary — 2s) brg — (ary — 2s) cra] =
be 9
= 12 [—a rors — abrirs — acriry + 2s (brs + crg)} =
abc b c
= — |—arars — brirg —crirg +2s | —rg + —ro
4s a a
or
R b c Rary
R2— arora + 2R [ Zra + =1 ) or ar R?2 = — argors + 2R (brirs + cryr
=TS arara 20 (ract Sra) oran B = =T S arara 4 2R 0rara 4 enar)
or

Z arlRf = —g Z ary Z arsrs + 4R Z arors = —2R Z arsTs + 4RZ arers = 2R Z arsTs

According 2.2. it result the inequality from the statement.
2.4. From inequality Hadwiger-Finsler applied in triangle A, B1Cy it result

Za/Q Z4\/§S'+Z(blfc/)2

Replacing (4) and (5) we obtain the inequality from the statement.
2.5. It result from reverse of Hadwiger-Finsler inequality in triangle A; B1C1 :

Z a? <435 +3 Z (b — c’)2

and equality (4) and (5).

2.6. It result from Euler inequality R’ > 2/ applied in triangle A’B’C’ and the equalities (7) and (8).
2.7. It result from inequality p’ < %R/ and (6) and (8).

2.8. From inequality Stevin-Bottema in triangle A; B1C] it result

04/6/(},2 + /B/,y/a/2 + ,}/a/b/2 S R/2
Using (4) (8) and (9) it result the inequality from the statement.

2.9. Tt result from inequality S"0'¢’ > 44/3s" and equalities (4) and (5).
2.10. We apply the inequality



(RyRy)* + (RLRY)® + (R4R,)? < max {b2c? ?a”?, a?b?}

(Jian Liu) and the equalities (4) and (8).
2.11. We consider the inequality

R}?sin® A’ 4+ R sin? B’ + R sin> €’ < 3 (r'f +ri2 4 r?)

(L. Carlitz, American Mathematical Monthly) and the equalities (3) (8) and (10).
2.11. From [5] and (2) (4) (6) and (7) it result that

a v 2

DI IR e s

] + h + rh oo

who is equivalent with the inequlaity from the statment.
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