Abstract
In this paper we consider an integral operator for analytic func-

tions in the open unit disk U and we obtain sufficient conditions for
univalence of this integral operator.

30C45.
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1 Introduction

Let A be the class of the functions f which are analytic in the open unit
disk tf = {z € C:| z|< 1} and f(0) = f'(0) —1=0.

We denote by S the subclass of A consisting of functions f € A, which
are univalent in U.

We consider the integral operator

o= [ B4 o ()" () |
(1)

for f;, gi,hi,k; € A and the complex numbers 0, «;, B;, Vi, 0;, with § #£ 0,
i=1,n,neN\{0}.

2 Preliminary rezults

We need the following lemmas.

Lemma 2.1. [6] Let v, be complex numbers, Rey > 0 and f € A. If
1— [z 1 2f"(2))

f'(2)

for all z € U, then for any complex number §, Red > Revy , the function Fj

defined by )
Fy(2) = (5 / té—lf’(t)dt> "
0

1

<1
Revy ‘_’



s reqular and univalent in U.

Lemma 2.2. [8] Let 6 be complex number, Red > 0 and ¢ a complex number,
lc| <1,c# 1, and f € A, f(2) = 2+ agz® + ...

If

elof” + (1= ) 5D <1

for all z € U, then the function Fs defined by

Fs(z) = (5 /0 tﬁ—lf’(t)dt>é ,
is reqular and univalent in U.
Lemma 2.3. [5] Let f € A, satisfy the condition
22f(2)
[F(2))

for all z € U, then f is reqular and univalent in U.

—1‘ <1, (2)

Lemma 2.4. [10] Let g € A, a a real number, and ¢ a complex number,
‘C’ < é7 07& -1 If

for all z € U, then the function

Gol2) = <a /0 ety ] dt>i ,

1s in the class in S.

Lemma 2.5. [10] Let the function g, satisfy (2), M a positive real number

2M+1 2M+1
fized, and ¢ a complex number. If o € | 555, <557

a—1

lef <1 -

‘(2M+1), c# —1,

l9(2)] < M,
for all z € U, then the function

Gal2) = <a [ aor dt>; ,

s in the class in S.



Lemma 2.6. [/] Let f be the function regular in the diskUr = {z € C : |z| < R}
with | f(2)| < M, M fized. If f(z) has in z = 0 one zero with multiply > m,
then

7@ < B

the equality for z # 0 can hold only if

0 M
f(Z) = eleRimva

where 0 is constant.

3 Main results

Theorem 3.1. Let v, 4, oy, Bi, Vi, 0; be complex numbers, ¢ = Rey > 0, 1
1,n, M;, N;, P;, Q;, R;, S; real positive numbers, i = 1,n, and f;, gi, hi, k;
.A, fZ(Z) =z + a2¢22 + agiz3 + ..., gz(z) =z + b27;22 + b3i23 + ..., hz(z)
242 e+, ki(2) = 2+ do2? +di2 + ., i=1,n

If

m

/ / /
2fi(z) 1‘ <, |G 1‘ <N, zhi(z) 1‘ <P,
fi(2) 9i(2) hi(z)
2kl(2) zhl! (2) 2k (2)
L -1 < 29 . S 19 ! < 9
w1 =o [ [ =
forallzeU,i=1,n and
& (2c+1)°%
D llai = 1 My + |8 Ni + [l (P + Qi) + 18] (Ri + S3)] < g

=1
(3)
then for all § complex numbers, Red > Rey, the integral operator T, given
by (1) is in the class S.

Proof. Let us define the function

o= [(52) " o (58" (25 o




for fiagiahi7ki € A? = 17”'

The function H,, is regular in U and satisfy the following usual normal-

ization conditions H,(0) = H,(0) — 1 = 0.

Now
H,' () = E[l [(ﬂit))“ ) (Zﬁ(j )7 <Z(j))>6 ] ,
We have
T~ 2|0 (5 1) +a R+
[ (EE R e (GG e
for all z e U.

Thus, we have

=S| e (R ) ]

=1

R "Z o () _ SR g (000 )]

c (=) Ri2) ) H()
for all z € U.
Therefore
SR < g [ S e+
AR [ (5 - [ )]
L o (2 5]

=1
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for all z € U.

By applying the General Schwarz Lemma we obtain

/ " b
ZfZ<Z)—1‘SMi|Z’7 ’Zg/?,(z) SNZ’Z" ZZ(Z)_llgpi‘Z|7
fi(2) 9:(2) hi(z)

2kl (z) zhl! (2) 2K/ (2)
=1 < Qilz], 3 < Rilz|, / < Silzl,
opt BN BTN S o Rl
forall z €U, i=1,n.
Using these inequalities we have
1— |2 | zHy(2)
c H! (z)
1— 2% &
< ———— |zl Y [l = 1 My + |8 Ni + |yl (P + Qi) + |83l (Ri + Si)].
i=1
(4)
for all z € U.
Since
(1= 12P9) 14 )
max - ’
|2|<1 c (2¢ +1)72
from (4) we obtain
1— |z | zH! (2)
c H! (2)
2 n
< — > lei = M + B Ni + il (P + Qi) + 16| (R + S3)]
(2c+1) 2 1o
and hence, by (3) we have
1 |2 |2Hi(2)| _ 2 (2c+1)% ,
¢ HG | gernE 2 ’

for all z € U.



So,
1 — |Z|2C

C

zH!(2)
H} (z)

<1. (5)

and using (5), by Lemma 2.1, it results that the integral operator 7, given
by (1) is in the class S.

O]

If we consider § = 1 in Theorem 3.1, obtain the next corollary:

Corollary 3.1.1. Let v, oy, 5,7, 6; be complex numbers, 0 < Rey < 1,
¢ = Rey, i = 1,n, M;, N;, P;, Q;, R;, S; real positive numbers, i = 1,n, and
firgishiski € A, fi(2) = z+agiz? +agiz®+...., gi(2) = 2+ boi22 + b3z + ...,
hi(2) = 2+ 2122 + 3123 + ooy ki(2) = 2 + di2® + d3iz® + ..., i =1, n.

If

! 1 /
Z”@—4<M,‘%@)<M,2mw—4<a,
fi(2) 9;(2) hi(z)
2kl(2) zhl! (2) 2k (2)
A S A < 0; ? < R.: v < S.
kl(z) 1’ — Q’H h;(z) R’LJ k‘;(z) SZ)
n (2¢ + 1)
[l — 1] M; + il Ni + [l (P + Qi) + 18i] (i + 8)] < - ,
2

=1

then the integral operator F, defined by

o= [T o (4)" (52) ] o

1s in the class S.

If we consider § =1 and 41 = d9 = ... = J,, = 0 in Theorem 3.1, obtain
the next corollary:

Corollary 3.1.2. Let v, ay, Bi,7: be complex numbers, 0 < Rey < 1, ¢
Rev, i = 1,n, M;, N;, P;, Q; real positive numbers, i = 1,n, and f;, g;, hi, k;
.A, fl(z) =z + a2i2’2 + a3¢z3 + ..., gz(z) =2z + b21'22 + b3i23 + ..., hz(z
Z+ CgiZQ + 032‘2’3 + . kz(z) =z+ d2i2:2 + dgiz?’ + ..., 1= 1, n.

m




If

49 <. 5]
2 < <

forallzeld,i=1,n and
n 2c+1

> e = 1 My + |Bi| Ni+ |yl (P + Q)] < ~———
=1

then the integral operator S, defined by

se= [T (fiit))ai_l-(gi<t>’)ﬁi-(ngowl a

0 =1

18 in the class S.

If we consider § =1 and 51 = B2 = ... = B, = 0 in Theorem 3.1, obtain
the next corollary:

Corollary 3.1.3. Let v, a;,7;,0; be complex numbers, 0 < Rey < 1, ¢ =
Rev,i=1,n, M;, P;,Q;, R;, S; real positive numbers, i = 1,n, and f;, h;, k; €
k =

A, fi(2) = 2+ aiz® + a3;2% + ..., hi(2) = 2+ 2% + c3:2° + ..., Ki(2)
z+ inZQ + d32‘23 +...,1=1,n.
If
2fl(2) ' zh(2) } 2ki(2) ‘
L 7]-_MZ ! 1§P17 L 71§Q’La
fi(2) hi(z) ki(2)
M| M)
hi(2) ki(2)
forallzelU,i=1,n and
d (2¢ 4+ 1)72c
C C
>l = 1 Mi o [l (P + Qi) + 183 (Ri + 81)] < 5,
i=1

then the integral operator X, defined by

wer= [TT[(0) (1) () T o

s in the class S.




If we consider 6 = 1 and a3 = a9 = ... = ¢, = 0 in Theorem 3.1, obtain
the next corollary:

Corollary 3.1.4. Let v, 8;,7i,0; be complex numbers, 0 < Rey < 1, ¢
Rev,i=1,n, N;, P;,Q;, R;, S; real positive numbers, i = 1,n, and g;, hi, k;
A, gi(z) =z + bQiZQ + bgiz3 + ..., hz(z) =z + 022‘22 + 63i2’3 + ..., ki(z
z+ dgizz + d3¢z3 + ..., 1=1,n.

m 1

If
zg! (2) zhl(2) ‘ 2kl (2) ’
! _Ni7 ! -1 S-PZ? g _1SQ’M
gi(2) hi(z) ki(z)
" 1
zhi(2) <R;, zki(2) < S,
hi(z) |~ ki(2) |~
forallzelU,i=1,n and
n (2c+1) %"
D B Ni+ [l (Pi+ Qi) + [6i] (Ri + S5)] < 5 ;

=1

then the integral operator D,, defined by

.= [T o™ (§

IS
|~
~ "
S— | ~——
N———

2
VR
x|
P

~
Z =
N———

Sd
| I |
Q.
u@ﬁ-
—
©
N—

15 in the class S.

If we consider 6 =1 and y; =2 = ... = ¥, = 0 in Theorem 3.1, obtain
the next corollary:

Corollary 3.1.5. Let v, q;, 8;,0; be complex numbers, 0 < Rey < 1, ¢
Rev, i = 1,n, M;, N;, R;, S; real positive numbers, i = 1,n, and f;, g;, hi, k;
A, fi(2) = 2+ agiz® + a3i2® + ..., gi(2) = 2 + boiz? + b3z + ..., hi(z
Z+ Cgi2’2 + 632'23 + . kz(z) =z+ inZQ + dgizg + ..., 1= 1, n.

m

If

A | <oy, [ <
ne HEM ae | =
M| G|
we) | = ey | =




forallzel,i=1,n and

n 2etl

DMl = 1 My + || Ni+ |8i] (R + )] <

=1

then the integral operator Y, defined by

W= /ogl Kfiit))ai_l (o)™ (Z'((tt))))&] o

s in the class S.

If we consider n =1, =+ =« and a; — 1 = §; = «; in Theorem 3.1,
obtain the next corollary:

Corollary 3.1.6. Let a be complex number, Reae > 0, M N, P,Q, R, S real
positive numbers, and f,g,h,k € A, f(2) = 2+ as2? + a32® + ..., g(z) =
24bo2? +b323 4., h(2) = 2+ a2 e+, k(2) = 2+ doz? +d323 .

If

2f'(z) ‘ 29" (2) 2l (2) ’
— 1| < ]\4—7 >~ 9 -1 S P7
f(z) B 9(z) h(z)
2k (2) zh"(2) 2k"(2)
il [Falsr [l ss
forall z €U, and
2Rea + 1) e
-1 (M+N+P+Q+R+8) <\ 60‘+2) :

then the integral operator T defined by

z / a—1 é
T(z)—[a [ e (s - ) dt], 1)

18 in the class S.

Theorem 3.2. Let v, oy, Bi,7i, 0; be complex numbers, i = 1,n, ¢ = Rey > 0
and fi, hi,k; €S, gi’, hi/, k‘i/ eP, fz(z) = Z+a21'22 +a31'23 + . gz(z) =z+
boiz? +b3;23+...., hi(2) = 2+c2i2® Fe3i2® 4., ki(2) = 24-doi 2% 4 dsi23 ...,
1=1,n




If

n n n n
4;’0@—1’+2;|ﬁi‘+8;’%|+4;|5i|S;, for 0<c<1 (12)
or

, for c¢>1 (13)

N |

n n n n
4> o =1+ 2 1B+ 8Dl +4) 6] <
=1 =1 =1 =1

then for any complex numbers 6, Red > ¢, the integral operator T, defined
in (1) is in the class S.

Proof. We consider the function

H, (2) = /OE[l [(ﬁf))“” (o)) (’;g)))” . (Zét)))é] dt,

for fi,hi ki €S8, g/, hi', ki’ € P,i=1n.

The function H, is regular in U and satisfy the following usual normal-

ization conditions H,(0) = H,(0) — 1 = 0.

it =l (55 ) ]

S0 G -3 - G- )
o= R e () - S
A S o )]

A Sl (- FES0)
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for all z € U.

Since f;, h;, k; € S we have

zfl(z) 1+ |z zhl(2) 1+ |z zkl(z) 1+ 7|
fi) | = 1=lz]” | hi(2) | = 1=z | ki(2) | =~ 1 =12
forall ze U, i=1,n.
For g;', hi', ki € P we have
zg; (2) 22| zhi (2) 22| zk{ (2) 22|
gi(2) | = 1127 IR |7 1|2 [ K(2) | T 1= 2>

forall ze U, i=1,n.

Using these relations we get

1 |2 |2Hp(2)| _ 1= |2 (1+|Z| > -
< +1 la; — 1|+
751 il S Ry DI

n

1—|z|* 2|z 1—|z|2c 1+ 2] 1+ 2]
. 1
+ c 22’/81 c 1_’2‘ + + | | + Z|7’L‘+

1—\Z|26< 21| 2| ) -
+ + i
c 11—z 1—|zf ;‘ .

1—|z*|zH!'(2)| _1—-]z2* 2
< . la; — 1|+
c 1(2) c 1— |z ; !
1— 2> 2\z| T — 1— |z 4|z
c ZZW’ c '1—‘Z|;|%|+ c ) QZ|Z|
(14)
for all z € U.

For 0 < ¢ < 1, we have 1 — |2|** < 1—|z|?, z € U and by (14) we obtain

Zlaz 1+ Z\@H ZI%H Z!é\

1— |z ZH”

Cc

for all z € U.

11



From (12) and (15) we have

1— |Z|2C

C

2H;,(2)
H;(2)

<1 (16)

forallzeld and 0 < e < 1.

For ¢ > 1 we have <= |Z‘ < 1—|z|? for all z € Y and by (14) we obtain

42\% 1\+2Z\/3,!+82\%+4Z\5\

forall ze U and ¢ > 1.

1—|z* H”

C

From (13) and (17) we obtain

1_ ‘2’20
C

H} (2)

<1. (18)

forall ze U and ¢ > 1.

And by (16), (18) and Lemma 1 it results that the integral operator 7y,
defined by (1) is in the class S.

O

If we consider § = 1 in Theorem 3.2, we obtain the next corollary:

Corollary 3.2.1. Let v,y 3,7, 0; be complex numbers, i = 1,n, 0 <
Re’y <1 and fi,hi,ki € 8, gi’,hi’,k/ S P; fz(Z) =z + a2i2’2 + a3i23 + ...,
Gi(2) = 2z + boiz? + b3:2% + ..., hi(2) = 2+ 2% + 322 + o, ki(2) =
z+ d2i22 -+ dgiz?’ +..,t=1n

If
4D o =1 +2) 1B +8) bl +4) 16 < ==, for 0<e<]
i=1 i=1 i=1 i=1

then the integral operator F,, defined by (6) belongs to the class S.

If we consider § = 1 and 81 = B = ... = 8, = 0 in Theorem 3.2, we
obtain the next corollary:

12



Corollary 3.2.2. Let v, o, i, d; be complex numbers, i = 1,n, 0 < Rey < 1
and fi,hi ki € S, hi',ki' € P, fi(z) = z 4 a22® + a32® + ..., hi(z) =
24 c0i2? F 23+, ki(z) =z + doiz? +dsiz> + ..., i=1,n

If

4Z|a1—1|+82|%|+42|5|< 7, for 0<ec<1

then the integral operator X, defined by (8) belongs to the class S.

If we consider § = 1 and 71 = y9 = ... = 9, = 0 in Theorem 3.2, we
obtain the next corollary:

Corollary 3.2.3. Let v, a;, 3;,6; be complex numbers, i = 1,n, 0 < Rey < 1
and fi € S, g’ hi' ki’ € P, fi(2) = 2+ agiz? +azz®+ ..., gi(2) = 2+ boi 22 +
b3iz3 + ..., hi(2) = 2+ c2i2% + c3:2° + o, ki(2) = 2+ doi2® 4 dyi2 + ..,
1=1,n

If

R
4Z|az—1|+22|ﬁl|+42|5|< 67, for 0<ec<1

then the integral operator Y, defined by (10) belongs to the class S.

If we consider § = 1 and a3 = a9 = ... = o, = 0 in Theorem 3.2, we
obtain the next corollary:

Corollary 3.2.4. Let vy, 3;,7i, 0; be complex numbers, i = 1,n, 0 < Rey < 1
and h;, k; € S, gi’,h/,ki/ e P, gz(z) = z+ bgiz2 + bgiz3 + h,(z) =
242 e+, ki(2) = 2+ do2? v dyi2 + ., i=1,n

If

Re
2Z|Bz\ +82‘%‘+4Z|‘5 |< =5 for 0<e<l
then the integral operator Dy, defined by (9) belongs to the class S.

If we consider § = 1 and 47 = 93 = ... = §,, = 0 in Theorem 3.2, we
obtain the next corollary:

13



Corollary 3.2.5. Let vy, o, 3i, 7 be complex numbers, i = 1,n, 0 < Rey < 1
and fi,hi ki €S, g’ € P, fi(2) = z4agiz® +aziz® + ..., gi(2) = 2+ baiz® +
b3i2’3 + ..., hz(z) =z + 02122 -+ C3i2’3 + ..., kl(z) =z + inZQ + dgiz?’ + ...,
1=1,n

If

n n n
Re
4y o =1 +2) [8il +8) \%"STV, for 0<e<1
i=1 i=1 i=1

then the integral operator S, defined by (7) belongs to the class S.

Theorem 3.3. Let v, 9, a;, 5;,7i,0; be complex numbers, Rey >0, i =1,n,
M;, N;, P;, real positive numbers, i = 1,n, and fi,gi,hi,ki € A, fi(z) =
2tagiz?+agiz+...., gi(2) = 2+boi 22 +b3i 23+, hi(2) = 24egi2%4e3i23+.
ki(2) = 2+ dyz® + dziz® + ..., i=1,n

If
Ay, |0 )<
eI B O S PO

K(2) e k/(2)
SEREE EN N FEN

forallzel,i=1,n and

1
o] <1-—
5

2+ M) i =1+ ) 1B+ (Ni+ P+ 4)> |l +22|(5i|] :
i—1 i=1 i= i=1
(19)

where ¢ € C, ¢ # —1, then the integral operator T, defined by (1) is in the
class S.

Proof. Let us define the function

o= T[4 o (30)" (5] o

for fiagiahiyki € -/47 1= 15”’

The function H, is regular in U and satisfy the following usual normal-

ization conditions H,(0) = H,(0) — 1 = 0.

n

14



Also, a simple computation yields
(2
‘C|Z’ _ 25 ‘|Z f(()) 1>+
Z

gl(z) () R L. (W) R
) ”(m«z) ki<z>>”l<h;<z> k;<z>>’

forall z e U.

Then, we obtain

zH]/(2) 2 25\ 2H) (2)
o) |l +( 2l >5H,g(z) =

ZgZ

1 — z
< — i — 1
<ll+ e (e

) ,12!@

’L

S| 1) ()« 1>} -
o b (|5 + ). @

for all z e U.

Using these inequalities from hypotesis we have

26 + <1 N ’2‘25> ZH;{(Z) <

ok SH, )

<\c|+w (2 4 M) Z|al—1|+2\/>z
L1
!5| (N; + P, +4) Zm|+22151]
i=1

for all z € Y. and hence, by inequality (20) we have

25 2\ 2H)(2)
1— — 2| <1
ezl +< g >5H7g(z) -7

for all z € U.

15



Applying Lemma 2.2, we conclude that the integral operator 7,, given
by (1) is in the class S.

O

If we consider § =y =a and a; — 1 = 8; = and n = 1 in Theorem
3.3, we obtain the next corollary:

Corollary 3.3.1. Let o be complex number, Reae > 0 M, N, P real positive
numbers, and f,g,h,k € A, f(2) =z +a22® + a3z’ + ..., g(2) = 2z + ba2® +
b3z + .o, h(2) = 2+ co2® + 32 + o, k(2) = 2+ do2? +d32 + ..

If

2f'(2) ‘ ‘ 9"(2) 2k (2) ‘
1< M, <1, 1| <N,
f(z) - 9'(2) h(z)
2k (2) h"(2) 2k" (2)
— < < <
ol Ee o B R
for all z €U and
a—1
le] <1-— ‘(MZ-—I—NZ-—I-Pi—I—S), ceC, c#—1,

then the integral operator T, given by (11) is in the class S.
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