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ABSTRACT. In this paper we present some new results about polynomial functions.

Let f and g be two functions defined on C, the set of complex numbers, i.e. f, g : C → C. For any
x ∈ C we denote:

u = u (x) = f (x) + g (x) , v = v (x) = f (x) g (x) (1)

and we will evaluate

Pn (x) = fn (x) + gn (x) (2)

only by u and v. If m and n are positive integer such that m ≤ n, then we have

PnPm = (fn (x) + gn (x)) (fm (x) + gm (x)) =
(
fn+m (x) + gn+m (x)

)
+

+fm (x) gm (x)
(
fn−m (x) + gn−m (x)

)
= Pn+m + vmPn−m (3)

If m = 1, then by (3) we obtain

Pn+1 = P1Pn − vPn−1 = uPn − vPn−1 (4)

Definition 1. We call the integer part of the real number α the integer number denoting by [α] which
verifies

[α] ≤ α < [α] + 1 (5)

Definition 2. We call an integer parity a function p : Z → {0, 1} , (Z = the set of integer numbers)
defined by

p (n) =

{
0 if n = 2k
1 if n = 2k + 1

(6)

We note that

p (n) =
1

2
(1− (−1)

n
) = 2

(n
2
−
[n
2

])
(7)

Also we introduce the following functions

ω (n) = 1 + (−1)
n
=

{
2 if n = 2k
0 if n = 2k + 1

(8)

w (n) = 2p (n) = 1− (−1)
n
=

{
0 if n = 2k
2 if n = 2k + 1

(9)

Theorem 1. For any natural numbers n polynomial Pn satisfies
a) Pn has degree n in u and has degree

[
n
2

]
in v;

b) Pn has the form

Pn =

[n2 ]∑
i=0

(−1)
i
Bi

nu
n−2ivi (10)
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c) For any natural number n we have B0
n = 1

d)

Bp
n = Bp−1

n−2 +Bp
n−1 (11)

e) B0
0 = 2 and for any n with

[
n
2

]
= n

2 , then B
[n2 ]
n = 2.

Proof. We prove by mathematical induction.
For n = 0 we have P0 = 2 = B0

0u
0, so B0

0 = 2, the theorem is checked.
For n = 1 we have P1 = u = B0

1u, so B0
1 = 1, the theorem is checked.

For n = 2, then

P2 = f2 (x) + g2 (x) = (f (x) + g (x))
2 − 2f (x) g (x) = u2 − 2v =

= B0
2u2 + (−1)

1
B1

2u
0v = B0

2u
2 + (−1)

1
B1

2v,

so B0
2 = 1, B1

2 = 2 which shows that the statement is true.
We suppose that for n = k the theorem is true, i.e.

Pk =

[n2 ]∑
i=0

(−1)
i
Bi

ku
k−2ivi (12)

and show that it is true for n = k + 1, i.e.

Pk+1 =

[n2 ]∑
i=0

(−1)
i
Bi

k+1u
k+1−2ivi (13)

(i) If 2r = k,,then
[
k
2

]
= r,

[
k+1
2

]
= r,

[
k−1
2

]
= r − 1, and by (4) we have

Pk+1 = uPk − vPk−1 = u
r∑

i=0

(−1)
i
Bi

ku
k−2ivi − v

r−1∑
i=0

(−1)
i
Bi

k−1u
k−2i−1vi =

=

r∑
i=0

(−1)
i
Bi

ku
k+1−2ivi −

r−1∑
i=0

(−1)
i
Bi

k−1u
k−2i−1vi+1 =

= B0
ku

k+1 +

r∑
i=1

(−1)
i
Bi

ku
k+1−2ivi −

r∑
j=1

(−1)
j−1

Bj−1
k−1u

k+1−2jvj , (j = i+ 1) ,

which yields

Pk+1 = B0
ku

k+1 +
r∑

i=1

(−1)
i (
Bi

k +Bi−1
k−1

)
uk+1−2ivi (14)

Denoting

B0
k+1 = B0

1 , B
1
k+1 = Bi

k +Bi−1
k−1 (15)

we deduce that the statement is true for k + 1 = 2r + 1.

(ii) If 2r + 1 = k, then
[
k
2

]
= r,

[
k+1
2

]
= r + 1,

[
k−1
2

]
= r and by (4) we have

Pk+1 = uPk − vPk−1 = u
r∑

i=0

(−1)Bi
ku

k−2ivi − v
r∑

i=0

(−1)
i
Bi

k−1u
k−2i−1vi =



=

r∑
i=0

(−1)
i
Bi

ku
k+1−2ivi −

r∑
i=0

(−1)
i
Bi

k−1u
k−2i−1vi+1 =

= B0
ku

k+1 +
r∑

i=0

(−1)
i
Bi

ku
k+1−2ivi −

r+1∑
j=1

(−1)
j−1

Bj−1
k−1u

k+1−2jvj , (j = i+ 1)

so

Pk+1 = B0
ku

k+1+

+
r∑

i=1

(−1)
i (
Bi

k +Bi−1
k−1

)
uk+1−2ivi + (−1)

r
Br

k−1u
k+1−2r−2vr+1 (16)

Denoting

B0
k = B0

k+1, B
i
k+1 = Bi

k +Bi−1
k−1, B

r+1
k+1 = Br

k−1 (17)

we deduce that the statement is true for k + 1 = 2 (r + 1).
Therefore, by mathematical induction we obtain that the enunciation is true for any natural number n.
So far we have established claims a) and b) from the statement. The relations (15) and (17) shows that

B0
n = B0

n+1 = B0
1 = B0

2 = 1, Bk
2k = Bk+1

2(k+1) = B1
2 = B0

0 = 2,

and

Bp
n = Bp−1

n−2 +Bp
n−1,

i.e. others claims of the statement.
The numbers Bp

n are uniquely determined by the relations:

B0
n = 1 (n > 0) , Bp

2p = 2, Bp
n = Bp−1

n−2 +Bp
n−1 (18)

Theorem 2. For any n ≥ 0 we have

Bp
n = n · (n− p− 1)!

p! (n− 2p)!
(19)

Proof. So we have to check that Bp
n given by (19) verify relations (18).

Indeed

B0
n = n · (n− 0− 1)!

0! (n− 2 · 0)!
= n · (n− 1)!

n!
= 1, for any n > 0

Bp
2p = 2p · (2p− p− 1)!

p! (2p− 2p)!
= 2p · (p− 1)!

p!0!
= 2 · p!

p!
= 2, for any p ≥ 0

Bp
n−1 +Bp−1

n−2 = (n− 1) · (n− 1− p− 1)!

p! (n− 1− 2p)!
+ (n− 2) · (n− 2− p+ 1− 1)!

(p− 1)! (n− 2− 2p+ 2)!
=

=
(n− p− 2)!

(p− 1)! (n− 2p− 1)!

(
n− 1

p
+

n− 2

n− 2p

)
= n · (n− p− 1)!

p! (n− 2p)!
= Bp

n,

and the proof is complete.
We return now to the relation (1). Hence

f (x) =
u±

√
u2 − 4v

2
, g (x) =

u∓
√
u2 − 4v

2
(20)

So



2nPn = 2n (fn (x) + gn (x)) =
(
u±

√
u2 − 4v

)n
+
(
u∓

√
u2 − 4v

)n
=

=
n∑

i=0

(±1)
i
Ci

nu
n−i

√
(u2 − 4v)

i
+

n∑
i=0

(∓1)
i
Ci

nu
n−i

√
(u2 − 4v)

i
=

=
n∑

i=0

(−1)
i
Ci

nu
n−i

√
(u2 − 4v)

i
ω (i) = 2

[n2 ]∑
j=0

(−1)
j
C2j

n un−2j
(
u2 − 4v

)j
=

= 2

[n2 ]∑
j=0

(−1)
j
C2j

n un−2j

(
j∑

r=0

(−1)
r
Cr

j u
2r22rvr

)
=

= 2

[n2 ]∑
j=0

(−1)
j
22jS (n, j)un−2jvj (21)

where

S (n, j) =

n−j∑
r=j

Cr−1
n−j−1C

j
r (22)

Theorem 3. For any k ≤
[
n
2

]
we have that

S (n, k) = 2n−2k−1Bk
n (23)

Proof. Indeed, by (10) and (21) we have

2nBk
n = 22k+1S (n, k) ,

so

S (n, k) = 2n−2k−1Bk
n,

and we are done.

Theorem 4. We have

Bp
2p+k = Bp−1

2p−2 +Bp−1
2p−1 + ...+Bp−1

2p+k−2 (24)

Bk
p+2k+2 = B0

p +B1
p+2 +B2

p+4 + ...+Bp−1
2p+k−2 (25)

Proof. Indeed, we have

Bp
2p+k−1 = Bp−1

2p+k−i−2 +Bp
2p+k−i−1,

therefore

k∑
i=0

Bp
2p+k−i =

k∑
i=0

Bp−1
2p+k−i−2 +

k∑
i=0

Bp
2p+k−i−1 =

k∑
i=0

Bp−1
2p+k−i−2 +

k+1∑
j=1

Bp
2p+k−j ,

so

Bp
2p+k −Bp−1

2p−2 =
k∑

i=0

Bp−1
2p+k−i−2 (26)



But,

Bp
2p = Bp

2p−1 +Bp−1
2(p−1),

from where

Bp
2p−1 = Bp

2p −Bp−1
2(p−1) = 2− 2 = 0,

and by (26) we obtain (24).
Also we have that

Bi
p+2i+1 = Bi

p+2i +Bi−1
p+2i−1,

so

k∑
i=1

Bi
p+2i+1 =

k∑
i=1

Bi
p+2i +

k∑
i=1

Bi−1
p+2i−1 =

k∑
i=1

Bi
p+2i +

k−1∑
j=0

Bj
p+2j+1,

therefore

Bk
p+2k+1 −B0

p+1 =

k∑
i=1

Bi
p+2i.

We obtain

Bk
p+2k+1 −B0

p+1 +B0
p =

k∑
i=0

Bi
p+2i

i.e. (25) is proved, and the proof is complete.

Theorem 5. For any natural numbers n, we have

unPn−1 = vnP0 +
n−1∑
i=1

un−(i+1)vi−1Pn−i+1 (27)

Proof. We have

un−ivi−1Pn−i = un−i−1vi−1 (uPn−i) ,

and if we taking account by (4) we deduce

un−ivi−iPn−i = un−i−1vi−1 (Pn−i+1 + vPn−i−1) ,

so,

n−1∑
i=1

un−ivi−1Pn−i =
n−1∑
i=1

un−(i+1)vi−1Pn−i+1 +
n−1∑
i=1

un−(i+1)v (i)Pn−(i+1) =

=
n−1∑
i=1

un−(i+1)v (i− 1)Pn−i+1 +
n∑

j=2

un−jvj−1Pn−j ,

hence

unPn−1 = vnP0 +
n−1∑
i=1

un−(i+1)vi−1Pn−i+1,



and we are done.

Theorem 6. For any natural numbers n, we have

P2n+1 = P1

(
(−1)

n
vn +

n−1∑
i=0

(−1)
i
viP2(n−1)

)
(28)

Proof. By (4) we have

(−1)
i
viP2(n−i)+1 = (−1)

i
vi
(
uP2(n−i) − vP2(n−i−1)+1

)
=

= (−1)
i
viuP2(n−i) + (−1)

i+1
vi+1P2(n−i−1)+1,

hence

n−1∑
i=0

(−1)
i
viP2(n−i)+1 =

n−1∑
i=0

(−1)
i
viP1P2(n−i) +

n−1∑
i=0

(−1)
i+1

vi+1P2(n−i−1)+1 =

=
n−1∑
i=0

(−1)
i
viP1P2(n−i) +

n∑
j=1

(−1)
j
vjP2(n−j)+1,

so

P2n+1 = (−1)
n
vnP1 +

n−1∑
i=0

(−1)
i
viP1P2n(n−i) =

= P1

(
(−1)

n
vn +

n−1∑
i=0

(−1)
i
viP2(n−i)

)
q.e.d.
The relations (7) and (10) allow us to write

Pn = uρ(n)

[n2 ]∑
i=0

(−1)
i
u2([n2 ]−i)viBi

n (29)

or

Pn = uρ(n)

[n2 ]∑
i=0

(−1)
i
(P2 + 2v)

2([n2 ]−i) viBi
n (30)

Theorem 7. For any x solution of equation u (x) = 0 and for any natural number n we have

Pn = (−1)[
n
2 ] v[

n
2 ]B

[n2 ]
n (1− p (n)) (31)

Proof. Indeed, the relation (29) shows that if p (n) = 1, then Pn (0, v) = 0; and if p (n) = 0then
,
[
n
2

]
= n

2 so P2k (0, v) = (−1)
k
vkBk

2k = 2 (−1)
k
vk, q.e.d.

Theorem 8. For any x solution of equation v (x) = 0 and for any natural number n, we have

Pn (u, 0) = un (32)

Proof. If in (10) we take v = 0 then we obtain Pn (u, 0) = B0
nu

n = un.
Since v = 0 we have the following cases
- f (x) = 0, g (x) ̸= 0, and then Pn (u, 0) = gn (x) ;
- f (x) = 0, g (x) = 0, and then Pn (u, 0) = Pn (0, 0) = 0;



- f (x) ̸= 0, g (x) = 0, and then Pn (u, 0) = fn (x) .
The proof is complete.

Theorem 9. For any natural number n, we have

[n2 ]∑
i=0

(−1)
i
2n−2iBi

n = 2 (33)

Proof. Indeed, if in (10) we take f (x) = at (x), g (x) = bt (x), we deduce

[n2 ]∑
i=0

(−1)
i
(a+ b)

n−2i
(ab)

i
Bi

nt
n = (an + bn) tn,

[n2 ]∑
i=0

(−1)
i
(a+ b)

n−2i
(ab)

i
Bi

n = an + bn,

and for a = b = 1 we obtain the result.

Theorem 10. For any natural number n, we have

[n2 ]∑
i=1

(−1)
i
Bi

n =


1 if n = 6k ± 1
−1 if n = 6k ± 2
−2 if n = 6k + 3
2 if n = 6k

(34)

Proof. We give two demonstrations.
(i) We note that LHS of (34) results by (10) for u = v = 1. In other words if we denote f (x) = ξ,
g (x) = η, LHS is obtain for x which verify

ξ + η = 1, ξη = 1 (35)

By (35) we deduce

ξ2 − ξ + 1 = η2 − η + 1 = 0 (36)

so

ξ2 = (1− η)
2
= 1− 2η + η2 = 1− η + η2 − η = −η;

η2 = (1− ξ)
2
= 2ξ + ξ2 = 1− ξ + ξ2 − ξ = −ξ (37)

ξ3 = ξξ2 = ξ (−η) = −ξη = −1, η3 = ηη2 = η (−ξ) = −ξη = −1 (38)

Making these substitutions in (10) we obtain

[n2 ]∑
i=0

(−1)
i
Bi

n = ξn + ηn (39)

If
- −n = 6k, then ξn + ηn =

(
ξ3
)2k

+
(
η3
)2k

= 2;
- n = 6k + 1, then

ξn + ηn =
(
ξ3
)2k

ξ±1 +
(
η3
)2k

η±1 = ξ± + η± =

{
ξ + η = 1
1
ξ + 1

η = ξ+η
ξη = 1



- n = 6k ± 2, then

ξn + ηn =
(
ξ3
)2k (

ξ2
)±1

+
(
η3
)2k (

η2
)±1

= (−η)
±1

+ (−ξ)
±1

= −1

- n = 6k + 3, then

ξn + ηn =
(
ξ3
)2k+1

+
(
η3
)2k+1

= (−1)
2k+1

+ (−1)
2k+1

= −2

So the theorem is proved.
(ii) Substituting in (10) on f (x) and g (x) with µ and υ where µ+ υ = −1, µυ = 1 and

µ2 + µ+ 1 = υ2 + υ + 1 = 0 (40)

We have

µ2 = (−1− υ)
2
= 1 + 2υ + υ2 = υ, υ2 = (−1− µ)

2
= 1 + 2µ+ µ2 = µ (41)

and

µ3 = µµ2 = µυ = 1, υ3 = υυ2 = υµ = 1 (42)

Therefore

[n2 ]∑
i=0

(−1)
n−i

Bi
n = µn + υn,

[n2 ]∑
i=0

(−1)
i
Bi

n = (−1)
n
(µn + υn) (43)

If
- n = 6k, then (−1)

n
(µn + υn) = µ6k ++υ6k = 2;

- n = 6k ± 1, then

(−1)
n
(µn + υn) = −

((
µ3
)2k

µ±1 +
(
v3
)2k

υ±1
)
= −

(
µ±1 + v±1

)
= 1;

because µ+ v = −1 and 1
µ + 1

υ = µ+υ
µυ = −1.

- n = 6k ± 2, then

(−1)
n
(µn + υn) =

((
µ3
)2k

µ±2 +
(
v3
)2k

υ±2
)
= µ±2 + v±2 = −1

- n = 6k + 3, then

(−1)
n
(µn + υn) = −

((
µ3
)2k+1

+
(
v3
)2k+1

)
= −2

The proof is complete.

Particular cases
1. If f (x) = sin2 x, g (x) = cos2 x, then

Pn (u, v) = sin2n x+ cos2n x =

[n2 ]∑
i=0

(−1)
i
2−n−2iBi

n sin
2i 2x (44)

2. If f (x) = sinx, g (x) = cosx, then

Pn (u, v) = sinn x+ cosn x =

[n2 ]∑
i=0

(−1)
i
2−iBi

n (sinx+ cosx)
n−2i

sini 2x (45)

3. If f (x) = eiα(x), g (x) = e−iα(x), then



Pn (u, v) = 2 cosnα (x) =

[n2 ]∑
i=0

(−1)
i
2n−2iBi

n cos
n−2i α (x)

so

cosnα (x) =

[n2 ]∑
i=0

(−1)
i
2n−2i−1Bi

n cos
n−2i α (x) =

=

[n2 ]∑
i=0

(−1)
i
S (n, i) cosn−2i α (x) (46)

4. If if (x) = eiα(x), ig (x) = −e−iα(x), then (10) becomes

[n2 ]∑
i=0

(−1)
i
2n−2iBi

n sin
n−2i α (x) =

einα(x) + (−1)
n
e−inα(x)

in
(47)

and if we taking account by (8) and (9) the relation (47) becomes

[n2 ]∑
i=0

(−1)
i
2n−2iBi

n sin
n−2i α (x) = (−1)[

n
2 ] (ω (n) cosnα (x) + w (n) sinnα (x))

So

[n2 ]∑
i=0

(−1)
i−[n2 ] 2n−2iBi

n sin
n−2i α (x) = ω (n) cosnα (x) + w (n) sinnα (x) (48)

5. If f (x) = eβ(x), g (x) = e−β(x), then u = 2chβ (x) and v = 1; by (10) we deduce

2chnβ (x) =

[n2 ]∑
i=0

(−1)
i
2n−2iBi

nch
n−2iβ (x)

or

chnβ (x) =

[n2 ]∑
i=0

(−1)
i
2n−2i−1Bi

nch
n−2iβ (x) (49)

6. If f (x) = eβ(x), g (x) = −e−β(x) then u = 2shβ (x) and v = −1; by (10) we obtain

[n2 ]∑
i=0

2n−2iBi
nsh

n−2iβ (x) = enβ(x) + (−1)
n
e−nβ(x)

hence

[n2 ]∑
i=0

2n−2iBi
nsh

n−2iβ (x) = ω (n) chnβ (x) + w (n) shnβ (x) (50)

7. If in (10) we take f (x) = ei arccos x, g (x) = e−i arccos x then ,v = 1

u = 2 cos (arccosx) = 2x = 2T1 (x) ,

and



Pn (x) = ein arccos x + e−in arccos x = 2 cos (n arccosx) = 2Tn (x) ,

where Tn is Chebyshev polynomial with degree n. In this case the relation (3) becomes

Tn+m (x) = 2Tn (x)Tm (x)− Tn−m (x) (51)

and (4) becomes

Tn+1 (x) = 2Tn (x)T1 (x)− Tn−1 (x) = 2xTn (x)− Tn−1 (x) =

= 2xTn (x)− Tn−1 (x) (52)

By (10) we obtain that

Tn (x) =

[n2 ]∑
i=0

(−1)
i
2n−2i−1Bi

nx
n−2i (53)

So the coefficient of xn−2i from Chebyshev polynomial is

(−1)
i
2n−2i−1Bi

n = (−1)
i
2n−2i−1 · n

i
· Ci−1

n−i−1 = (−1)
i
S (n, i) (54)

Theorem 11. For any f and g and for any n ∈ N , then Pn (u, v) is solution of the following differential
equation

(
4v − u2

)
· θ

2z (u, v)

θu2
− u · θz (u, v)

θu
+ n2z (u, v) = 0 (55)

Proof. We have to show that replacing in (55) with Pn (u, v) the equation is verify. By (10) we have

θPn (u, v)

θu
=

[n2 ]∑
i=0

(−1)
i
(n− 2i)Bi

nu
n−2i−ivi (56)

and

θ2Pn (u, v)

θu2
=

[n2 ]∑
i=0

(−1)
i
(n− 2i) (n− 2i− 1)Bi

nu
n−2i−2vi (57)

By (56) and (57) LHS of (55) becomes

4

[n2 ]∑
i=0

(−1)
i
(n− 2i) (n− 2i− 1)Bi

nu
n−2i−2vi+1−

−
[n2 ]∑
i=0

(−1)
i
(n− 2i) (n− 2i− 1)Bi

nu
n−2ivi−

−
[n2 ]∑
i=0

(−1)
i
(n− 2i)Bi

nu
n−2ivi +

[n2 ]∑
i=0

(−1)
i
n2Bi

nu
n−2ivi =

= 4

[n2 ]∑
i=0

(−1)
i
(n− 2i) (n− 2i− 1)Bi

nu
n−2i−2vi+1−

−
[n2 ]∑
i=0

(−1)
i (
(n− 2i) (n− 2i− 1) + (n− 2i)− n2

)
Bi

nu
n−2ivi =



= 4

[n2 ]∑
i=0

(−1)
i
(n− 2i) (n− 2i− 1)Bi

nu
n−2i−2vi+1+

+4

[n2 ]∑
i=0

(−1)
i
(n− i) iBi

nu
n−2ivi =

= 4

[n2 ]+1∑
j=1

(−1)
j−1

(n− 2j + 2) (n− 2j + 1)Bj−1
n un−2jvj+

+4

[n2 ]∑
i=0

(−1)
i
(n− i) iBi

nu
n−2ivi =

= 4

[n2 ]∑
j=1

(−1)
j [

(n− j) jBj
n − (n− 2j + 2) (n− 2j + 1)Bj−1

n

]
un−2jvj+

+4 (−1)[
n
2 ]
(
n− 2

[n
2

])(
n− 2

[n
2

]
− 1
)
B
[n2 ]
n un−2[n2 ]+2v[

n
2 ]+1+

+(−1)
0
n · 0 ·B0

nu
nv0 (58)

If n = 2k, then
[
n
2

]
= 1, and if n = 2k + 1, then

[
n
2

]
= n−1

2 , so one or other of the numbers n− 2
[
n
2

]
,

n− 2
[
n
2

]
− 1 is null. Therefore LHS of (55) becomes

[n2 ]∑
j=1

(−1)
j [

(n− j) jBj
n − (n− 2j + 2) (n− 2j + 1)Bj−1

n

]
un−2jvj (59)

Also we have

(n− j) jBj
n − (n− 2j + 2) (n− 2j + 1)Bj−1

n = (n− j) jn · (n− j − 1)!

j! (n− 2j)!
−

− (n− 2j + 2) (n− 2j + 1)n · (n− j)!

(j − 1)! (n− 2j + 2)!
=

= n · (n− j)!

(j − 1)! (n− 2j)!
− n · (n− j)!

(j − 1)! (n− 2j)!
= 0 (60)

The relations (59) and (60) proves the statement.

Remarks.
1. If f (x) and g (x) have the property that for any x ∈ R, f (x) g (x) = a = constant, then
Pn (u, a) = Pn (u) verify the equation

(
4a− u2

)
· d

2z (u)

du2
− u · dz (u)

du
+ n2z (u) = 0 (61)

2. If a = 1, then Pn (u, 1) = Pn (u) verify the equation

(
4− u2

)
· d

2z

du2
− u · dz

du
+ n2z = 0 (62)

3. By (62) if f (x) = ei arccos x, g (x) = e−i arccos x, then

Pn (u) = Pn (2x) = 2Tn (x) , u = 2x



and (62) becomes

4
(
1− x2

)
· 2 · d

2Tn (2x)

d (2x)
2 − 4x · dTn (2x)

d (2x)
+ n2Tn (2x) = 0 (63)

But

dTn (2x)

d (2x)
=

dTn (x)

dx
· dx

d (2x)
=

1

2
· dTn (x)

dx
;

d2Tn (2x)

d (2x)
2 =

1

4
· d

2Tn (x)

dx2
,

so (63) becomes

(
1− x2

)
· d

2Tn (x)

dx2
− x · dTn (x)

dx
+ n2Tn (x) = 0 (64)

which shows that Chebyshev verifies the following differential equation(
1− x2

)
y′′ − xy′ + n2y = 0 (65)
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