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Ostrowski type inequalities for functions
whose derivatives are strongly (o, m)-convex
via k-Riemann-Liouville fractional integrals
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Abstract. In this paper, we provide some Ostrowski type integral inequalities for
functions whose derivatives in absolute value at some powers are strongly (o, m)-
convex with modulus p > 0 via the k-Riemann-Liouville fractional integrals.
Similar results related to (o, m)-convex functions are obtained as a particular
case.
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1. Introduction

Recall that given an interval I in R, a function f: I — R is said to be convex if
fltz+ (1 =t)y) <tf(x)+ (1 —t)f(y),

for all xz,y € I and ¢ € [0, 1].

Several generalizations of convex functions including quasiconvex, s-convex, m-
convex, MT-convex, h-convex, n-convex and so on has been provided over the years. Of
particular interest is the generalization of convexity to (a,m)-convexity by Mihegan
[20] as follows.

Definition 1.1. A function f : [0,d] C R — R,d > 0 is said to be (o, m)-convex
function where (o, m) € [0,1)? if

ftz+m(l—t)y) <t f(x) +m(1 —t*)f(y),
for all z,y € [0,d] and t € [0, 1].

Remark 1.2. If we choose (a,m) = (1,m), then we obtain m-convex functions and if
(a,m) = (1,1), then we have the ordinary convex functions.
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For some recent generalizations and results related to («, m)-convex functions,
we refer the interested reader to the papers [6, 23, 24, 28, 29, 25, 14, 16].

In [26], Polyak gave the following extension of convex functions known as strongly
convex functions.

Definition 1.3. Given an interval I in R, a function f : I — R is said to be strongly
convex with modulus p > 0 if

fltz+ 1 =t)y) <tf(x) + (1 =) f(y) — pt(l =)y — 2)?,
for all z,y € I and ¢t € [0, 1].
The introduction of the notion of strong convexity has led many authors to

extend the other classes of convex functions in a similar way (see [17, 7, 14, 5, 4, 15]).
In a similar way, we have the following definition of strongly («, m)-convex functions.

Definition 1.4. A function f : [0,d] C R — R,d > 0 is said to be strongly (o, m)-
convex with modulus p > 0 for (o, m) € [0,1]? if
fltz +m(1 = t)y) <t f(z) +m(l = 1) f(y) — pt(1 = t)(y — 2)*,
for all z,y € [0,d] and t € [0, 1].
Remark 1.5. If we choose (o,m) = (1,m) in Definition 1.4, then we obtain strongly

m-~convex functions and if (a, m) = (1, 1), then we have the strongly convex functions.

In 1938, Ostrowski [22] obtained the following inequality which is known in the
literature as Ostrowski inequality.

Theorem 1.6. Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b) and

its derivative f': (a,b) — R is bounded in (a,b). If M := sup |f'(t)| < oo , then we
te(a,b)

-2 [ 1wa]< (4 (<b—a§;)>(b“)M’

for all x € [a,b]. The inequality is sharp in the sense that the constant i cannot be
replaced by a smaller one.

have

Many authors have studied and generalized this inequality in several different
ways. For more information about the Ostrowski inequality and its associates, we
refer the reader to the papers [1, 2, 3, 8,9, 10, 11, 12, 13, 18, 19, 27, 25]. The authors
in [13, 18, 19, 27, 1, 8, 25] provided some Ostrowski type inequalities for some classes
of convex functions.

Motivated by the above results, the main goal of this paper is to provide some
Ostrowski type integral inequalities for functions whose derivatives at some powers are
strongly («, m)-convex via the k-Riemman-Liouville fractional integrals. We complete
this section with the defiinition of the k-Riemann-Liouville fractional integrals.

Definition 1.7 (See [21]). The Riemann-Liouville k-fractional integrals of order 8 > 0,

for a real-valued continuous function f are defined as

8 _ L £
kL f(x) = ka(ﬁ)/a (x —t)F~Lf(t)dt, = > a,
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and

_ 1 ’ 21
_M%WLAG_x) F(t)dt, z < b,

where k > 0, and T’y is the k-gamma function given by

ka-f(l’)

oo tk
T'i(x) :/ t*"te~Fdt, Re(x) >0
0

with the properties that I'y(z + k) = aT'x(z) and Ty (k) = 1.

Remark 1.8. If £ = 1 in Definition 1.7, then we have the classical Riemann-Liouville
fractional integrals and if 8 = k = 1, then we obtain the classical Riemann integral.

2. Main results

To prove our results we need the following result which is given by Farid and
Usman [13].

Lemma 2.1 ([13]). Let f : [a,b] — R be a differentiable function on (a,b) with a < b
such that ' € Li([a,b]), then for all x € [a,b] and B,k > 0, the following equality
holds;

@—wﬁijéh—@ff@)Fiﬁiﬁ»h4§f@)+kﬂ1f@ﬂ
- W/Oltif’(tx—i— (1 —t)a)dt —~ (b;f)fﬂ/oltgf’(tﬁ (1 —t)b)dt~

Theorem 2.2. Let f : [0,00) — R be a differentiable function on (0,00) such that
f € Li([a,b]) with 0 < a < b. If | f'| is strongly (o, m)-convex with modulus p > 0 for
a € [0,1] and m € (0,1], then the inequality

- Du(B+k)
b—a

(x—a)F + (b— )%
b—a

ST

f(z)

W2 @) + 210
r(x))
Fratl (241)(£+a+1)
ple— )"
]

r()

5 -
Fpratl (%+1)(%+a+1)

- b—a

holds for all x € [a,b] and B,k > 0.
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Proof. Using Lemma 2.1 and the strong («, m)-convexity of |f’|, we have that

(z —a)F + (b—a)% T4(8 + k)
b—a b—a

§+1 1
g )i /té
b—a 0

(b—:c)gﬂ/1 8
T LOLERNY T
b—a 0

(z —a)F+!

— /Oltf (to‘|f’(x)| +m(l — %)

(b_x)%+1 ! 8 (. " m(1l — &
+ g [ (@) ma - )

f@) =

w72 sta) 410210

f’(tx—i— (1 —t)a)’dt

I (tm +(1- t)b) ’dt
r()l w0 (o= 1) Ja
()] -0 (3 =+) Yo

b—a
That is,
—a)f + (b—a)¥ r 2
(x a)bj—é ) f(x)—’Clgﬁ"c‘L)[kaf(a)+ka+f(a)]‘

Si(x;a) {If I/ tF )/ (1 - t%)d
—u<x—%)2/0 tk*l(l—t)dt}

SO o [ e ()| [ 0
_M(fi_x)?/o ti“(l—t)dt]. (2.1)

The desired inequality follows from (2.1) by using the fact that

1
1
/ (Rtag — — (2.2)
0 Fta+l
/1 (1= )t = o (2.3)
- . _
0 (4+1)(2+a+1)
and
/1t‘i+1(1 t)dt = ! (2.4)
0 (2 +2)(8 +3)
O

Corollary 2.3. Let f : [0,00) — R be a differentiable function on (0,00) such that
€ Li([a, b)) with 0 < a < b. If |f'] is (o, m)-convez for a € [0,1] and m € (0,1],
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then the inequality

(z—a)f +(b—2)
b—a

: f(x) — w [ka_f(a) + kaJ(b)] ‘
(@ —)f [ |f (@) m|f (),
- [ﬁ+a+1+(§+1)(§+a+1)]

(b
8l W om ') |
b— B 8 B
@ lytatl (;+1)(E+a+1)
holds for all x € [a,b] and B,k > 0.
Proof. Take p = 0 in Theorem 2.2. O

_|_

Theorem 2.4. Let f : [0,00) — R be a differentiable function on (0,00) such that
f € Li([a,b]) with 0 < a < b. If |f'|? is strongly («, m)-conver with modulus p > 0
forq>1,a €10,1] and m € (0,1], then the inequality

(z — a)i—i-c(lb— x)® f(z) - w [ka,f(a) +ka+f(b)H
(x—a)[%ﬂ ' ()] am‘f’(%)’q bz — %)2 1
<(b—a)(§p+1);<0¢+1 TTarr 6 >

q
(b a)f+ Oﬂnﬁkmf%ﬂ!_u@_@vq

(b—a)(Zp+1)r \ at1 a+1 6

holds for all x € [a,b] and B,k >0, for%_y % =1.

Proof. Using Lemma 2.1, the Hélder’s inequality and the strong (a, m)-convexity of
| 7|2, we have that

S ff*mﬂw - PR )+ a2 g0

<(x—a /
- b—a
(b—m /
+ b—a
(os—a)%+1 /1 8 %
<2 (] ¢xe
- b—a ( 0 kdt

B 1
(b—x)xtt / 8
R EE— tF pdt
* b—a ( 0 "

s(m;f)fﬂ(/olt pdt) (/1

7'(te+ (1= t)a)|ae
e
(b))
([ <m+1—t>b>rdt>%
(s (2

q

z)| +m(1 —1%)
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(1= 1) (2= L) V)

1

—|—(bbf)f+1(/01t§pdt)p<Al (to‘|f/($)‘q+m(1_ta)
—pt(1—t) (:L - :zc)z)dt)é

!/ a a 1
ok (e om|f ()] gy’
7(b—a)(gp—|—1)% a+1 a+1 6
! a 1
(b—w)i+! (If’(x)lq mf<%>‘ N(ﬁz—l‘)2>"
(b—a)(§p+1)% a+1 a+1 6 ’
This completes the proof. O

Corollary 2.5. Let f : [0,00) — R be a differentiable function on (0,00) such that
1" € Li([a,b]) with 0 < a < b. If |f'|7 is (o, m)-convez for ¢ > 1,a € [0,1] and
€ (0,1], then the inequality
L'w(B+k)

(x - a)i jéb —a) flo) = === (eI fla) + T2 £ (0)] ‘

< ]
(b—a)(gp+1)7

b a 1

(b—)F ! <u<>q+ mf(mﬂ>q
(b—a)(Zp+1)r \ a+1 a+1

holds for all x € [a,b] and B,k > 0, for]lgqL % =1.

(=)t Cﬂ@mq+amV(z)F);

a+1 a—+1

Proof. Take p = 0 in Theorem 2.4. g

Theorem 2.6. Let f : [0,00) — R be a differentiable function on (0,00) such that
'€ Li([a,b]) with 0 < a < b. If | f'|? is strongly (o, m)-convex with modulus p > 0
forq>1,a €10,1] and m € (0,1], then the inequality

(€ —a)f + (b —2)* Tw(B+k)

D ) - TR a2 10|

(x_a)g—kl ( ()| mf'(%) ! - )
T -+ \Eratl (241)(24ar1) GHAEH)
e e NG| T, )
b-a)@F+0 \Era+tl (241)(f+at1) G+DE+I)

holds for all x € [a,b] and 5,k > 0, for % + % =1.
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Proof. Using Lemma 2.1, the Holder’s inequality and the strong (a, m)-convexity of
| 712, we have that

(x—a)f +(b-a)F
b

o) - D7 fta) 40070

SO [ (e o)
)

—a
+1
<
+(b—x i“/l 8
0
+1
<

tE
- tF f’(tx—i—(l—t)b)’dt
ﬂ(/oltzdt)i(/oltz p e+ (- 0a) ")’
P OSIR ka) ([ k1 o))
<O ([t ([ e (@m0
St (e 2
| / ;/tk(to‘lf()lum(lt“)f(;)q
—pt(l—1) (—z) ) )é
(@—a)f*t (o, 201 )
= (b—a)(f,jﬂ)é('f(x)' /0 ’ /0 B(i =
w<xf%>2/0 - W
(b— )7+ N ,bqlgia
+(b_a)(k+1);<f(x) | rE) [ da-ea

—u (i - w>2 /01 R+ — t)dt) %. (2.5)

By using (2.2), (2.3), (2.4) and (2.5), we have the desired inequality. O

)

4

Jle

Q=

Corollary 2.7. Let f : [0,00) — R be a differentiable function on (0,00) such that
f' € Li([a,b]) with 0 < a < b. If |f'|7 is (o, m)-convez for ¢ > 1,a € [0,1] and
€ (0,1], then the inequality

(x — a)ﬁ + (b - CC)? f($) _ w [kjf,f(a) + kaJrf(b)} ‘
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<

q
oot e er(E)] N
5, I\ B T 5
(b—a)(f+1)r \F+atl (E+1)(E+a+1)
b q 1
b-oft pwe . (G N
B Z\B T 5
(b—a)(fz+1)r \Ftatl (E—Fl)(;—f—a—kl)
holds for all x € [a,b] and B,k > 0, for % + % —1.
Proof. Take = 0 in Theorem 2.6. O

3. Conclusion

New Ostrowski type inequalities for functions whose derivatives in absolute value
at certain powers are strongly (a,m)-convex and (a,m)-convex functions via the k-
Riemman-Liouville fractional integrals has been provided. Similar results could be
obtained for m and strongly m-convex functions as particular cases. Also several
other interesting inequalities could be obtained by considering different values of the
parameters § and k. For instance, if k¥ = 1, then the results will be in terms of the
classical Riemann-Liouville fractional integrals and if 8 = k = 1, then we have the
results with the integrals in the classical Riemann sense. The details are left for the
interested reader.

Acknowledgement. The author wishes to express his profound gratitude to the anony-
mous referee for his/her careful reading of the manuscript and the very useful com-
ments that have been implemented in the final version of the manuscript.
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