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ABSTRACT. In this paper we present some new results about polynomial functions.

Let f and g be two functions defined on C, the set of complex numbers, i.e. f,g: C — C. For any
x € C' we denote:

u=u(z)=f(x)+g(@), v=v(r)=[(r)g(z) (1)

and we will evaluate

P () = " (2) + 9" (z) (2)

only by u and v. If m and n are positive integer such that m < n, then we have

PPy = (" (2) + 9" (2)) (f ™ (2) + g™ (2)) = (/""" (@) + g™ (2)) +

+f (@) g™ (@) (f* 7 (@) + gV (@) = P + 0" P (3)
If m = 1, then by (3) we obtain
Pn+1 =PP, —vP 1 =uP,—vP, (4)
Definition 1. We call the integer part of the real number « the integer number denoting by [«] which
verifies
o] <a<[a]+1 (5)

Definition 2. We call an integer parity a function p : Z — {0,1}, (Z = the set of integer numbers)
defined by

0 if n=2k
p("){ 1 if n=2k+1 (6)
We note that
L m_g(n [

pm) =5 0- ()" =2(5-3]) (7)

Also we introduce the following functions
wn)=1+(-1) _{0 it on—2k+1 ®
w(n):2p(n):1_(_1) :{2 if n=2+1 (9)

Theorem 1. For any natural numbers n polynomial P, satisfies
a) P, has degree n in u and has degree [%} in v;

b) P, has the form

(3]
P, =Y (=1)Biu" %t (10)

1=

[}
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¢) For any natural number n we have BY = 1
d)

BY =DBP" L+ BP_, (11)
e) B} =2 and for any n with [%] = Z, then BL%] =2.

Proof. We prove by mathematical induction.

For n = 0 we have Py = 2 = Biu?, so B} = 2, the theorem is checked.
For n =1 we have P, = u = B%u, so BY = 1, the theorem is checked.
For n = 2, then

=P @)+ g (@) = (f (@) +9 ()" = 2f (@) g (2) = v — 20 =

= Buy + (—1)" Biuv = BYu? + (—1)" Biv,

so B =1, B} = 2 which shows that the statement is true.
We suppose that for n = k the theorem is true, i.e.

(5]
P.=) (—1) BiuF=2% (12)
1=0

and show that it is true for n =k + 1, i.e.

(5]

Pry1 = Z (—1)" B qut 2 (13)
i=0
(i) If 2r = k,,then [g] =, [%] =r, [%] =r —1, and by (4) we have
T ] r—1 ]
Poi1 =uP, —vPy_ 1 =u Y (—1)'Biu" v’ —v Z (—1)' Bi_juf2 "1yt =
i=0 i=0
T ] r—1 ]
_ Z (71)1 Biuk+172lvl . Z (71)1 Blzc_lukfmflvwrl _
i=0 i=0
_ BO k+1 + Z Bz k+1—23 z . Z (_1)j*1 Bi:%ukﬁ-l—%'vj, (] =17+ ]_) ,
j=1
which yields
Pip1 = BRu 4 Z Y(By + BiTh) ubti2iy (14)
Denoting
Blg+1 = B?,Bé_,_l = Blic + Blic_fl1 (15)

we deduce that the statement is true for kK +1 = 2r + 1.

(ii) If 2r + 1 = k, then [§] =, [EH] =7+ 1, [552] = r and by (4) we have

Pk+1—’U,Pk—’UPk1—’U,§ szZzz vE Bklk% lvz:
=0



T

= 30 (1) Bl 3 (1) B =

3

i=0 =0
r ) r+1 . .
= Bpuf T+ 3 (1) Bt = Y () BT, (=i )
i=0 Jj=1
SO
Ppp1 = BYuFt4
E30 () (B B b B g (1) B2y (16
i=1
Denoting
By = Bl(c)—i-l?Blic-i-l =B, + B/i_—lla BI:—H = B (17)

we deduce that the statement is true for k+1=2(r + 1).
Therefore, by mathematical induction we obtain that the enunciation is true for any natural number n.
So far we have established claims a) and b) from the statement. The relations (15) and (17) shows that

BY= B, = BY= BY=1, Bl = BiL, = Bl = By =2,

and

B =BY”, + BP

n—1»
i.e. others claims of the statement.
The numbers B are uniquely determined by the relations:
B =1 (n>0), By =2 BY=Bh+ Bl (18)
Theorem 2. For any n > 0 we have
—p—1)
(n—p-1) (19)
pt(n — 2p)!

Proof. So we have to check that B? given by (19) verify relations (18).
Indeed

BP =n

n

0o n-0-1)!  (n—-1)!
Bn7n~0!(n_2'0)!fn~ o =1, forany n >0

2 —p—1)! — 1! !
Grop— Dty @Dt 2y forany p>0

P! (2p —2p)! b pl0! p!

ng =2p-

» P n—1-—p—1)! n—2—-p+1-1)!
Bn1+Bn5:("_1)';!(71_1])_2;)))!+(”_2)'(p_1)!(n_p2—2p+2)!:
B (n—p—2)! n—1 n-2 _n.(n—p—l)!: »
_(pl)!(nQpl)!( P +n2p)_ Pn—2p) o

and the proof is complete.
We return now to the relation (1). Hence

flz) = uEvu: —4dv “5274”7 g(z) = uF vur—av ”2‘2*4” (20)

So



where

2P, =2" (" (x) (ui ) +(u¥ u2—4v>n

Z (£1)" CLu""/ (u? — 4v)’ ) Clum i (u?2 — dw)’ =
i=0

w\ﬁ

Z C’Z n- 1\/ 4v = 2 1)j Cﬁjun_% (u2 — 4v)j

=0 Jj=

J
=9 (_1)] Ofljun—Qj (Z (_1)1‘ C;»u27-227-v7.> _

7=0
n—j
S(n,j)=>»_ Cn 5 \Cl
r=j

Theorem 3. For any k < [g] we have that

S (n,k) = 2" Bk

Proof. Indeed, by (10) and (21) we have

SO

2"BF = 22118 (n, k),

S (n,k) = 2" 21 Bk,

and we are done.

Theorem 4. We have

D p—1 p—1 p—1
By, =Bap_o+ By 1+ ...+ By, o

B£+2k+2 B + Bl+2 + B} pa Tt sz+k 2

Proof. Indeed, we have

therefore

SO

B—l

D
B 2p+k—i— 2+BQp+k 1—1

2p+k—1 —
k k k k+1

=0 1=0 =0

P p—1 } :
B2p+k_B2p 2 BQp—i—k i—2

§ : ,E : p—1 E : P fE : p—1 E : D
B2p+k i B2p+k i—2 + B2p+k—i—1 - B2p+k i—2 + B2p+k)—j’
Jj=1

(21)

(22)

(26)



But,
Bf, = BY, 1 + By, Ly,
from where
1
ngfl = Bp Bg(p 1y = 2—-2=0,

and by (26) we obtain (24).
Also we have that

7 _ i—
By ioit1 = Bp+21 +B +21 1

SO

k k k—1

i _ i i—1 J

E By oit1 = Z By 0+ Z Bp+27, 1= Z Bp+21 + Z Bp+2j+17

i=1 i=1 i=1 =0
therefore

k
k 0o _ i
Bp+2k+1 - Bp+1 - ZBp+2i‘

We obtain

By iapi1— Bp1 + By = ZB +2i
e. (25) is proved, and the proof is complete.

Theorem 5. For any natural numbers n, we have

n—1
u"Pp1=v P0+ZU HDyi=1p, i (27)

=1

Proof. We have

un—zvz—lpnii _ un—z—lvz—l (upnfi);

and if we taking account by (4) we deduce

n—i, t—1i n—i—1,6 i—1
u" T T P = 07 (Pr—ig1r FvPoio1),
S0,

n—1

Zun wilp, zfzun (1) gyi= 'P, z+1+zu Hy ()P"—(H‘l) -

=1 =1 =1

n—1 n
_ Z R (E DY (i —1) Py ir1 + Zun—jvj—lpn_j,

i=1 j=2

hence

n—1
—(i+1), i1
u'P_1 =v"Py + g un Dy p
i=1



and we are done.

Theorem 6. For any natural numbers n, we have

P2n+1 P1<_ v" +Z vP2n 1)>
Proof. By (4) we have

(1)’ ' Pog_iyp1 = (—1)" 0* (uPo(n—s) — VPo(n—i—1)41) =

= (—1)Z ’UiuPQ(n,i) + (_1)i+1 Ui+1P2(n,i,1)+1,

hence
n—1 o n—1 o n—1 ] )
(=)' 0" Pyt—iy41 = Z (=1)" v PyPyg, ) + Z (=1 0 Pyim1y 1 =
i=0 i=0 i=0
= > (D' PPy + Y (=1) 0/ Pap 1,
i=0 j=1
SO
P2n+1 npl + Z UiP1P2n(n—i) =
n—1 o
=P ((‘Un "+ Z (-1)° vZPQ(n—i)>
i=0
q.e.d.

The relations (7) and (10) allow us to write

(3]
P, = ™S (—1)' (5] yipi

or

P, = ™ Z L(Py + 20)2([E]) i
Theorem 7. For any x solution of equation u (z) = 0 and for any natural number n we have

P, = (0Bl (1 - pmy)

Proof. Indeed, the relation (29) shows that if p (n) = 1, then P, (0,v) = 0; and if p (n) = Othen
5] =% so P (0,v) = (_1)kUkB§k =2 (—1)k vk, qe.d.

Theorem 8. For any z solution of equation v () = 0 and for any natural number n, we have

P, (u,0) =

Proof. If in (10) we take v = 0 then we obtain P, (u,0) = Blu" =
Since v = 0 we have the following cases

- f(x) =0,g9(z) # 0, and then P, (u,0) = g" (x);

- f(z) =0,g(z) =0, and then P, (u,0) = Pn (0,0) = 0;

(29)



- f(z) #0,g(x) =0, and then P, (u,0) = " (x).
The proof is complete.

Theorem 9. For any natural number n, we have

(—1)" (a+b)"" % (ab)’ BLt"™ = (a" + b") 1",

(=1)" (a+b)""* (ab)' B, = a™ +b",
=0

and for a = b = 1 we obtain the result.

Theorem 10. For any natural number n, we have

2] 1 if n=6k=x1
2
ioi ) =1 if n=6k+2
71(_1) Br=91 -2 if n=6k+3 (34)

9 if n=6k
Proof. We give two demonstrations.
(i) We note that LHS of (34) results by (10) for u = v = 1. In other words if we denote f (x) =¢,
g (x) = n, LHS is obtain for x which verify
E+n=1¢&n=1 (35)
By (35) we deduce

E—¢t+1=n>—n+1=0 (36)

SO

52:(1_n)2:1_277+772:1—77*"7’]2—’(]:—777
P =1-6"=2+&=1-¢+&—¢=—¢ (37)

= =¢c(-n)=-n=-1Ln*=m’=n(-§=-&n=-1 (38)
Making these substitutions in (10) we obtain

(3]
(1) By =+ (&)
=0
If 2k 2k
- —n =06k, then &" + 7" = ()7 + (n*)" =2
- n:6k‘—|—1, then

é-n +nn — (53)2"‘ é—il + (n3)2k nil _ é—i +nj: — {



-n =6k £ 2, then
gn + nn _ (gS)Qk (é—?)il + (n3)2k (772)i1 _ (_n)il + (_g)ﬂ:l -1
-n = 6k + 3, then

= () ) = (U 1

So the theorem is proved.
(ii) Substituting in (10) on f (z) and g (z) with g and v where p+ v = —1, yv = 1 and

P p+1=0v+v+1=0

We have
pP=(-1-v’=142v+0’=v, v*=(-1—-p)? =142u+p’>=p
and
W=t =pv=1, 0 =uvt=ovu=1

Therefore

(%] o 5]

()" By =t o, Y (<1) By = (<1)" (4" 4 ")

i=0 i=0

If

- n = 6k, then (—1)" (u™ + v") = ub* + +0o = 2;
-n =6k+1, then
(D)™ (" ") == ((N3)2k L+ (07 Uil) =—(u ot =1
because p +v = —1 andi-k%: % - 1.
-n =6k <2, then
(—1)" (4" + o) = (('us)?k §2 (,Ug)?k U:I:2) S I S |

- n = 6k + 3, then

(—1)" (" + ") = — ((u3)2k+1 + (v3)2k+1) _ o

The proof is complete.

Particular cases
1. If f (z) = sin?z, g (z) = cos® z, then

8] -
P, (u,v) = sin®" z + cos®" & = g (—=1)' 27" % B! sin% 2z
=0

2. If f(z) =sinz, g (x) = cosz, then
(5]

P, (u,v) =sin" z + cos" x = Z (=1)"27'B! (sinz + cos )" ¥ sin’ 2z
i=0

3. If f(2) = €™, g(x) = e (™) then

(44)



SO

4. Ifif (x) = @) ig(z) = —e~**(®) then (10) becomes

(3] nalz) ,
. o ) ina(x —1)" —ina(zx)
z :(_1)1 271—21B71’L Sinn72za(l‘> _ e +( i ) €
an
i=0

and if we taking account by (8) and (9) the relation (47) becomes

(5]

' (=1)" 2% Bl sin" "% o (z) = (—1)[%] (w(n)cosna (z) +w (n) sinna (x))

So

n
2
)

(*1)1.7[75] 2" 2Bl sin" "% o (z) = w (n) cos na (z) + w (n) sin na ()

(o]

5.1If f(2) = 2@, g (x) = e #®) then u = 2chf3 () and v = 1; by (10) we deduce
L
2chnB (x) =Y (—1)' 2" Bl ch" %5 (z)

1=

w3

[}

or

3]
chnB(z) =Y (=1)"2""2"1Bich" %3 (2)
i=0
6. If f (z) = @) g(z) = —e#® then u = 2shf3 (z) and v = —1; by (10) we obtain
5] 4
Z 2n—2zB;8hn—216 (.T) — enﬁ(z) + (_1)n e—nﬁ(m)
i=0
hence
5]

> 2" 2B sk (1) = w (n) chnf (x) + w (n) shn (2)
=0

7. If in (10) we take f (z) = '27¢C5% g (1) = ¢ ?AT¢OST then v = 1

u = 2 cos (arccos z) = 2z = 271 (z),

and

(47)

(50)



P, (x) = efnarccos® 4 pminarccos® _ 9 cog (narccos x) = 2T, (z),

where T;, is Chebyshev polynomial with degree n. In this case the relation (3) becomes

Tt (2) = 2T (%) Trn (%) — Trmo (2) (51)

and (4) becomes

Tht1 (z) =27, (2) Ty (z) — Ty () = 22T, (x) — T () =

= 22T, () — Th—1 (2) (52)
By (10) we obtain that
5
T, (z) =Y (=1)' 2" > ! Blg" ™ (53)
=0

n—21

So the coefficient of z from Chebyshev polynomial is

(_1)22n 21 1B:L —_ (_1)2 on 2i—1 | =

L = (F) S () (54

Theorem 11. For any f and g and for any n € N, then P, (u,v) is solution of the following differential
equation

02z (u,v) 0z (u,v)
PP Rt Sk A ?
(41} U ) 02 U 00

Proof. We have to show that replacing in (55) with P, (u, v) the equation is verify. By (10) we have

Ol
= (=1)" (n — 2i) Bl u" 2% (56)
=0

+n%z (u,v) =0 (55)

N3

0P, (u,v)
Ou

and

B
=Y (=1)"(n—2i)(n—2i—1)BLu" 2%t (57)

=0
By (56) and (57) LHS of (55) becomes

3]
AN (=1) (n — 2i) (n — 2i — 1) Bla" 272yt -

i

w|3

02P, (u,v)
Ou?

NB

Il
=]

3]
(=1)" (n — 23) (n — 2i — 1) BLu"2iyi—
0

=

w3

(3]
- (=1)" (n — 2i) Bl u™ %" + (=1)' n?Biu" "%yt =
i i=0

s
Il
o

]
=4Y (=1)'(n—2i)(n—2i—1)Blu"" %% -
=0

[NE

(3] A
=Y (=1)" ((n—2i) (n— 2 — 1) + (n — 20) — n®) Biu""*v' =
=0



3]
=43 (=1)" (n—2i) (n — 2i — 1) Biu" 22+ 4

ol
—1—42 (=1)" (n —i)iBu" %' =

1=0
[3]+1 , ‘ o
=43 (-1 (-2 +2) (n— 25 + 1) By hun Yot
j=1

+4 (=1 (n— i) iBju" ¥’ =

=0
(3] 4 _ _ o
=4) (1) [(n—=j)jBj —(n—2j+2)(n—2j+1) B, Ju"">vl+

[NE

J

a8 (n—2 [2]) (-2 [2] 1) Bl sl

+(-1)°n-0- Bu™° (58)

If n = 2k, then [g] =1, and if n = 2k + 1, then [%] = %‘1, so one or other of the numbers n — 2 [%},

n —2[2] — 1 is null. Therefore LHS of (55) becomes
[

0|3

]
(=1 [(n—35)3Bi — (n—2j +2) (n —2j + 1) Bi™Y] u" %07 (59)
j=1

Also we have

(n—j-1t

(n=3)iBy — (n=2+2) (n =2+ ) By = (n =) in- S

(m—j)
G—1Dl(n—2j+2)!

—-n—=2j+2)(n—2j+1)n-

(n—j)! (n—j)!
—n. — B — — =0 60
G0l -z G- ) o
The relations (59) and (60) proves the statement.

Remarks.
1. If f(x) and g(x) have the property that for any © € R, f (z) g (x) = a = constant, then
P, (u,a) = P, (u) verify the equation

d*z (u) dz (u) 5 B
Y T +n°z(u) =0 (61)

(4a — u2)
2. If a =1, then P, (u,1) = P, (u) verify the equation

d*z dz 5
oy 2 = 62
2% T +n°z=0 (62)

3. By (62) fo (x) — eiarccosx, g (x) — e—iarccosx, then

(4-).

P, (u) =P, (2z) = 2T, (), u=2x



and (62) becomes

). .dzTn (2z) . dT,, (2x) 2 2) =
4(1-a?) -2 ST e T 2 =0
But
dl, (2z) dT,(x) der 1 dT,(x)
d(2z) ~  dz d(2x) 2 dz
d*T, (2z) 1 d*T,, (z)
d(2z)? 4 da®

0 (63) becomes

2T, (x dT,, (x
(1—x2)-w()—x- dx()—FnQTn(x):O

which shows that Chebyshev verifies the following differential equation
(1 7‘T2) y// 7l'y/+n2y =0
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