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fBm által vezérelt sztochasztikus differenciálegyenlet
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(
B(t)

)
t≥0

fBm, H > 1
2 .

dX (t) = F (X (t), t)dt + G(X (t), t)dB(t), (1)
X (t0) = X0,

ahol X0 véletlen vektor Rn-ben, F és G 1-valószı́nűséggel:

(C1) F ∈ C(Rn × [0,T ],Rn),G ∈ C1(Rn × [0,T ],Rn);

(C2) F (·, t),
∂G(·, t)

∂x i ,
∂G(·, t)

∂t
helyi Lipschitz tulajdonságú

∀t ∈ [0,T ], i ∈ {1, . . . ,n}.
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I a B =
(

B(t)
)

t∈[0,1]
, H ∈ (0,1) fBm közelı́tése:

I az (1)-t közelı́tése, N ∈ N

dXN(t) = F (XN(t), t)dt + G(XN(t), t)dBN(t),

XN(t0) = X0, (2)

I (2)-nek ∃ helyi megoldása, mely valószı́nűségben (1)
megoldásához tart azon az intervallumon, ahol a
megoldás létezik.
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fBm általánosı́tásai

H ∈ (0,1) Hurst indexű frakcionális Brown mozgás
(fBm) Gauss folyamat B =

(
B(t)

)
t≥0

,

E
(

B(s)B(t)
)

=
1
2

(
t2H + s2H − |s − t |2H

)
.

H = 1
2 : standard Bm.
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fBm tulajdonságai
I [0,T ]-n Hölder folytonos γ ∈ (0,H) praméterrel

P

ω ∈ Ω : sup
0<t−s<h(ω)

t ,s∈[0,T ]

|B(t)− B(s)|
|t − s|γ

≤ δ

 = 1,

ahol h pozitı́v vaószónűségi változó és δ > 0.
I négyzetes varációja [a,b] ⊆ [0,T ]-n

lim
|∆n|→0

n∑
i=1

(
B(tn

i )− B(tn
i−1)
)2

=


∞ if H < 1

2 ,
b − a if H = 1

2 ,
0 if H > 1

2 ,

ahol ∆n = (a = tn
0 < · · · < tn

n = b) az [a,b] felosztása
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Wavelet közelı́tés

Y. Meyer, F. Sellan, M. S. Taqqu
A. Ayache and M. S. Taqqu

B(t) =
∞∑

i=−∞

∞∑
k=−∞

2−
j
2 (Ψ(2j t − k)−Ψ(−k))εj,k ,

Ψ ∈ C1(R) az anya függvény: ∃ c > 0 ú.h.

|Ψ(t)| ≤ c
(2 + |t |)2 , |Ψ′(t)| ≤ c

(2 + |t |)3

εj,k N (0,1) vv.
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BN(t) =
N∑

j=0

∑
k∈IN,j

2−
j
2 (Ψ(2j t − k)−Ψ(−k))εj,k

IN,j =

{
k ∈ Z : |k | ≤ 2N+4

(N − j + 1)2

}
Tétel

P
(

lim
N→∞

sup
t∈[0,1]

|BN(t)− B(t)| = 0
)

= 1
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H = 0.9

Figure: BN közelı́tése fBm-nek
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fBm közelı́tése trigonometriai sorral

Bessel függvény Jν , ν 6= −1,−2, . . . a
{z ∈ C : |arg z| < π}:

Jν(z) =
∞∑

k=0

(−1)k

Γ(k + 1)Γ(ν + k + 1)

(z
2

)ν+2k
.

ν > −1-re, Jν vaós gyökei
J−H : x1 < x2 < . . .
J1−H : y1 < y2 < . . .
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Figure: Bessel függvény: J−H (with ’·’), J1−H (with ’-’ ), H = 0.65
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(Xn)n∈N és (Yn)n∈N Gauss v.v.

E(Xn) = E(Yn) = 0

VarXn =
2c2

H

x2H
n J2

1−H(xn)
, VarYn =

2c2
H

y2H
n J2

−H(yn)
,

ahol
c2

H =
sin(πH)

π
Γ(1 + 2H).
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K. Dzhaparidze és H. van Zanten

B(t) =
∞∑

n=1

sin(xnt)

xn
Xn +

∞∑
n=1

1− cos(ynt)

yn
Yn, t ∈ [0,1]

-abszolút konvergens sor t ∈ [0,1]-ben
-fBm
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H = 0.65

Figure: BN közeı́tése fBm-nek
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BN(t) =
N∑

n=1

sin(xnt)

xn
Xn +

N∑
n=1

1− cos(ynt)

yn
Yn, t ∈ [0,1], (3)

Tétel

P
(

lim
N→∞

sup
t∈[0,1]

|BN(t)− B(t)| = 0
)

= 1
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Frakcionális integrál és derivált
S. G. Samko, A. A. Kilbas and O. I. Marichev:
f ∈ L1(a,b), α > 0 -re α-rendű bal oldali frakcionális
Rieman-Liouville integrálja f -nek (a,b)-n

Iαa+f (x) =
1

Γ(α)

x∫
a

(x − y)α−1f (y)dy a.e. x

α-rendű jobb oldali frakcionális Rieman-Liouville
integrálja f -nek

Iαb−f (x) =
(−1)α

Γ(α)

b∫
x

(y − x)α−1f (y)dy a.e. x
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α-rendű bal oldali Riemann Liouville deriváltja f -nek α

Dα
a+f (x)=

1
Γ(1− α)

 f (x)

(x − a)α
+ α

x∫
a

f (x)− f (y)

(x − y)α+1 dy

I(a,b)(x)

let p > 1, 0 < α < 1
f ∈Iαa+(Lp(a, b)):

f = Iαa+Φ ahol Φ ∈ Lp(a,b)⇐⇒ Dα
a+f = Φ
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jobb oldali Riemann Liouville deriváltja g-nek

Dα
b−g(x)=

(−1)α

Γ(1− α)

 g(x)

(b − x)α
+ α

b∫
x

g(x)− g(y)

(y − x)α+1 dy

I(a,b)(x)

g ∈Iαb−(Lp(a, b)):

g = Iαb−Φ with Φ ∈ Lp(a,b)⇐⇒ Dα
b−g = Φ
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M. Zähle
b∫

a

f (x)dg(x) frakcionális integrálja f -nek g-szerint

Ha fa+ ∈ Iαa+(Lp(a,b)), gb− ∈ I1−α
b− (Lq(a,b)), 1

p + 1
q ≤ 1

b∫
a

f (x)dg(x) = (−1)α
b∫

a

Dα
a+fa+(x)D1−α

b− gb−(x)dx

+f (a+)(g(b−)− g(a+))

fa+(x) = f (x)− f (a+), gb−(x) = g(x)− g(b−)
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Sztochasztikus integrál közelı́tése

T∫
0

G(u)dB(u) = (−1)α
T∫

0

Dα
0+G0+(u)D1−α

T− BT−(u)du

+G(0+)B(T ),

ahol G0+ ∈ Iα0+(L2(0,T )), BT− ∈ I1−α
T− (L2(0,T ))
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Tétel
α ∈ (1− H,1). G teljesı́ti:
(1) G0+ ∈ Iα0+(L2(0,T ));

(2)
T∫

0

|Dα
0+G0+(u)|du <∞;

(3)
T∫

0

|Dα
0+G0+(u)|

(T − u)1−α du <∞.

ekkor

lim
N→∞

t∫
0

G(u)dBN(u) =

t∫
0

G(u)dB(u) ∀ t ∈ [0,T ].
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Tétel
B fBm, BN közelı́tése, (C1) és (C2) teljesül. t0 ∈ (0,T ]
Ekkor

X (t) = X0 +

t∫
t0

F (X (s), s)ds +

t∫
t0

G(X (s), s)dB(s),

XN(t) = X0+

t∫
t0

F (XN(s), s)ds+

t∫
t0

G(XN(s), s)dBN(s), N ∈ N

létezik mindkét egyenletnek megoldása (t1, t2)-n és

P( lim
N→∞

sup
t∈(t1,t2)

‖XN(t)− X (t)‖ = 0) = 1.
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Lépcsős fBm

- mérnöki
- biofizika
- gazdasági modellezésben
H : R→]0,1[

H(t) =
K∑

i=0

ai1[τi ,τi+1[(t),

ahol τo = −∞, τK +1 =∞,, τ1, τ2, ...τK növekvő és
ai ∈ [0,1].
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Wavelet közelı́tés (B(t))t∈[0,1]-re

{2j/2Ψ(2jx − k) : (j , k) ∈ Z2} Lamarie Meyer wavelet
L2(R)-ben, Ψ:
Ψ1

Ψ1(x , θ) =

∫
R

eixy Ψ(y)

|y |θ+ 1
2

dy ,

Ayache,A.,Bertrand,P.R., Levy Vehel,J

B(t)=
∞∑

j=−∞

∞∑
k=−∞

2−jH(k/2j )(Ψ1(2j t−k ,H(k/2j))−Ψ1(−k ,H(k/2j)))εj,k ,

(4)
ahol εj,k i.i.d.
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Ahol Ψ: Ψ ∈ C1, ∃ c > 0

| sup
θ∈[a,b]

Ψ1(t , θ)| ≤ c
(2 + |t |)2 (5)

| sup
θ∈[a,b]

Ψ1
′(t , θ)| ≤ c

(2 + |t |)3 ,∀t ∈ R.
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-magas frekvenciájú komponens

V1(t)=
∞∑

j=0

∞∑
k=−∞

2−jH(k/2j )(Ψ1(2j t−k ,H(k/2j))−Ψ1(−k ,H(k/2j)))εj,k

alacsony frekvenciájú komponens

V2(t)=
−1∑

j=−∞

∞∑
k=−∞

2−jH(k/2j )(Ψ1(2j t−k,H(k/2j))−Ψ1(−k ,H(k/2j)))εj,k.

B(t) = V1(t) + V2(t)∀t ∈ [0,1].
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N ∈ N.

BN
1 (t)=

N∑
j=0

∑
|k |≤ 2N+4

(N−j+1)2

2−jH(k/2j )(Ψ1(2j t−k ,H(k/2j))−Ψ1(−k ,H(k/2j)))εj,k

és

BN
2 (t)=

−1∑
j=−2[N/2]

∑
|k |≤2[N/2]

2−jH(k/2j )(Ψ1(2j t−k ,H(k/2j))−Ψ1(−k ,H(k/2j)))εj,k .

BN(t) = BN
1 (t) + BN

2 (t)∀t ∈ [0,1]. (6)
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Figure: BN közelı́tése sfBm-nek
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