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MATE-INFO UBB COMPETITION and ADMISSIONS EXAM, 2018
Written test in MATHEMATICS

PART A
IMPORTANT: For each problem in Part A, at least one answer is correct, and several

answers may be correct.

2 i t
1. (5 points) If x € (0, z) and cosz = —, then the value of STy iEr is:
2 3 cosx + ctgx

26—V B16+vD.0 26+vH. 0 oG- v5.B 26 .

2. (5 points) The equation of the line that passes through the point of intersection of the lines
(d1):x+2y —7=0and (d2) : 2z —y + 1 = 0 and is parallel to the line (d) : 2z +3y +1 =0 is:

3x+y—6=0,y_i_?)?):l‘—l,2$+3y—11:0,@3x+2y—920,L__;:w;l,

3. (5 points) A monoid (G,-) is a group if and only if:

all elements of GG, except the identity element, are invertible; [B| the identity element of G is

invertible; G has invertible elements; @ all elements of G are invertible; [E| G has no invertible
elements.

4. (5 points) For any polynomial with real coefficients P, the number of real roots is:

equal to the degree of the polynomial; Bl at most equal to the degree of the polynomial, except
for the zero polynomial; |C| at least equal to the degree of the polynomial; @ at most equal to the
degree of the polynomial; [E equal to the number of polynomials in R[X] that divide P.

2sinx +cosz, x>0
ar® +br+c, x<0
differentiable (a,b,c € R are real parameters). The value of a - b - ¢ belongs to the set

(—00,0); B [-2,2] ; [d [~ %2, 7 + €); [D] [~1, 00); [ {~1,1, =i, 4}.

6. (5 points) The sequence defined by x, =1+ % + % +...+ %, VYn > 1 is:

is twice

5. (5 points) The function f : R — R defined by f(z) = {

a sequence with negative terms; [B| increasing; |C| bounded,; @ periodic; [E| divergent.
PARTEA B

1. (10 points) In the zOy plane, consider the points A(1,2),B (—2, O) and C(0,2). The bisector
of the angle BAC intersects [BC] in D. Compute the length of the segment [AD].
2. a) (10 points) Find the integers a and b so that the complex number
z2=(-2a>4+a+6)+ (a — b?)i

satisfies the condition z = |z|.

b) (15 points) Find the number of polynomials of degree at most 4 from Z;[X], with distinct
coefficients. How many of these have 0 as a root? J ustify your answers.

3. Let f:R — R be defined by

f(z) = +1 Ve R.



a) (10 points) Compute

Jim [f(2)]".
b) (10 points) Show that
flx) _ da
Fo) #i-T Ve e R\ {-1,1}.

c) (5 points) Find

T

4t
lim 2 / T dt.
T—00 t2 —1
2

NOTE:
All subjects are mandatory. Grading starts at 10 points.
Working time is 3 hours.



Raspunsuri si solutii
PARTEA I

1. ; 2. , ; 3. @; 4. ; 5. , ,,@;; 6. , .

PARTEA 11
1. Folosind formula distantei dintre doua puncte avem:
AC =/(1-02+(2-2)2=1

C(0,2) A(1,2)

;
-2 o
5 (20)

5\ 2 6 10
AB = 14+ = 202 =4/—=44="
¢<+9+4 N

DC _AC_ 3
DB AB 10

(teorema bisectoarei)

o = 3 3 13 7 13
14— — =
310 10 10
il 24 .
:yc+10?/B: +100:@
10 10

5)° 20\ > 18\*> [6\> 6 6v/10
,w_¢@+w>+@_m>_¢@9+(m)_Bﬁmr_K}
2.a)z=|z/<2z€Rsiz>0.
zeRea—b0=0<a=10%
Tnacestcazz:—2a2+a+6§ia20.
3

2>04 —2a°+a+6>0% (2a+3)(a—2) <0, decia € ZN [—2, 2] N[0,00) ={0,1,2}.

a=0b=0a=1b=1<bec{-1,1},iara =2« b> =2 = b¢ 7Z, nu convine. Astfel
solutiile sunt (a,b) € {(0,0),(1,-1),(1,1)}

b) Polinoamele de grade diferite formeaza clase distincte. Avem 5 polinoame de grad —oo sau

P N N NN

~N o~ AN AN

a, b poate fi oricare dintre celelalte 4 elemente, exista 4 - 4 = 16 polinoame de grad 1 cu coeficienti
distincti.

R foAliIAloEmele de grad 2 din prima parte a problemei sunt de forma aX? + bX + ¢, cu a,b €
fi oricare dintre celelalte 4 elemente diferite de a, iar pentru fiecare alegere a lui a si b, ¢ poate fi
oricare dintre cele 3 elemente ramase. Prin urmare, exista 4 - 4 - 3 = 48 polinoame de grad 2 cu
coeficienti distincti. Similar se deduce ca numarul polinoamelor cu coeficienti distincti care au gradul
3ested-4-3-2=96, iar al celor de grad 4 este 4-4-3-2-1 = 96. Deci raspunsul la prima intrebare
este 96 + 96 + 48 + 16 + 5 = 261.

Cum imaginea unui polinom in 0 este termenul liber, cerinta problemei este de a gasi cate dintre
polinoamele de mai sus au termenul liber 0. Putem rationa ca mai sus si, pe langa polinomul nul,



avem polinoamele de forma aX cu a € {1,2,3,4}, in numir de 4, polinoamele de forma aX2 + bX cu
a # b din {1,2,3,4} care sunt 4- 3 = 12, polinoamele de forma aX3 +bX?+cX cua,b,c€{1,2,3,4}
distincte care sunt 4-3-2 = 24 si polinoamele de forma aX*+bX3+cX?+dX cua,b,c,d € {1,2,3,4}

care sunt 4 -3 -2 -1 = 24. Deci raspunsul la a doua intrebare este 1 +4 + 12 + 24 + 24 = 65.
Observatie: Se poate observa ca ceea ce numaram de fapt sunt aranjamente. Mai exact, numarul
polinoamelor:

- de gradul 1 cu coeficienti distincti este A2 — AJ,

- de gradul 2 cu coeficienti distincti este A3 — A3,

- de gradul 3 cu coeficienti distincti este A2 — A3,

- de gradul 4 cu coeficienti distincti este A3 — A,
unde scazatorii numara submultimi ordonate ale mul‘glmu {T, A,§ Z} ce corespund variantelor de
alegere a coeficientilor care nu convin deoarece au pe 0 coeficient al lui X, X2, X3, respectiv X4,

Pentru partea a doua, unde 0 este termenul liber, numaram submul@rm ordonate ale multimii
{T, 5, /3\,1} care vor corespunde coeficientilor celorlalti monoame din componenta polinoamelor de
numarat. Astfel, numarul polinoamelor cu 0 radicing si cu coeficienti distincti care au:

- gradul 1 este Aj,

- gradul 2 este A2,

- gradul 3 este A3,

- gradul 4 este Af.

3. a) Limita din enunt este o determinare de forma 1°°, deci putem folosi limita 1ir% = (1+y)
Yy—

< =
Il
o

im (@) = Jim 1+ (F@) = DF = i (104 () = e

T—r00 T—00 T—00

In aceasta expresie avem

lim 22(f(z) —1) = lim ——— = -2,

T—00 T—00 T2 +1

siy=f(z)—1— 0, deci xlingo[f(x)]$2 =e2

b) Functia f este derivabild pe R, si ecuatia f(z) = 0 are solutiile ;2 = 1, deci fractia (o)
este definita pe R\ {—1,1}. Calculam derivata functiei f.

2(x? +1) —2z(z2 -1 4z
fl@) = ( ; 2( ) =723 2
(x2+1) (x2+1)
deci
fll) 4z 2*+1 4x 4x

o) " @21 @rnE o Ao RVEL

c) Pe intervalul (1,00) functia f este pozitiva, deci folosind proprietatea anterioara avem

/ f’t f(t)lenf(x)—lnf@)-

a1 f(t) )
2

Astfel avem

lim x2/ t44t 1 dt = lim [2*In f(z) — 2% In f(2)].

T—00 — T—00

Pe de alta parte li_>m 2?In f(z) = —2 (datoritd problemei a) ) siln f(2) = In2 < 0, deci li_>m 22In f(2) =

—00, adica




