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Ostrowski type inequalities for functions
whose derivatives are strongly (α,m)-convex
via k-Riemann-Liouville fractional integrals
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Abstract. In this paper, we provide some Ostrowski type integral inequalities for
functions whose derivatives in absolute value at some powers are strongly (α,m)-
convex with modulus µ ≥ 0 via the k-Riemann-Liouville fractional integrals.
Similar results related to (α,m)-convex functions are obtained as a particular
case.
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1. Introduction

Recall that given an interval I in R, a function f : I → R is said to be convex if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y),

for all x, y ∈ I and t ∈ [0, 1].
Several generalizations of convex functions including quasiconvex, s-convex, m-

convex, MT-convex, h-convex, η-convex and so on has been provided over the years. Of
particular interest is the generalization of convexity to (α,m)-convexity by Miheşan
[20] as follows.

Definition 1.1. A function f : [0, d] ⊂ R → R, d > 0 is said to be (α,m)-convex
function where (α,m) ∈ [0, 1]2 if

f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y),

for all x, y ∈ [0, d] and t ∈ [0, 1].

Remark 1.2. If we choose (α,m) = (1,m), then we obtain m-convex functions and if
(α,m) = (1, 1), then we have the ordinary convex functions.
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For some recent generalizations and results related to (α,m)-convex functions,
we refer the interested reader to the papers [6, 23, 24, 28, 29, 25, 14, 16].

In [26], Polyak gave the following extension of convex functions known as strongly
convex functions.

Definition 1.3. Given an interval I in R, a function f : I → R is said to be strongly
convex with modulus µ ≥ 0 if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)− µt(1− t)(y − x)2,

for all x, y ∈ I and t ∈ [0, 1].

The introduction of the notion of strong convexity has led many authors to
extend the other classes of convex functions in a similar way (see [17, 7, 14, 5, 4, 15]).
In a similar way, we have the following definition of strongly (α,m)-convex functions.

Definition 1.4. A function f : [0, d] ⊂ R → R, d > 0 is said to be strongly (α,m)-
convex with modulus µ ≥ 0 for (α,m) ∈ [0, 1]2 if

f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)− µt(1− t)(y − x)2,

for all x, y ∈ [0, d] and t ∈ [0, 1].

Remark 1.5. If we choose (α,m) = (1,m) in Definition 1.4, then we obtain strongly
m-convex functions and if (α,m) = (1, 1), then we have the strongly convex functions.

In 1938, Ostrowski [22] obtained the following inequality which is known in the
literature as Ostrowski inequality.

Theorem 1.6. Let f : [a, b]→ R be continuous on [a, b] and differentiable in (a, b) and
its derivative f ′ : (a, b)→ R is bounded in (a, b). If M := sup

t∈(a,b)
|f ′(t)| <∞ , then we

have ∣∣∣∣f(x) − 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤
(

1

4
+

(
x− a+b

2

)2
(b− a)2

)
(b− a)M,

for all x ∈ [a, b]. The inequality is sharp in the sense that the constant 1
4 cannot be

replaced by a smaller one.

Many authors have studied and generalized this inequality in several different
ways. For more information about the Ostrowski inequality and its associates, we
refer the reader to the papers [1, 2, 3, 8, 9, 10, 11, 12, 13, 18, 19, 27, 25]. The authors
in [13, 18, 19, 27, 1, 8, 25] provided some Ostrowski type inequalities for some classes
of convex functions.

Motivated by the above results, the main goal of this paper is to provide some
Ostrowski type integral inequalities for functions whose derivatives at some powers are
strongly (α,m)-convex via the k-Riemman-Liouville fractional integrals. We complete
this section with the defiinition of the k-Riemann-Liouville fractional integrals.

Definition 1.7 (See [21]). The Riemann-Liouville k-fractional integrals of order β > 0,
for a real-valued continuous function f are defined as

kJ
β
a+f(x) =

1

kΓk(β)

∫ x

a

(x− t)
β
k−1f(t)dt, x > a,
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and

kJ
β
b−f(x) =

1

kΓk(β)

∫ b

x

(t− x)
β
k−1f(t)dt, x < b,

where k > 0, and Γk is the k-gamma function given by

Γk(x) =

∫ ∞
0

tx−1e−
tk

k dt, Re(x) > 0

with the properties that Γk(x+ k) = xΓk(x) and Γk(k) = 1.

Remark 1.8. If k = 1 in Definition 1.7, then we have the classical Riemann-Liouville
fractional integrals and if β = k = 1, then we obtain the classical Riemann integral.

2. Main results

To prove our results we need the following result which is given by Farid and
Usman [13].

Lemma 2.1 ([13]). Let f : [a, b] → R be a differentiable function on (a, b) with a < b
such that f ′ ∈ L1([a, b]), then for all x ∈ [a, b] and β, k > 0, the following equality
holds;

(x− a)
β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]
=

(x− a)
β
k+1

b− a

∫ 1

0

t
β
k f ′
(
tx+ (1− t)a

)
dt− (b− x)

β
k+1

b− a

∫ 1

0

t
β
k f ′
(
tx+ (1− t)b

)
dt.

Theorem 2.2. Let f : [0,∞) → R be a differentiable function on (0,∞) such that
f ′ ∈ L1([a, b]) with 0 ≤ a < b. If |f ′| is strongly (α,m)-convex with modulus µ ≥ 0 for
α ∈ [0, 1] and m ∈ (0, 1], then the inequality∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

b− a

[
|f ′(x)|

β
k + α+ 1

+
αm
∣∣∣f ′( am)∣∣∣(

β
k + 1

)(
β
k + α+ 1

)
−

µ
(
x− a

m

)2
(βk + 2)(βk + 3)

]

+
(b− x)

β
k+1

b− a

[
|f ′(x)|

β
k + α+ 1

+
αm
∣∣∣f ′( b

m

)∣∣∣(
β
k + 1

)(
β
k + α+ 1

)
−

µ
(
b
m − x

)2
(βk + 2)(βk + 3)

]
holds for all x ∈ [a, b] and β, k > 0.
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Proof. Using Lemma 2.1 and the strong (α,m)-convexity of |f ′|, we have that∣∣∣∣ (x− a)
β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

b− a

∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)a
)∣∣∣dt

+
(b− x)

β
k+1

b− a

∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)b
)∣∣∣dt

≤ (x− a)
β
k+1

b− a

∫ 1

0

t
β
k

(
tα|f ′(x)|+m(1− tα)

∣∣∣f ′( a
m

)∣∣∣− µt(1− t)(x− a

m

)2 )
dt

+
(b− x)

β
k+1

b− a

∫ 1

0

t
β
k

(
tα|f ′(x)|+m(1− tα)

∣∣∣f ′( b
m

)∣∣∣− µt(1− t)( b

m
− x
)2 )

dt.

That is, ∣∣∣∣ (x− a)
β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(a)

]∣∣∣∣
≤ (x− a)

β
k+1

b− a

[
|f ′(x)|

∫ 1

0

t
β
k+αdt+m

∣∣∣f ′( a
m

)∣∣∣ ∫ 1

0

t
β
k (1− tα)dt

− µ
(
x− a

m

)2 ∫ 1

0

t
β
k+1(1− t)dt

]
+

(b− x)
β
k+1

b− a

[
|f ′(x)|

∫ 1

0

t
β
k+αdt+m

∣∣∣f ′( b
m

)∣∣∣ ∫ 1

0

t
β
k (1− tα)dt

− µ
(
b

m
− x
)2 ∫ 1

0

t
β
k+1(1− t)dt

]
. (2.1)

The desired inequality follows from (2.1) by using the fact that

∫ 1

0

t
β
k+αdt =

1
β
k + α+ 1

, (2.2)

∫ 1

0

t
β
k (1− tα)dt =

α(
β
k + 1

)(
β
k + α+ 1

) (2.3)

and ∫ 1

0

t
β
k+1(1− t)dt =

1

(βk + 2)(βk + 3)
. (2.4)

�

Corollary 2.3. Let f : [0,∞) → R be a differentiable function on (0,∞) such that
f ′ ∈ L1([a, b]) with 0 ≤ a < b. If |f ′| is (α,m)-convex for α ∈ [0, 1] and m ∈ (0, 1],
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then the inequality∣∣∣∣ (x− a)
β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

b− a

[
|f ′(x)|

β
k + α+ 1

+
αm
∣∣∣f ′( am)∣∣∣(

β
k + 1

)(
β
k + α+ 1

)]

+
(b− x)

β
k+1

b− a

[
|f ′(x)|

β
k + α+ 1

+
αm
∣∣∣f ′( b

m

)∣∣∣(
β
k + 1

)(
β
k + α+ 1

)]
holds for all x ∈ [a, b] and β, k > 0.

Proof. Take µ = 0 in Theorem 2.2. �

Theorem 2.4. Let f : [0,∞) → R be a differentiable function on (0,∞) such that
f ′ ∈ L1([a, b]) with 0 ≤ a < b. If |f ′|q is strongly (α,m)-convex with modulus µ ≥ 0
for q > 1, α ∈ [0, 1] and m ∈ (0, 1], then the inequality∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

(b− a)(βk p+ 1)
1
p

(
|f ′(x)|q

α+ 1
+
αm
∣∣∣f ′( am)∣∣∣q
α+ 1

−
µ
(
x− a

m

)2
6

) 1
q

+
(b− x)

β
k+1

(b− a)(βk p+ 1)
1
p

(
|f ′(x)|q

α+ 1
+
αm
∣∣∣f ′( b

m

)∣∣∣q
α+ 1

−
µ
(
b
m − x

)2
6

) 1
q

holds for all x ∈ [a, b] and β, k > 0, for 1
p + 1

q = 1.

Proof. Using Lemma 2.1, the Hölder’s inequality and the strong (α,m)-convexity of
|f ′|q, we have that∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

b− a

∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)a
)∣∣∣dt

+
(b− x)

β
k+1

b− a

∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)b
)∣∣∣dt

≤ (x− a)
β
k+1

b− a

(∫ 1

0

t
β
k pdt

) 1
p
(∫ 1

0

∣∣∣f ′(tx+ (1− t)a
)∣∣∣qdt) 1

q

+
(b− x)

β
k+1

b− a

(∫ 1

0

t
β
k pdt

) 1
p
(∫ 1

0

|f ′
(
tx+ (1− t)b

)∣∣∣qdt) 1
q

≤ (x− a)
β
k+1

b− a

(∫ 1

0

t
β
k pdt

) 1
p
(∫ 1

0

(
tα|f ′(x)|q +m(1− tα)

∣∣∣f ′( a
m

)∣∣∣q
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−µt(1− t)
(
x− a

m

)2 )
dt
) 1
q

+
(b− x)

β
k+1

b− a

(∫ 1

0

t
β
k pdt

) 1
p
(∫ 1

0

(
tα|f ′(x)|q +m(1− tα)

∣∣∣f ′( b
m

)∣∣∣q
−µt(1− t)

(
b

m
− x
)2 )

dt
) 1
q

≤ (x− a)
β
k+1

(b− a)(βk p+ 1)
1
p

(
|f ′(x)|q

α+ 1
+
αm
∣∣∣f ′( am)∣∣∣q
α+ 1

−
µ
(
x− a

m

)2
6

) 1
q

+
(b− x)

β
k+1

(b− a)(βk p+ 1)
1
p

(
|f ′(x)|q

α+ 1
+
αm
∣∣∣f ′( b

m

)∣∣∣q
α+ 1

−
µ
(
b
m − x

)2
6

) 1
q

.

This completes the proof. �

Corollary 2.5. Let f : [0,∞) → R be a differentiable function on (0,∞) such that
f ′ ∈ L1([a, b]) with 0 ≤ a < b. If |f ′|q is (α,m)-convex for q > 1, α ∈ [0, 1] and
m ∈ (0, 1], then the inequality∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

(b− a)(βk p+ 1)
1
p

(
|f ′(x)|q

α+ 1
+
αm
∣∣∣f ′( am)∣∣∣q
α+ 1

) 1
q

+
(b− x)

β
k+1

(b− a)(βk p+ 1)
1
p

(
|f ′(x)|q

α+ 1
+
αm
∣∣∣f ′( b

m

)∣∣∣q
α+ 1

) 1
q

holds for all x ∈ [a, b] and β, k > 0, for 1
p + 1

q = 1.

Proof. Take µ = 0 in Theorem 2.4. �

Theorem 2.6. Let f : [0,∞) → R be a differentiable function on (0,∞) such that
f ′ ∈ L1([a, b]) with 0 ≤ a < b. If |f ′|q is strongly (α,m)-convex with modulus µ ≥ 0
for q > 1, α ∈ [0, 1] and m ∈ (0, 1], then the inequality∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

(b− a)(βk + 1)
1
p

(
|f ′(x)|q
β
k + α+ 1

+
αm
∣∣∣f ′( am)∣∣∣q(

β
k + 1

)(
β
k + α+ 1

) − µ
(
x− a

m

)2
(βk + 2)(βk + 3)

) 1
q

+
(b− x)

β
k+1

(b− a)(βk + 1)
1
p

(
|f ′(x)|q
β
k + α+ 1

+
αm
∣∣∣f ′( b

m

)∣∣∣q(
β
k + 1

)(
β
k + α+ 1

) − µ
(
b
m − x

)2
(βk + 2)(βk + 3)

) 1
q

holds for all x ∈ [a, b] and β, k > 0, for 1
p + 1

q = 1.
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Proof. Using Lemma 2.1, the Hölder’s inequality and the strong (α,m)-convexity of
|f ′|q, we have that∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
≤ (x− a)

β
k+1

b− a

∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)a
)∣∣∣dt

+
(b− x)

β
k+1

b− a

∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)b
)∣∣∣dt

≤ (x− a)
β
k+1

b− a

(∫ 1

0

t
β
k dt
) 1
p
(∫ 1

0

t
β
k

∣∣∣f ′(tx+ (1− t)a
)∣∣∣qdt) 1

q

+
(b− x)

β
k+1

b− a

(∫ 1

0

t
β
k dt
) 1
p
(∫ 1

0

t
β
k |f ′

(
tx+ (1− t)b

)∣∣∣qdt) 1
q

≤ (x− a)
β
k+1

b− a

(∫ 1

0

t
β
k dt
) 1
p
(∫ 1

0

t
β
k

(
tα|f ′(x)|q +m(1− tα)

∣∣∣f ′( a
m

)∣∣∣q
− µt(1− t)

(
x− a

m

)2 )
dt
) 1
q

+
(b− x)

β
k+1

b− a

(∫ 1

0

t
β
k dt
) 1
p
(∫ 1

0

t
β
k

(
tα|f ′(x)|q +m(1− tα)

∣∣∣f ′( b
m

)∣∣∣q
− µt(1− t)

(
b

m
− x
)2 )

dt
) 1
q

≤ (x− a)
β
k+1

(b− a)(βk + 1)
1
p

(
|f ′(x)|q

∫ 1

0

t
β
k+αdt+m

∣∣∣f ′( a
m

)∣∣∣q ∫ 1

0

t
β
k (1− tα)dt

− µ
(
x− a

m

)2 ∫ 1

0

t
β
k+1(1− t)dt

) 1
q

+
(b− x)

β
k+1

(b− a)(βk + 1)
1
p

(
|f ′(x)|q

∫ 1

0

t
β
k+αdt+m

∣∣∣f ′( b
m

)∣∣∣q ∫ 1

0

t
β
k (1− tα)dt

− µ
(
b

m
− x
)2 ∫ 1

0

t
β
k+1(1− t)dt

) 1
q

. (2.5)

By using (2.2), (2.3), (2.4) and (2.5), we have the desired inequality. �

Corollary 2.7. Let f : [0,∞) → R be a differentiable function on (0,∞) such that
f ′ ∈ L1([a, b]) with 0 ≤ a < b. If |f ′|q is (α,m)-convex for q > 1, α ∈ [0, 1] and
m ∈ (0, 1], then the inequality∣∣∣∣ (x− a)

β
k + (b− x)

β
k

b− a
f(x)− Γk(β + k)

b− a

[
kJ

β
x−f(a) + kJ

β
x+f(b)

]∣∣∣∣
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≤ (x− a)
β
k+1

(b− a)(βk + 1)
1
p

(
|f ′(x)|q
β
k + α+ 1

+
αm
∣∣∣f ′( am)∣∣∣q(

β
k + 1

)(
β
k + α+ 1

)) 1
q

+
(b− x)

β
k+1

(b− a)(βk + 1)
1
p

(
|f ′(x)|q
β
k + α+ 1

+
αm
∣∣∣f ′( b

m

)∣∣∣q(
β
k + 1

)(
β
k + α+ 1

)) 1
q

holds for all x ∈ [a, b] and β, k > 0, for 1
p + 1

q = 1.

Proof. Take µ = 0 in Theorem 2.6. �

3. Conclusion

New Ostrowski type inequalities for functions whose derivatives in absolute value
at certain powers are strongly (α,m)-convex and (α,m)-convex functions via the k-
Riemman-Liouville fractional integrals has been provided. Similar results could be
obtained for m and strongly m-convex functions as particular cases. Also several
other interesting inequalities could be obtained by considering different values of the
parameters β and k. For instance, if k = 1, then the results will be in terms of the
classical Riemann-Liouville fractional integrals and if β = k = 1, then we have the
results with the integrals in the classical Riemann sense. The details are left for the
interested reader.
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