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Application of Ruscheweyh ¢-differential op-
erator to analytic functions of reciprocal or-
der
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Abstract. The core object of this paper is to define and study new class
of analytic function using Ruscheweyh g-differential operator. We also
investigate a number of useful properties such as inclusion relation, coef-
ficient estimates, subordination result,for this newly subclass of analytic
functions.
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1. Introduction

Quantum calculus (g-calculus) is simply the study of classical calculus with-
out the notion of limits. The study of g-calculus attracted the researcher due
to its applications in various branches of mathematics and physics, see detail
[1]. Jackson [2, 3] was the first to give some application of g-calculus and in-
troduced the g-analogue of derivative and integral. Later on Aral and Gupta
[5, 6, 7] defined the g-Baskakov Durrmeyer operator by using g-beta function
while the author’s in [8, 9, 10] discussed the g-generalization of complex oper-
ators known as ¢-Picard and ¢-Gauss-Weierstrass singular integral operators.
Recently, Kanas and Riaducanu [11] defined g-analogue of Ruscheweyh differ-
ential operator using the concepts of convolution and then studied some of its
properties. The application of this differential operator was further studied
by Mohammed and Darus [12] and Mahmood and Sokét [13]. The aim of the
current paper is to define a new class of analytic functions of reciprocal order
involving ¢-differetial operator.

Let A be the class of functions having the form

f2) =24 anz", (1.1)
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which are analytic in the open unit disk U = {z € C: |z| < 1}. Let M(«)
denote a subclass of A consisting of functions which satisfy the inequality
2f'(2)
f(2)
for some a (v > 1). And let N'(«) be the subclass of A consisting of functions
f which satisfy the inequality:

(=f'(2)'
Re ) <a (z€U),
for some « (a > 1). These classes were studied by Owa et al. [4, 14]. Shams
et al. [15] have introduced the k-uniformly starlike SD (k, ) and k-uniformly
convex CD (k, a) of order «, for some k (k > 0) and o (0 < o < 1). Using these
ideas in above defined classes, Junichi et al. [16] introduced the following
classes.

Definition 1.1. Let f € A. Then f is said to be in class MD (k,«) if it
satisfies
2f'(2)

f(2)

Re

<a (z€el),

zf'(2)
Re 5 <k

for some oo (v > 1) and k (k <0).

1‘+a (zel),

Definition 1.2. An analytic function f of the form (1.1) belongs to the class
ND (k,a), if and only if
’ ’
e,
f'(2)

for some oo (v > 1) and k (k <0).

(=f'(2))'

e (2)

—1’4—04 (z €U,

If f and g are analytic in U, we say that f is subordinate to g, written as
f <gor f(z) < g(z), if there exists a Schwarz function w, which is analytic
in U with w (0) = 0 and |w(2)| < 1 such that f(z) = g(w(z)). Furthermore,
if the function g(z) is univalent in U, then we have the following equivalence
holds, see [17, 18].

f(z) <g(z) (z€U) <= [f(0)=g(0) and f(U)Cg(U).
For two analytic functions
)= 3 a o= %

Fort € R and ¢ > 0, ¢ # 1, the number [t, ] is defined in [13] as

l—qt
t,ql = 0,q] = 0.
[t.q] Tt [0, q]

118

bp2" (2 €U),

For any non-negative integer n the g-number shift factorial is defined by
[n>Q]! = [17(1} [2,(]] [37q] T [nv(Z] ) ([07(]]! = 1) :
We have lim1 [n,q] = n. Throughout in this paper we will assume ¢ to be
q—r

fixed number between 0 and 1.
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The g-derivative operator or g-difference operator for f € A is defined as

flgz) — f(2)
04 f(z) = ————= zel.
It can easily be seen that for n € N:={1,2,3,...} and z € U
042" = [n,q) 2", 9, {Z anz”} = Z [, q] anz" " .
n=1 n=1

The g-generalized Pochhammer symbol for ¢ € R and n € N is defined as
tal, =[tal[t+1,q] [t +2,q]--- [t +n—1,q],
and for ¢ > 0, let g-gamma function is defined as
Ty(t+1)=[t,qTy(t) and T, (1) = 1.

Definition 1.3. [?] For a function f(z) € A, the Ruscheweyh q-differential
operator is defined as

Dif(2)=d(qu+L2)xf(z2) =2+ Y Ppranz", (2€Uandp>-1),
n=2

(1.2)
where
S(gp+1i2) =2+ Bp12", (1.3)
n=2
and
r +1,q),_

n=1,qTg(n+1)  [n—1,4]
From (1.2), it can be seen that
Lyf(2) = f(2) and Ly f(2) = 20,f (=),

and 5 .
Ly f(2) = W (meN).
. L z
Jm (g p+152) = A=
and .

lim D8 f(2) = f(2) *

g—1- (1— 2"t
This shows that in case of ¢ — 17, the Ruscheweyh g-differential operator

reduces to the Ruscheweyh differential operator D° (f(z)) (see [19]). From
(1.2) the following identity can easily be derived.

20D f(2) = (1 + [‘;f]) D f(2) - Wq’f]@fif(z)- (1.5)

If ¢g— 17, then
2(D1f(2)) = (1+ p) DL f(z) — uDLf(2).
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Now using the Ruscheweyh g-differential operator, we define the following
class.

Definition 1.4. Let f € A. Then f is in the class KDg (k, o, y) if

1 (20,9 f(2) 1 (20,9 f(2)
nefies (o)) <ok Cogrg 9]+
for some k (k <0), a(a>1) and for some v € C\ {0}.

We note that £D3(1,1,a) = M(a) and LD (1,1,a) = N(a), the classes
introduced by Owa et al. [4, 14]. When we take v = 1,2, ¢ =1, and a = 1 the
class KD, (k, a,y) reduces to the classes MD (k, «) and N'D (k, a) (see [16]).
For 1 < a < 4/3 the classes M(a) and N () were investigated by Uralegaddi
et al. [20].

2. Preliminary Results

Lemma 2.1. [21]For a positive integer t, we have

t _ (o)
a; ]_1 =G (2.1)
Proof. Consider
; (9)j-1
“;u—lw
o, (02 (0)3  (9)a (0)i-1
- U(1+1+ TR T +"'+(t—1)!)
B o  o(oc+2) o(c+2)--(c+t—2)
AR A i svr s Svpvesvy ) )
(0+2)

B 2 o o(c+3)---(c+t—2)
= ollto)— (1+3+"'+ 3><4><~--><(t—1)>

= o(l+ J)L;Q)L;?’) <1 + % - 0(U4+><4-)~'-.>.<(tht1)_ 2)>
R (e e )
_ U(1+U)(U—2i—2)(<7;—3)(01—4) (HH)

= o4 TR (72 02D)
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3. Main Results
With the help of the definition of XD, (k, o, 7) , we prove the following results.
Theorem 3.1. If f(z) € KD, (k,«,7), then

f(z) € KD, (o, i‘:]kH) .

Proof. Because k < 0, we have

(e CE) < ()

< (3 (A o

which implies that
1
1—Fk)Re— (
(1—Fk) 5

After simplification, we obtain

1 zaq’sz‘f(z) a—k
%e{l+v(w—l>}<lk,(k‘SO,a>1and). (3.1)

This completes the proof. O
Theorem 3.2. If f(2) € KDg (k,,y) and if f(z) has the form (1.1), then

94 f(2)

(J)nfl

< ——ni it ——— .
an] € o P — (32)
where ol 0

_ Arila —

=R (33)
Proof. Let us define a function

(a=k)—(1-k) 1+ (Zgil2 - 1)]
p(z) = “ . (3.4)

a—1
Then p(z) is analytic in U, p(0) = 1 and PRe{p(z)} > 0 for z € U. We can

If we take p(z) =1+ > p,z", then (3.5) can be written as
n=1

K K __L Iz
20D f(2) = DY f(2) =~ (D= (an )

this implies that

St - 2100 (S0 ) (S0,
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Using Cauchy product <Z :En> . <Z yn> = > > ZpYk—j, we obtain

n=1 n=1

00 n—1
n yla — 1 n
qn—1]@,_10,2" = _%k) § § S _1a;pn_j; | 2"
n=2 \ j=1

Comparing the coefficients of nth term on both sides, we obtain

Ap = — ( Z© —105Pn—j-

qln—1]@

By taking absolute value and applying triangle inequality, we get

n—1

Wla—l
|an| < qn—1@ Z‘I)J 1] pn—jl -

Applying the coefficient estimates |p,| < 2 (n > 1) for Caratheodory func-
tions [17], we obtain

n—1
o] < ——2blta=l) i@ a1
T gn—-1®, 11—k g=HI%

= W Z Vj-1la;l, (3.6)

where ¢ = 2|y|(a — 1)/q(1 — k). To prove (3.2) we apply mathematical in-
duction. So for n = 2, we have from (3.6)

o (0)2_q

O, 2-1]1®y 3.7)

lag| <
which shows that (3.2) holds for n = 2. For n = 3, we have from (3.6)

las| <

g
< mﬂ‘“ﬁl laz|}

using (3.7), we have

()51
[B3—1] P34’

|as| < (I+0)=

[ﬂQz
which shows that (3.2) holds for n = 3. Let us assume that (3.2) is true for
n < t, that is,

mﬂg[(ﬂtl Lt (3.8)

e,
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Using (3.6) and (3.8), we have

t
o
lagt1] < 3, ;%,1 |a;]
t
o (0);1
< — g
A ;wﬂ -1,
_ o Xt: (U)j_l
t(I)t = [j — 1}'
Applying (2.1), we have
1 (o)
< -
T N ]
_ Lok
o, [t]!
Consequently, using mathematical induction, we have proved that (3.2) holds
true for all n, n > 2. This completes the proof. O
Theorem 3.3. If a function f € KD, (k,a,7), then
20,94 f(2) 2(a; — 1)
— <142 -1)-—— U 3.9
a—Fk
= . .].
(651 1— & (3 0)
Proof. If f(z) € KDy (k, v, y), then by (3.1)
1 (20,91 f(2) ) }
Re 1+(q—1 <. 3.11
s (are 1 (40

Then there exists a Schwarz function w(z) such that

1 zaq’Dg’f(z)
o {”? ( EHION *1>} _ 1+ w(z)

ap —1 1 —w(z)’ (3.12)
nd
’ Re {1+w(z)} >0, (z€0)
1—w(z) ’ '
Therefore, from (3.12), we obtain
20,94 f(z) 14+ w(z)
w10 (115
This gives 8, (2) » )
20q z) oy Avlaa —
S 1E A R e e
and hence
20,94 f(z) 2y (aq — 1)
W =< 1+2’y(a1—1)—ﬁ (ZEU)
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which was required in (3.9). O

Theorem 3.4. If function f € KD, (k,a, "), then we have

)

1—[142y(a; —1)]r 20,0k f(2) 1+ [14+2y(ag — 1)]r
171“1 sz{ DL f(2) }S 1+r

for |z =r <1 and oy is defined by (3.10).

(3.13)

Proof. By the virtue of Theorem (3.3), let us take the function ¢(z) defined
by

2v(aq — 1)

B(z) = 1+2y (o — 1) = T

(z €U).

Letting z = re’®(0 < r < 1), we see that

2y (1 — 1) (1 —rcosh)
14+7r2—2rcosf

Rep(z) =142y (a1 — 1)+

Let us define
1—1rt

’L[}(t) = m (t = COS 0) .

(1—p2
Since ¢’ (t) = (1;(:2772)”2 > 0, because r < 1. Therefore we get

wgme¢(z)§1+27(al_1>_w.

142 -1)—
+2v(en ) 1—r 147

After simplification, we have

=2y =Dlr g 1@ =)l
IL—r 1+r
. 20404 f(z) .
Since we note that —gri—== < ¢(2), (z € U) by Theorem 3.3 and ¢(z) is
q
analytic in U, we proved the inequality (3.13). O

Theorem 3.5. If f € A satisfies

zel, (3.14)

20D0f(z) | (a-1Dh
1) 1‘< k)

for some k(k <0), a(a>1) andy € C\{0}. Then f € KDy(k, a,7).
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Proof.

DD | (a—1h
DI f(2) ‘<<

HE RIS
= (1- )’7<28© Z()Z —1>‘+1<a

DLF(
20,9 f(z 20,94 f(2)
‘7( FC) 1) +1<k‘v( MFC) 1)‘*“
zazv “f(z 20,04 f(2)
- m{ 7( oT1(2) l>}“ ’H( D1 (2) ‘1)’““
= feLDia,cp)

a—l
<

O

Corollary 3.6. Let f € A be of the form (1.1) and satisfies

ZOO—Q [n—1] Dy 1a,2" ! (a—=1)|v|
n= < eU 3.15
14300, ®pqa,2 ! q(1—k) i ’ ( )

for some k(k<0), (8>1) and for some b € C\ {0}. Then f €
KDy (k, 7).

Proof. We have
DLf(z) =2+ Z D,_1apz
and by (1.5)
2004 f(z) = 2 + Z D, _1a,2"
Therefore, (3.14) follows immediately (3.15). O

Theorem 3.7. Let f € A be of the form (1.1) and satisfies

oo

Z([n—l]+y)|®n_1||a”| <y zel, (3.16)
n=2

for some k(k <0), 8(8>1) and for some b € C\ {0} and where

_(a=1hl
TR

Then f € KDy(k, o, 7).
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Proof. We have

o0

D (=1 +y) [@nallan] <y
n=2
[e's) )
= Z([n_l]"i'y”q)n—l”a'n'<y—y2|¢)n—1”an|
n=2 n=2
= 0<y—y)y [Py ilayl

n=2

oo
= 0<y—y> (@ illan]z""]

n=2

= 0<y|[l+ ) Ppyanz" (3.17)

n=2

We have

> (n—1+y) [ Pnsllan] <y

n

Il
o

([n = 1] + ) [n-1llan]|" | <y

U
NE

3
||
o

o0
[n = 1)1 @nallanl|2" | <y —y Y [Pa-illan][z" "]

U
NE

n=2 n=2
= Z [n—1] P, qanz" " <yl + Z b, ja,2"""
n=2 n=2
PO [noo— 1@, 1a,2"1 .
1+ s Ppqanznt
because of (3.17). By (3.15) it follows f € LD} (a, ¢, 8). O
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