MODIFIED KANTOROVICH-STANCU OPERATORS (II)

IOAN GAVREA AND ADONIA-AUGUSTINA OPRIS

ABSTRACT. In this paper, we introduce a new kind of Bernstein-Kantorovich-
Stancu operators. These operators generalize the operators introduced in the
paper [2] by V. Gupta, G. Tachev and A.M. Acu.

1. INTRODUCTION

For f € C([0,1]), the Bernstein operator of degree n is defined by

Bulfia) =Y pos)f (1) 2 € 0.1
k=0

where
k() = (Z)mk(l —x)"* k=0,1,...,n

and
Pni(z) =0if k<0 or k> n.

In [3], H. Khosravian-Arab, M. Delghan and M.R. Eslahchi, starting from well-
known equalities

pn,k(m) = (1 - $)Pn—1,k($) + xpnfl,kfl(x)
and

Prk() = (1 — 2)°pr_2 k() + 22(1 — 2)pp_ok—1(2) + 2*pp_2k-2(z), 0 <k <n

have introduced modified Bernstein operators:
(i) BM:! defined by

BM(f.z) = pff}:(:ﬁ)f <:) , x €[0,1] (1.1)
k=0

where

p%,’j = a(z,n)pp—1k(x) +a(l — z,n)pr_1-1(2)
and
a(x,n) =ai(n)x + ap(n), n=0,1,...
(ii) BM:2 defined by
B0 = Yot () e (1.2

k=0

where

pﬁ{lf(x) = b(ﬁ, n)pnflk(‘r) + d(l’, n)pnflkfl(m) + b(]- -, n)pn72,k72(m)
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and

b(x,n) = ba(n)x? + by (n)x + bo(n),
d(z,n) =do(n)z(l —z), n=0,1,...
ap(n), ai(n), bo(n), b1(n), ba(n) and do(n) are the unknown sequences which are

determined in appropriate way for each forms.
V. Gupta, G. Tachev and A.M. Acu ([2]) have considered the operators:

n k+1

KA i) = 0+ )Y @) [T (o) (13)
k=0 n+1
and
KM2(fi0) = 0+ 1) > ph @) [ f(s)ds. (1.4)
k=0 nF1

Here, they have discussed a uniform convergence estimate for these modified oper-
ators. In 1968, D.D. Stancu ([5]) has introduced the linear positive operators

PP C((0,1]) = €([0,1])
defined by

where «, 8 are two fixed real numbers such that 0 < a < 5.
In 2004, D. Barbosu ([1]) has introduced Kantorovich-Stancu operators

Kr(La”B) : Ll([07 1]) - C([07 1])

defined by
n kt+oa+1
(a,8) e
KO (fix) = (n+ B+1) D pon(@) [ f(s)ds.
= n+B+1

Regarding the previously modified operators, we note the following:
(a) The operators BM:t and BM:2 are linear combinations of the operators P}fﬁ)

and P( ’1), respectively of the operators P(0 g), PT(L1 2 and Prg 5 , more precisely

B (f3w) = ale,m) P (fi2) + a(l - 2,n) BLY (f5 )
and
BY?(fi2) = bla,m) P23 (fi2) + d,n) P13 (i) 4 b(1 - 2,m) P23 (fr);
(b) The operators KM and KM are linear combinations of the operators K °}
and K'Y respectively of the operators K(O 2) K(l 2) and K®?) therefore

n—1> n—2"

)

EMY(fi2) = alz,n) KOV (fi2) + a(l — 2, n) KD (f;2)
and

KM2(f:2) = b, n) K (fr2) + d(e,n) KLY (fi2) + b(1 — 2, ) K (f; ).
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From the above reasons, in this paper we introduce, for any a, 5 € R, 0 < a <
the operators

u wEAt
n—+
=m+B+1)Y puil@) [ fls)ds (1.5)
k=0 n+p+1

F;ayﬁ)

and
K, '=m+B+1)> phi(x) L Te)s. (1.6)
k=0 TR

We mention that the Kantorovich-Stancu type operators ?Sﬁ’ﬁ) was studied in a
recent paper submitted for publication ([4]).

2. AUXILIARY RESULTS
(a,B)

Lemma 2.1. The central moments of Ky are given by:
n s+1 i
1 s+1\ [ k+1 1
K@B) (4 _ 2)s. _ N o - -
" a)h ) s+1k§p ’“(x){§< i )<n+1 x) (n+p+1)>
st1—i . s+l—i—j
. +1—14 k+1
_1)i+r(* — . 2.1
X[Z(> ( AN =y
Jj=1
Proof.
n k+a+1
) . ntBF1 s
KB ((t —2)%3) = (n+3+1)2pn,k(x)/ (t—x)dt
k4o
k=0 AT
1 < k+a+1 ot (k+a )5“
=n+p+1)— n.k (T —— —=x - —— =
a0y e | (5 7) - (e
(2.2)
Because
k+a+1 k+1 . k+a+1 k41
= — -
n+p+1 n+1 n+pf+1 n+1
7k+17er a—6k+1 1
41 n+l)/n+B8+1’
we have

k:—i—a—l—l_x)SH

n+8+1

_§ s+1 k+1_xi MEPLES sti=i 1

& i n+1 n+1 (n+4 B4 1)s+1-i
k+a . st
n+B8+1

_s+1 S—|—1 k‘+1_ 7 _1_6k+1 s+1—1 1
_,_0 i nr1 ) \® n+1 (n+ B+ 1)s+1=i"

and
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So, (2.2) becomes

a st ket 1
Kr(l’ﬁ)((t S:x :S+1ank {Z;( )<n+1 x)(n—i-ﬂ-&-l)é_’

s+1—1 s+1—1
K _ﬁn+1> n—l—l) ]}
1 & s 1\ (E+1 1
:s+1’§)p”’k( { < ><n—|—1 x) (n+ B+ 1)~
iy +1—1 k+1 M
. S —1
X[ Z(_l)ﬁl( j ><a_ﬂn+1>

|
B+1 N 200+ 1

nt B+l 20n+B+1)’

n—(2a+1)(8+1)
wrprnz Y

(ﬁ—2®@&+nx2 3a% +3a+1

(n+B8+1)2 3(n+p+1)%

(B38+5n—(B+1)3

Remark 2.2. For s = 1,6 we have

KR (t—gyz) = —

KO (= o)) =

@B)((f — )3 2) = — _
K&t —a)'e) = - (1 =)
(12a + 10)n — 6(2a + 1)(B+ 1)2 + 4(B + 1)3
* A(n+ B+ 1) #{l=2)
C4(Ba® +3a+ 1)(B+1) —6Q2a+ )(B+ 1) +4(8 + 1)3x
dn+B+1)3
402 + 602 + 4o+ 1
dn+p+1)3 7
N 3n? —2(3+4(8+1)+3(8+1)?
R (e o)) = P2 AL ST DI 0y
[42a 4+ 1) +2(6a + 1)(B+1) = 6(8 + 1)%|n — 2(2a + 1)(B +1)® ,
- (n+p+1)1 = (1 -a)
(6% + 100+ 5)n + 2(2a 4+ 1)(8 + 1)° — 2(3a® 4+ 3o+ 1)(8 + 1)?

+ n+ AT+ 1) z(1—x)
2(2a+1)(B+ 13 —2(3a? +3a+1)(B+1)? + (402 + 6a* + 4o+ 1)(B + 1)33
(n+p8+1)*
5a% + 1003 + 10a? + 5a + 1

5(n+p+1)4 ’
@8) (s 5. (308 +70)x*(1 — 2)* + (300 — 308 — 35)2>(1 — x)°]
Kn ((t 517)5,51,') - 2(7’11"‘6"— 1)5 TL2
N 30(B+1)24+60(8+1)2+90(8+1) + 72932(1 oy

3(n+B+1)>°
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60(8+1)3 — 4520 — 1) (B +1)2 — 30(4r — 1) (B + 1) — 9(10c + 1)

z2(1 - x)?
3(n+pB+1)°
30(4+1)3 —15(6a+1)(84+1)2+15(602 +2a+1)(B4+1)+2(3002 +30a+13) (1)
3(n+p8+1)5

30a® + 7502 + Tha + 28
3(n+B+1)°

z(1—2)

1

1523 (1 —x)® 5 | 45(8+ 1)%2*(1 — x)?

K2 (t = 2)sa) =

(n+pB+1)° (n+pB+1)5
(12023(1 — 2)® + 15(6cc — 1)a3(1 — 2)2)(B + 1)
a (n+ B+ 1)
13022 (1—2)* + 10(12a—T7)z%(1—2)3 + 5(9a® —3a + 2)22 (1 —1)? 1
" (n+pB+1)° Tﬂ+o(ﬁ>'

3. MAIN RESULTS

=(a,8)
Here, we will extend the results from [4] for modified operators K, = defined
by (1.6).
It is easy to see that

K, (fra) = blarm) K52 (1) dasm) K54 ()

+b(1 — o) KI5 (f ), (3.1)
Lemma 3.1. Fori=0,1,2, the moments of?n(ti;x) are given by:
?ﬁla'ﬂ)(l; x) = (2ba(n) — do(n))x? — (2b2(n) — do(n))z + ba(n) + by (n) + 2bo(n),
?7(104,5) (t; :,C) _ (2(1’L - 2)33 +2?zig)i2l;§(n) — do(n))m(x B 1)
+W—4X®(f+h(»+2m—2WM)
n+p+1
N (200 +5)(b2(n) + b1(n)) + 2(2a + 3)bo(n)
2(n+B8+1) ’
(t2,$) K2b2( ) = do(n))z(z — 1) + ba(n) + bi(n) + 2bo(n)]
X[(n—2 2(04—1—1)(11—2)3; 3a2+3a+1]
(n+ﬂ+1 (n+B+1)2 3(n+p+1)2
(2b2(n) —do(n))z®  (2(2b2(n) — do(n)) + 4(b2(n) + b1(n)))a*
e (n+ B+ 1) -2
4 2e+ 1)(@ba(n) — do(n) +2ba(n) 5
CELETE
3 {2(04 +1)(2b2(n) — do(n)) = 4(a+ 2)b2(n) + 2(2a + 3)by (n)] .
(n+p5+1)2 (n+B+1)2

2(2a +3)(ba2(n) + bi(n) +bo(n))
(n+ 8+ 1)2
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=(a,)
We want to demonstrate the uniform convergence of the sequence (K, f)n>2.

For this purpose, we will consider that

—(a,8
Ki )(eo; z)=1
& 2by(m) — do(m) = 0 and ba(m) + by (m) + 2by(m) = 1. (3.2)
Using these, we obtain that
=(a,8) 4by(n) — B —5  2a+5—4by(n)
K tix) =
G n+p+1 2(n+p+1)
—(a,8 2 _ — — —
Kf} )(tz; LC) _ n (9 8b0(n))n + 16 2b1 (n) 20b0 (’I’L) 12
(n+p+1)2
2(av+ 3 —2by(n))n + 2b1(n) + 8(a + 3)bo(n) — 4(2a + 5)
+ T
(n+B+1)2
3a? 4+ 15a + 19 — 6(2a + 3)bo(n)
3(n+p+1)2
B+5 .
Assume that 8 = 2a, for by(n) = 0 the above expressions become

[}éaﬁ) (t;x) =x

@B (42, 1) — n+2bi(n) + (B+2)(6+5)
KrO(tse) =+ (n+B+1)?

n+(8+2)(8+5)
2

_38°+ 186+ 14
12(n+pB+1)2°

z(l—x)

Taking b1(n) = we have that

~ 38% + 188 + 14
K@B) (2. ) = 22 — )
By (3.2) we obtain

by(n) = n+2+(ﬁ2+1)(5+5)

and
do(n) =n+2+ (B+1)(B+5).
In this situation, we can give other expressions for the first six central moments.

Lemma 3.2. B
KAt —zyx) =0,
3624188 + 14

K@D ((t—2)%) = S 12(n+ B+ 1)27

~ () (4 _ N 1—2z _
KO ((t—x)32) = 74(n+ﬂ+1)3[2(3ﬁ+7)nx(1 x)
+2(8% + 982 + 218+ 13)z(1 — z) + 8% + 982 + 238 + 15)],
RB) ((p oy — T e 1
RED (- 0)ha) = ot - 02 +0 ().
~ 15(8 + 3)n? 1
KA ((t—z)%x) = (n(—kﬁ—i—)lrgf’xz(l —z)*(2r-1)+0 (n4> )

~ _ 3
R@A((t - 2)02) = %x%l P40 (;) .
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Using this, we will prove the following result:

Theorem 3.3. For x € [0,1], if f € C9([0,1]), we have

KA (fi2) = f(z) =0 <1> : (3.3)

n2
for sufficient large n.

Proof. Applying the Taylor’s formula to the operators IN{,(Laﬁ ) we have
REeD(f10) = f(2) + Z SRED((t = ) ) 1O )

+ Kf[’"ﬁ)(p( ;Jr)(t — )% ),
where p € C([0,1]) and }im p(t;x) =0.
—x

It is sufficient to prove that

|K ) (p(t; ) (t — )8 2)| = O <1> . (3.4)

n2
We know that operators are not positive, so we rewrite them like this
K0 (fi2) = K357 (Fi0) - K57 (1)

where

K57 (fi0) = (ba(n)a? + bo(n)) - K252 (i) + do(m)ar - K752 (f.0)

+ by (n)a? - Kﬁi‘gZ’BH)(f; x)
and
K5 (fia) = —bu(n)e - K125 (i) 4+ do(n)a? - K75 (fra)
+(2b2(n) + ba(m)a = (ba(n) +bi(n) +bo(n)) - K542 (f:).

We note that K(a ? and K( @5 are linear and positive operators.

KD (p(t;2)(t — )% 2)| < |KSSP (ot 2)(t — )% 2)]

+IKSP (ot 2) (8 — 2); ). (3.5)
Computing K( ’5)((t —x)% ), i = 1,2 we obtain the following expressions
15241 — 2)3(1 + 2)nt n? )
K( a,p) 6. — Az =1.2
n,i (( .T),.Z‘) (n—l—ﬂ—i—l) (a7ﬁax)(n+ﬁ+1)6’z ’

where
Ai(a, B,x) = 15(8% + 68 + T)a (1 — 2)*(1 + x)
—[1202*(1 — 2)*(1 + 2) + 15(6c + 5)x* (1 — 2)%(1 + 2)](3 + 3)
+452°(1 — 2)*(1 + 2)(8 + 3)* + 13023(1 — 2)*(1 + =)
+10(12 + 5)2* (1 — 2)*(1 + ) + 5(9a? + 15a + 8)2*(1 — 2)*(1 + z)
15(8 + 5)a3(1 — z)3

+4524(1 — 2)% + 1

and
Ay(a, B,2) = 15(6% + 68 + T)xt(1 — 2)3(1 + 2)
—[1202* (1 — 2)®(1 + z) 4+ 15(6 + 5)z* (1 — x)*(1 + 2)](B + 3)
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+452°(1 — 2)2(1 + z)(B + 3)® + 1302%(1 — 2)*(1 + =)
+10(12a + 5)2* (1 — 2)*(1 4 2) + 5(9a* + 15a + 8)x3(1 — 2)(1 + )

Ha523(1 — )2 — PO Df(l —2)°

For € > 0 be given, by p(-;z) € C([0,1]) there exist a 6 > 0 such that if [t — x| <
then |p(t;z)| < e. Using the above results for K%’ﬁ)((t — )% ), we obtain

~ 401 _ )3 4
R (ot a)(t — )% 2)] < o ‘ S o (nlj) ‘

1 .
=0 (712> , 1= ].72
So, (3.4) is proved.

Combining this with Lemma 3.2 we complete the proof of theorem.
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