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Degenerate Hermite poly-Bernoulli num-
bers and polynomials with g-parameter

Waseem A. Khan, Idrees A. Khan and Musharraf Ali

Abstract. In this paper, we introduce a new class of degenerate Hermite
poly-Bernoulli polynomials with g-parameter and give some identities
of these polynomials related to the Stirling numbers of the second kind.
Some implicit summation formulae and general symmetry identities are
derived by using different analytical means and applying generating
functions. These results extend some known summations and identities
of degenerate Hermite poly-Bernoulli numbers and polynomials.
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1. Introduction

The special polynomials of more than one variable provide new means
of analysis for the solution of wide class of partial differential equations
often encountered in physical problems. The importance of multi-variable
Hermite polynomials has been recognized [5] and these polynomials have
been exploited to deal with quantum mechanical and optical beam transport
problems.

It happens very often that the solution of a given problem in physics or
applied mathematics requires the evaluation of infinite sums, involving spe-
cial functions. Problems of this type arise, for example, in the computation of
the higher-order moments of a distribution or to evaluate transition matrix
elements in quantum mechanics. In [7-9, 19-22], it has been shown that
the summation formulae of special functions, encountered in applications
ranging from electromagnetic process to combinatorics acn be written in
terms of Hermite polynomials of more than one variable.
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The 2-variable Kampe de Feriet generalization of the Hermite polyno-
mials [3] and [7] are defined as

Tn2r

n(z,y) _nzr'n—2r (1.1)

These polynomials are specified by the generating function:
i e tr
"Vt = ZH”(x’y)H (12)

and reduce to the ordinary Hermite polynomials H,(z) (see [1]) when
y = —1 and « is replaced by 2z.

In (2016), Khan [13] introduced the degenerate Hermite polynomials of
two variables by means of the following generating function:

Y

(14 X)X (1 + X)X ZH (z,y; A (1.3)

1

where A # 0. Since (1 + X)X — e’ as A — 0, it is evident that (1.3)
reduces to (1.2). That is H,(z,y) limiting case of H,(z,y; A) when A — 0.

The following representation of degenerate Hermite polynomials
H,(z,y;\) is given by

3] (=Rn-2r (=X (A"

H,(z,y; \) = n!
(@537 =n rl(n — 2r)!

(1.4)
r=0
Since limy_,0 Hy(z, y; ) = Hy(x,y), (1.1) is a limiting case of (1.4).

For A\ € C, Carlitz introduced the degenerate Bernoulli polynomials by
means of the following generating function:

Ari T = Zﬂn BN (see [4,17,18) (L)
so that

ENE G ) 5 ) (1.6)

n=0
When z =0, 8,(A\) = 8,(0; \) are called the degenerate Bernoulli numbers.

From (1.5), we note that

t @
hm (2 )\ lim ——— (1 4+ A\)*
0 i () = f, e
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where B, (z) are called the Bernoulli polynomials (see [1-25]).

The classical polylogarithm function Lig(z) is

0 m
Lig(z) = Y 2o, (k €Z) (see [13 14, 16)) (1.8)
mk
m=1
so for k <1,
Lis(z) = ~In(1 = 2), Lio(2) = 1=, Lia() = _22)2,...
The poly-Bernoulli polynomials are given by
Me“ = i B (Jc)ﬁ (see [2, 12, 13]) (1.9)
et —1 S n!’ T ' ’
For k=1 in (1.9), we have
Lij(l—e) ., t . "
a1 ¢ T ¢ —;Bn(aﬁ)ﬁ (1.10)

From (1.7) and (1.10), we have
BW(z) = B, ().

Very recently, Khan [13] introduced the degenerate Hermite poly-

Bernoulli polynomials of two variables Hﬁy(fg(x,y; A) by means of the fol-
lowing generating function:

Lik(l_et)>a z 2y > ) N
<(1+M);_1 (L4 AR (14 At7)° ;Hﬁn (@ y;0)—,  (1.11)
so that

#B® (2,55 0) = Zn: ( n )B(k) Vo (2.9 0. L12)

m=0

The Stirling number of the first kind is given by
@) =z(x—1)---(z—n+1) ZSl n, D)z, (n > 0), (1.13)
and the Stirling number of the second kind is defined by generating function:
(e —1)" =n! ng(l,n)%. (1.14)
I=n

A generalized falling factorial sum ok (n; A) can be defined by the gen-
erating function [25]
1)

> Wt M) T~
Zak(n,)\)k!— ESULIE (1.15)
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Note that
lim or(n;A) = Sk(n).
A—0
The object of this paper as follows, we first give definition of the degener-

ate Hermite poly-Bernoulli polynomials Hﬁn,q(a: y; A) with g-parameter and
then extend and illustrate how, a connection between Hermite and Bernoulli
polynomials can yield new expansions and representations. Some implicit
summation formulae and general symmetry identities are derived. These re-
sults establish a link between these families of polynomials (namely degener-
ate Hermite and degenerate g-poly-Bernoulli polynomials).

2. g-analogue of degenerate Hermite poly-Bernoulli
polynomials

In this section, we introduce g-analogue of degenerate of Hermite-poly-
Bernoulli numbers and polynomials and its properties.

Definition 2.1. For A € C, k € Z and n > 0, 0 < g < 1, we introduce g-
analogue of degenerate Hermite poly-Bernoulli polynomials by means of the
following generating function:

Lik,q(l — e*t)
(14 Xt)> —1

Yy

(14 X)X (14 a2)X ZH5<k> (2.1)

where Liy ,(t) = > ﬁl. is the k-th g-polylogarithm function (see [6, 11. 23]).
n=0" "%

When 2 = y = 0 in (2.1), (k)()\) = g %k)(0,0; A) are called the
g-analogue of degenerate poly-Bernoulli numbers.

) Note that i .
1B (@, Y A) = 1 Bnq(w,y; A) and limy o 58S (2,35 A) = u B (z,y).

Remark 2.1. For y = 0 in (2.1), the result reduces to the g-analogue of
degenerate poly-Bernoulli polynomials of Jung and Ryoo [11.,p.32,Eq.(2.1)]
defined as

Lig ¢(1 — e*t)
(14 Xt)x —
Theorem 2.1. For A€ C, k€ Z and n 2 O, 0 <g <1, we have

14+ A% = Zﬁnqu (keZ) (2.2)

w0 =3 () BV ), (23)
1=0
Proof. By using definition (2.1), we have

tn Ll ( e t) x y
§ ( 7]“1 14+ X)X (14 M?)A
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Z ({E/y,)\)*
La(
n=0 7’L'
k) & (S (™ 8 0 H () )
S nten =3 (1) dmenn )
n=0 \1=0

Comparlng the coeflicients of tn—n, in both sides, we get (2.3).

Theorem 2.2. For n > 0, we have

Hﬁf&(w,y;k) = Z ( " ) B HBn—m (T, Y; A). (2.4)

o \m m+1

Proof. Consider equation(2.1), we have

Z uB @,y Syl fM(1+/\t)§(1+)\t2)%

o nl o (1+ )% —1
_ (L A)F(L AR /t 1 /t 1 1 /t 2 g
(1+>\t)i—]_ 062_1 Oez_l ez_l Oez_l .
(k—2)—times

For k = 2 in above equation, we have

oo

" (AFEX)IA+ M) P2
> nbf g0t = LEAEUEAOR 12y,
= n! (I+ M)~ —1 o €2 —1

B i By t™\ (L4 )3 (1433
m:Om—i—lm! (1+)\t)§—1
o0 Bm

(3 2] (St

Replacing n by n — m in above equation, we have

n

=S () e 0

n=0m=0

On equating the coefficients of the like powers of t in the above equation, we
get the result (2.4).

Theorem 2.3. For n > 0, we have

n p+1
o n (=) TS, (p 4 1,1) o

(2.5)
Proof. From equation (2.1), we have

o0

(e, o)L = (Heall= ™)) (HL+ M)A+ M)
;Hﬂn ( 7y7)\)n! ( t ) ( (1+/\t)% 1 > (26)
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= (2.7)

m"ﬁ
=)
Il
—

From equations (2.6) and (2.7), we have

> (R~ Sy(p+1,0)
> B () = (Z( [)l]k nS2 | ZHﬁn 7,y; A
n=0 : p=0 \i=1 q p p: n=0
Replacing n by n — p in the r.h.s of above equation and comparing the
coefficients of t", we get the result (2.5).

Theorem 2.3. For n > 1, we have
aBE( + 1,53 0) — uBP (@, 0)

-1 (—1)t+p+1

- n Y (S (4 )18 (p, i+ 1) | Hyp(z,:0). (2.8)
;@)(; [+ 1]k P ) Y

Proof. Using the Definition (2.1), we have
tn
ZHﬂnqx+ly7 ) ZHﬂnquv
le,q( e

_M ) . .
_(1+At)%—1( + )T (1 + M) (1+At)_1(1+xt) (14 At?)

= Lipg(1— ™)1+ X)X (1 + M2)%

s o —t)+1 . .
= Z%(l +A)X (14 AR

>

1=0 U+1]q
3 p_l l+p+1 tP x y
p=1 \I=0 q
o (P! l+p+1
- (Z; (;M“*DSQ(”’Z“) ) (ZOH 2y >

Replacing n by n — p in the above equation and comparing the
coefficients of ™, we get the result (2.8).

TL

n!

5)
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Theorem 2.4. For n >0, d € N and k € Z, we have

d—1 n I+1 1\l+p+1 |
i1 (DTS (I + 1, p) I+2 A

a=0 =0 p=1
(2.9)
Proof. From equation (2.1), we can be written as
> oi_u (1—e7?) - v
(k) ’“17 14 M)% (1 + M3
. d—1
Lig q(l — e*t) It o2\ Y
=— 14+ M) % (14 At9)A
u+Aﬂ%_1Z;( A :
. d-1
le q(l — e_t)> 1 dt Itz 2\ ¥
= Ram T NN T (1) T (14 AR
( t d;(lﬁ’)\t)%fl( ) )
[e%) I+1 I+p+1 1 d—1 n
(—1)+» &U+Lm>t>< ) l+x At
=2 (> P! ) |\ b |
k k
<l0 <IJ=1 p [l—i_ 1]q i n=0 a=0 d’nl

Replacing n by n — [ in above equation and comparing the coefficient of ¢™,
we get the result (2.9).

3. Summation formulae for degenerate Hermite poly-Bernoulli
polynomials with g-parameter

For the derivation of implicit formulae involving degenerate g-poly-Bernoulli
polynomials ﬁ,(«fg(x; A) and degenerate Hermite poly-Bernoulli polynomials
Hﬁ'gfz (z,y; \) the same considerations as developed for the ordinary Hermite
and related polynomials in Khan [11] and Hermite-Bernoulli polynomials in
Pathan and Khan [21-26] holds as well. First we prove the following results
involving degenerate Hermite poly-Bernoulli polynomials with g-parameter

HB'I(L]?(;(‘/E) Y; A)

Theorem 3.1. The following 1mplicit summation formulae involving degener-

ate Hermite polynomials H/Bnaqm 1 (/\, w; x,y) holds true:

k
Hﬂy(n—)kn,q(‘r7 Y; >‘)

m,n r4s
_ m n rts |1 (k)
- Z_O < r ) < s > (:E - ’U) |:A log(l + )‘):| Hﬁm—&-n r—S8 q(v ya A)
(3.1)
Proof. Replacing ¢ by ¢t +u in (2.1) and rewrite the generating function (2.1)

as

Lig,q(1 — e_(t;””)) 202 (log(140))
1+ At +u)x —1
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2ty o
—e (log(14X) Z 5m+n N )\)E—. (3.2)

I'n!
m,n=0 T

Upon replacing = by v in the above equation, it is not difficult to observe
that

o0
k tmn r<t+u><w v) 1 o
Z Hﬁfnin,q()\;x,y)g— = log(1+2) Z 5 om— ]( v, y)— —

Y m+n,q Y
—— n =0 m: n:
% Pt
Z 1B g O\ 1152, 9) —
m,n=0 p q

oo [i(t+u;\($—’u) 10g(1 + )\)] oo a . 1] tp tq
= (A 50, 9)— -
2 | 2 b )
N=0 N p,q=0 pb-q:

Now, by applying the following known series identity [24,p.52,Eq.1.6(2)]:

Zf :l:+y an+ma:pyq

I gl
P,q=0 P
*) ey
Z Hﬂm—&-nq +Y) m! !
m,n=0
9] 9]
1 t" u® tmtn
= — )" [~ log(1 + )] — — .
T;O(m ’U) [)\ Og( + )] T‘! S. m;(] Bern q( ’y>m' Tl'

On replacing m by m —r and n by n — s in above equation, we get

k tm ot
Z Hﬂﬁn-)&-n,q ) ) el

I'nl
m,n=0 m:n:
0 b,q m "
7‘+€ r+s (k) t t
=Y D (@) log(H)\)] HBman—r—s,q(X:0,9) .
m+n—r—s, — 1 _ 1ol
m,n=0r,s=0 (m 7")~7'- (71 S).S.

Comparing the coefficients of t ; and L, we get the result (3.1).

TL' bl

Theorem 3.2. For z,y € R and n > 0. Then

PEICEREREPYEN) < ” ) 180 (@, 9 N Hy (03 V). (3.3)

m=0

Proof. By the definition of g-degenerate poly-Bernoulli polynomials and the

definition (1.3), we have
- i ﬁ(k)(x )ﬁ iH (u w./\)ﬂ
- n,q y7 Tl' m 9 ) m|
m=0

EEiL—E—lﬂ+M) *(14AE2) "5
n=0

(14 At)3
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Now replacing n by n — m and comparing the coefficients of t", we get
the result (3.3).

Theorem 3.3. For z,y € R and n > 0. Then

n—2j (5] |
x n!

w3

() ( (i (=Y.
HBE (@, y; A Z B ,\)"—m—?J( A) ( A)Jm!j!(n—2j—

m=0 j=0
(3.4)
Lig q(1—e™ %)

Proof. Applying the definition (2.1) to the term W and expanding
+At)X

the function (1 + M) (1 + A\t?)* at t = 0 yields
e

Lik,q( t) z
W(l + M) > (1 + A2 )

- (Z 5,0 )m,) (Z(—”j)n(‘if’") S0, S

m=0 n=0 =0

_ Z (Z < >B(k) M (— i)n—m(—)\)”m> t—n' Z(_%)J j!

m=0

Replacing n by n — 2j, we have
D uBP @y N
n=0

[e’e) TLQj% . . y m
S (X (0
n=0 \ m=0 j=0

(3.5)
Equating their coefficients of ¢", we get the result (3.4).

Theorem 3.4. For z,y € R and n > 0. Then

n8 i) = 3 (1) DN B 2. (3

m=0

Proof. By exploiting the generating function (2.1), we can write the equation

A . t" Ligg(1—e™") 2 z.
nz% By N) — = v 1+ A5 (1+ M) 41+ A5 (3.7)
- (Z B~ = y,mf;) (Z(—j)ﬁ‘i?") .
m=0 n=0

Replacing n by n —m in above equation and equating their coefficients
of t" leads to formula (3.6).

m)!’

) BN eI |
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Theorem 3.5. The following implicit summation formula involving degenerate
Hermite poly-Bernoulli polynomials with g-parameter g ﬁ,(f,?,(a:, y; A) holds
true:

- n

w8+ L) =30 (1) PN ey 63
r=0

Proof. By the definition of degenerate Hermite poly-Bernoulli polynomials

with g-parameter, we have

oo n

ZHB (x—|—1y, +2Hﬁ7(f¢;xyv 7|

L“‘q( - (L+ M1+ AD)X((L+M)F +1)

1+/\t%
)+z 59 s )

)
1
(Z Hﬂ,ﬁ’iﬂ (@, y; A ) (

S Y, (o N ) (A + 3 bl >f:,

— !
n=0r=0 (n 7“).7“ =0

Finally, equating the coefficients of the like powers of t", we get (3.8).

4. General symmetry identities

In this section, we establish symmetry identities for the g-degenerate poly-
Bernoulli polynomials ﬂ,(fg(:z:; A) and the degenerate Hermite poly-Bernoulli
polynomials with g-parameter Hﬂr(fg(z,y; A) by applying the generating
function(2.1) and (2.2). The results extend some known identities of Khan
[13-16], Pathan and Khan [19-22].

Theorem 4.1. Let a,b > 0 and a # b. For z,y € R, n > 0, 0 < g < 1, then
the following identity holds true:

- n m . n—m
) ( " )b B0 (b By N B, (a, a%y: )

m=0

- mz—:o< Zm )“mbanﬁfL’?m,q(aaaQy, NuB® bz, by ). (A1)
Proof. Start with
Gt) = ( Lihq(l —ae—at)Likyq(l —be—bt) ) 1 )\t) (1 g ) 2y. (42)
(T4+X)> = D)((L+A)x — 1)

Then the expression for G(t) is symmetric in ¢ and b and we can expand G(t)
into series in two ways to obtain

G(1) = 3 1B be 2y ) 0 5 B0 (o) P

n=0 " m=0




Degenerate Hermite poly-Bernoulli numbers and polynomials with g-parametkt

tn

3 Y n n—mjim k
= ZO (ZO < m ) a b H/B£L_)m,q(bx7b2y’ )H577Lq(ax7a2y; )\)) E

On the similar lines we can show that

60 = 3 bty ansay ) S ) o, 04

n=0 ! m=0

tn

3 ; n mipn—m k
= Z (Z ( m )a b HBW(L_)m,q(al’7azy;)\)Hﬂgr]z)q(bx7b2y; )\)) E

Comparing the coefficients of & +7 on the right hand sides of the last two
equations, we arrive at the deslred result.

Remark 4.1. For b = 1, Theorem 4.1 reduces to

Corollary 4.1. The following identity holds true:

m

- n n—m
Z< >a 1B o,y N i BE) (az, a?y; \)

m=0

=2 ( m ) " 1By g0z, @y N B (., ). (4.3)
m=0

Theorem 4.2. For all integers a > 0,0 > 0and n > 0, 0 < ¢ < 1, the following
identity holds true:

- n—mjipm - m
_O(Z>a b ﬁn mq(bx b2z )\)ZO<Z )al(a lA)Bm zq(ay,/\)

- min—m k - m k
=Y ( >a b B o (az, a2z ) Z( ; )al(b LB, (bys M),
m=0 =0
(4.4)
where generalized falling factorial sum oy (n; A) is given by (1.15).

Proof. We now use

ab abz

Lig ¢(1 — e ) Lij o (1 — e ") (1 + A)S — 1)(1 + At)
(L4 X% = 1D)((1+ M)x —1)2

ab(z+y)
A

(14 Xt2)"

H(t) =

to find that

o Lik’q(l — efat) abz a2b2z b z (1 + )\t) 1
g(t)((1+/\t)i1>(1+)\t) (14257 <( 1+ At) 1)

: bt by
o Hral =TT g Ly
(I+X)x —1

Mo~ y‘g_
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_Z ﬁ(k) br, bz ) ; ;:0 (_1)\ Zﬂ(k)ay’ .
(4.5)
Using a similar plan, we get
oo b n .
0= 52 i o) A S o100 0 52 a4

|
o nl = n!

(4.6)
By comparing the coefficients of ¢t"™ on the right hand sides of the last two
equations, we arrive at the desired result.

5. Conclusion

The degenerate Hermite-poly-Bernoulli polynomials with g-parameter
H ,87(1]2 (z,y; \) plays a major role in obtaining new expansions, identities and
representations. We can introduce and study a class of related generalized
polynomials by defining degenerate Gould-Hopper-poly-Bernoulli polynomi-
als with g-parameter
Lig (I( —e ) z r % (k,r) "
Tewict (14 A% (14 A7) ;}Hﬂ (2,45 0) . (5.1)

The equation (2.1) may be derived from (5.1) for r = 2.

This process can easily be extended to establish degenerate multi-
variable Hermite-poly-Bernoulli polynomials with g-parameter and Apostle
type Bernoulli polynomials.
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