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Abstract. In our present investigation, we first introduce several new subclasses
of analytic and bi-univalent functions by using a certain g¢-integral operator in
the open unit disk U = {z : z € Cand |z| < 1}. By applying the Faber polynomial
expansion method as well as the g-analysis, we then determine bounds for the
nth coefficient in the Taylor-Maclaurin series expansion for functions in each of
these newly-defined analytic and bi-univalent function classes subject to a gap
series condition. We also highlight some known consequences of our main results.
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1. Introduction and definitions
Let A be the class of all functions f which are analytic in the open unit disk
U={z:2€C and |z <1}
and normalized by
f0)=0=f"(0)—1.
Thus, clearly, the function f € A has the following Taylor-Maclaurin series represen-
tation:

fz)=2z+ Z anz" (€U). (1.1)
n=2

Further, by S C A we shall denote the class of all functions which are univalent in U.
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For two functions f, g € A, the function f is said to be subordinate to the function g
in U, denoted by

f(z)=g(2) (2€U),
if there exists a function

weBy:={w:weA w(0)=0 and |w(2)|<1 (z€U)}

such that
f(z)=g(w(2)) (2 €U).

In the case when the function g is univalent in U, we have the following equivalence:

f(z) <9(z) (z€l) = f(0)=g(0) and  f(U)Cg(U).
Next, for a function f € A given by (1.1) and another function g € A given by

oo
g(2) =2+ bp2"  (z€U),
n=2
the convolution (or the Hadamard product) of the functions f and g is defined by
(f*9)(z) =2+ anbnz" = (g% [)(2). (1.2)
n=2

It is well known that every univalent function f has an inverse f~', defined by

@) =2=f(f7'(») (z€0)

and
) =u (ol <l 2 ).
where

fHw) = w — agw? + (243 — az)w® — (5a3 — bagaz + az)w* + - . (1.3)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. We denote the class of all such functions by X. In recent years, the pioneering
work of Srivastava et al. [22] essentially revived the investigation of various subclasses
of the analytic and bi-univalent function class X. In fact, in a remarkably large number
of sequels to the pioneering work of Srivastava et al. [22], several different subclasses of
the analytic and bi-univalent function class ¥ were introduced and studied analogously
by the many authors (see, for example, [5], [7], [9], [23], [24], [25], [28] and [29]).
However, only non-sharp estimates on the initial coefficients |as| and |as| in the Taylor-
Maclaurin series expansion (1.1) were obtained in these recent papers.

The Faber polynomials introduced by Faber [11] play an important réle in various
areas of mathematical sciences, especially in Geometric Function Theory of Complex
Analysis (see, for details, [27]). Recently, several authors (see, for example, [13] and
[26]; see also [6], [8], [12] and [20]) investigated some interesting and useful properties
for analytic functions by applying the Faber polynomial expansion method. Motivated
by these and other recent works (see, for example, [1], [14] and [30]), here we make
use of the g-analysis in order to define new subclasses of analytic and bi-univalent
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functions in U and (by means of the Faber polynomial expansion method) we deter-
mine estimates for the general coefficient |a,| (n 2 3) in the Taylor-Maclaurin series
expansion (1.1) of functions in each of these subclasses.

We begin by recalling here some basic definitions and other concept details of
the g-calculus (0 < ¢ < 1), which will be used in this paper.

Definition 1.1. Let ¢ € (0,1) and define the g-number [x], by
1—4qg"
l—q

(ke C)

K=y .
F=1+q+¢@+--+¢"* (k=n€N),
k=0
where N denotes the set of positive integers and Ny := NU {0}.
Definition 1.2. Let ¢ € (0,1) and define the g-factorial [n] ! by

1 (n=0)

n € N).
L 1F, ( )

Definition 1.3. (see [15] and [16]) The g¢-derivative (or the g-difference) D,f of a
function f is defined, in a given subset of C, by

f(z) = flq2)
[B-Jaz) )
(Do f)(2) = (1-q)z (1.4)
f(0) (z=0),
provided that f'(0) exists.

‘We note from Definition 1.3 that
lim (qu)(z) = lim M = f'(2)

qg—1— q—1— (]_ — q)z

for a function f which is differentiable in a given subset of C. It is readily deduced
from (1.1) and (1.4) that

(Dof)(2) =1+ Z [n], anz" L.

n=2

Definition 1.4. The ¢-Pochhammer symbol [x],, (k € C; n € Np) is defined as
follows:

1 (n=0)

[Klglr + 1g[k +2]g -+ [k +n — 1] (n €N).
Moreover, the g-gamma function I';(z) is defined by the following recurrence relation:

Ly(z+1) =[2]4 Ty(2) and r,(1)=1.
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Definition 1.5. [17] For f € A, let the Ruscheweyh g¢-derivative operator be defined
as follows:

I,;\f(z):f(z)*fq,AH(z) (z€U; A>-1),

where
/\+n) n — [/\+1]q,n—1 n
Far+1(z _Z+Zn—1 T, +1) =z+nzz:27[n_1]q! z

in terms the Hadamard product (or convolution) given by (1.2).

We next define a certain g-integral operator by using the same technique as that
used by Noor [19].

Definition 1.6. For f € A, let the g-integral operator F, » be defined by
Fone1(2) * Fonea(2) = 2Dy f(2).

Then
) f(2) = f(2) * fq A1 (2)
:erZ\Ifn_l anz" (z€U; A>—-1), (1.5)
n=2
where
‘Fq;\—i-l _Z+Z\Pn 1Z
and

N _ [n]q!rq()‘+ 1) _ [n]q!
R0k N dgmer

Clearly, we have
Igf(z) =zD,f(2) and I;f(z) = f(2).
We note also that, in the limit case when ¢ — 1—, the g-integral operator F, » given
by Definition 1.6 would reduce to the integral operator which was studied by Noor
[18].
The following identity can be easily verified:

2Dy (T2 f(2)) = (1 + [2] >ka( ) — [g]qu*ﬂf(z). (1.6)
When g — 1—, this last identity (1.6) implies that
2 (PH) = A+ NI () - X (),

which is the well-known recurrence relation for the above-mentioned integral operator
which studied by Noor [18].

The above-defined g-calculus provides valuable tools that have been extensively
used in order to examine several subclasses of A. Even though Ismail et al. [14]
were the first to use the g-derivative operator D, in order to study a certain g-
analogue of the class §* of starlike functions in U, yet a rather significant usage of
the g-calculus in the context of Geometric Function Theory of Complex Analysis was
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basically furnished and the basic (or ¢-) hypergeometric functions were first used in
Geometric Function Theory in a book chapter by Srivastava (see, for details, [21, pp.
347 et seq.]; see also [23]).

We now introduce the following subclasses of the analytic and bi-univalent func-
tion class .

Definition 1.7. For a function f € X, we say that
fERG(E,07) (0=a<l;y20)
if and only if

1—aq 11—«
2 — [
‘qu(z)+’yquf(z) - - (z € )
and
1—aq 11—«
2 — [
‘Dqg(w) +ywDg g(w) - - (wel).

Equivalently, by using the principle of subordination between analytic functions, we
can write the above conditions as follows (see, for details, [30]):

1+1—a(l+q)] =
1—gqz

Dyf(z)+ szgf(z) =< (z € )

and
141 —a(l+q)w
1—quw

Dyg(w) +~ywDjg(w) < (we ),

respectively, where g(w) = f~!(w) is given by (1.3).

Definition 1.8. For a function f € X, we say that
fERG(E,0,7,8) (0=a<l;y20; A20)

if and only if

1+[1—a(l+q)z

D I} f (2) +v2D2T) f (2) < T

(z € )

and
1+[1—a(l+q)w
1—quw

DqI;‘g(w) + )\ngl';‘g(w) =< (wel),

where g(w) = f~!(w) is given by (1.3).

2. The Faber polynomial expansion method and its applications

In this section, by using the Faber polynomial expansion of a function f € A of
the form (1.1), we observe that the coefficients of its inverse map g = f~! may be
expressed as follows (see [4]; see also [13] and [26]):

= 1 -n n
g(w):f_l(w):w—’—ZEKn—l (a27a37"' 7an)wl7 (21)
n=2
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where
-n __ (_n)' n71+ (_n)' n73a
T (o DI -2 T @2+ 1) (n =32
+ (=n)! a a
(—2n+3)I(n—4)1" 2 ™
(—n)!

T ) e+ (nt D]

+ a376 [ag + (—2n + 5)asay)

(—2n +5)!(n — 6)!
+3 as V. (2.2)
327
Here, and in what follows, such expressions as (for example) (—n)! occurring in (2.2)
are to be interpreted symbolically by
(—n)!=T1-n):=(-n)(-n—-1)(-n—-2)--- (n € Np)

and V; (7= j £ n)is a homogeneous polynomial in the variables as,as, -+ , an.
In particular, the first three terms of K, ", are given below:

K{?=-2a, K;°=3(2a3— as)

and
K§4 =—4 (5a§ — dasagz + a4) .
In general, an expansion of K is given by (see, for details, [3])

pP—1) o P s p!
K? =pa, + —— E E+- o+ —— E7 e Z),
n=n b T B Bt A a T B (RED)
where Z := {0,+1,£2,---} and
E} = E} (ag,a3,---)
It is clearly seen that
E;,L(alaa/Qa"' 7an) = aq
and -
m!(a2)ﬂl Ce (an)#n—l
EM (ag, - ,an) = m<n
il ) nz::? Py 1! (m=n)
We also have (see [2])
Egzll (a23 e 7a"ﬂ) = a”g_l
and
El(ar,az,- an) = Y _omb N g (m < n)
n 1,42, y Un /Ll',uwn| 1 n = )
where a; = 1 and the sum is taken over all non-negative integers 1, - - - , p,, satisfying

the following conditions:
prFp2+ ot pp =m
and
p1+2p2 + - 0, =n.
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By a similar argument, we note that
Ey(ar, -+ a,) = EY
and that the first and the last polynomials are given by
En

— a7 1 _
= aj and E, =ay,.

We now state and prove our main results. Throughout our discussion, the parameters
L and M are given by

L:=[1-a(l+q)] and M= —q.
Theorem 2.1. For0 S a<1landy 20, let f € Ry (Z, 7). If
am =0 2<msn-1),
then

1 —a+q(1l—a)
Pl o, -1, =Y (2

Proof. For the function f € R, (X, a, ) of the form (1.1), we have

|an| =

Dyf(2) +72D2f(z) =1+ Z ( J,In— 1]q> anz" 1 (2.4)
and, for its inverse map g = f~!, we get
Dyg(w) —|—’wa =1+ Z ( J,n— 1}q) bpw" (2.5)

where .
bn = T K»;jl (a27a37 e 7a7l) .
[n],
Since both the function f and its inverse map g = f~! are in R, (%, a,7), by the
definition of subordination, there exist two Schwarz functions p(z) and g(w) given by

= Z enz" and q(w) = Z dpw" (z,w e U),
n=1 n=1

so that we have
1+ Lp(z
Dyf(2) +2D2 f(z) = - EPC)

1+ Mp(z)

:1_Z(£_M)K;1 (017027"' 7Cn;M)Zn (26)
n=1
and
1+ Lq(w)

Dyg(w) +ywDig(w) = T+ Ma(w)

oo

=1-> (L= MK, (di,dy,-+ ,dp, M) w™. (2.7)

n=1



426 H.M. Srivastava, S. Khan, Q.Z. Ahmad, N. Khan and S. Hussain

In general, for any p € N and n 2 2, we have the following expansion of
KP(ky,kay -+ kn, M) (see [3] and [4]):

Ks(klakQ, e 7]{7”,/\/1)

p' n n—1 p' n—2 n—2
="k ki "k
o M T T iy 1 M
p! n—3 -3
kYT kg M™
R o TR
p' n—4 n—4 p—n+ 3 2
k k —k
* (p—n+3)(n—4)! " M 2 M
p' n—>5 n—>5
k k - 4 ksk
ot gy M M (o ks kaM]
+ Y KX, (2.8)
j26
where X is a homogeneous polynomial of degree j in the variables ki, ka2, - , ky.
For the coefficients of the Schwarz functions p(z) and g(w), we have (see [10])
len| £1 and |d,| £ 1.

Thus, upon comparing with the corresponding coefficients in (2.4) and (2.6), we find
that

([n]q +[n],[n - 1]q) an = —(L— MK L (c1 0, s eno1, M). (2.9)
Similarly, in view of the corresponding coefficients in (2.5) and (2.7), we have
([n]q + [n]q [n - 1]q) bn = _(£ - M)Krjl(dla dg,- - 7de>- (2'10)

We note for
am=0 2=Sm=sn-1) and by, = —ay,

that
([n]q +v[nl, In— 1},1) an = —(L = M)cp_s (2.11)
and
_ ([n]q+’y[n]q n— 1}q) n = —(L— M)d,_1. (2.12)
Taking the moduli in (2.11) and (2.12), we thus obtain
L£L—-M
a £ 5|
[nly +7[nly [ —1],
L—-M
| | |dn71| .

[l Fr I, [ - 1],
Therefore, we have

1 —a+q(1—a) (n>3),

nlg +7lnl, n—1], -

|a”ﬂ| g [

which completes the proof of the assertion (2.3) of Theorem 2.1. O
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If we let ¢ — 1— in Theorem 2.1 above, we obtain the following known result
given by Srivastava et al. [26].
Corollary 2.2. (see [26]) Let f given by (1.1) be in the class
RyT (0Sa<1; v20).

It
G, =0 2=m=n-1),
then
o S e (e N\ (L2

Theorem 2.3. For 0 S a <1 and 0=, let f € Ry (%, ,7). Then

a2<min{la+q(1a) \l2(1+q)1a—|—q(1a)}

2l B2 My g2, (8], + 18], 121,
as| < min I1—a+q(l—a) PLH—a+qO—aH+ 2
0= [ + [, (12, +~02,0,)° Bl tvBlLE,)

2@+mua+m1@|}
(mq + mq) ( [3](1 +7 [3]q [Q]q) 7

(I+g[l—a+q(l—a

jas 121, 3] < 3], + 73], 2],
and
as — [2]q a% < 2\1—044'(](1_0‘)‘ :
(a4 a1 (1 + 11) (18], + 9181, 21,)]

Proof. Upon setting n =2 and n = 3 in (2.9) and (2.10), respectively, we get

(121, +712], 11],) a2 = —(£ = M)ey, (2.13)
(18], + B3], 2], ) as = —(£ = M)YMES — ), (2.14)
— (121, + 712, 1, ) a2 = —(£ = M)dy (2.15)

and

(131, +713],21,) (12,03 — as) = ~(L = MYME —dz).  (2.16)
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From (2.13) and (2.15), we have

ool < = E= ML)
=@l o, 1,
=M
o]+, i,
- a+tqll—a)
=B e, (2.17)
Adding (2.14) and (2.16), we find that
2], ([3]q +713], [2]q) a2 =—(L—M)[M(E+d2) - (ca+do)], (2.18)

which, upon taking the moduli on both sides, yields
2 2[L-M|(M[+1)
|az|” =
2], (13], + 3], 2],)
This last equation can be written as follows:
2(1 1-— 1-—
0] < 1+l —a+qg(l—a)] (2.19)
2, (131, + 7131, 121,)
Now, in order to find |as|, by subtracting (2.16) from (2.14), we obtain
(£ = M) M (dE =) = (c2 — )] 2s

az = + a2 (2.20)
([l + 1) (18, + 7031, 02,) (ot [ta)
Taking the moduli in (2.20) and using the fact that d? = c?, we have
2L — 2
las| < £ = M| + 12 las|” . (2.21)

(1 + [11) (3], + 7B, 21,) Wt [l
Using (2.17) in (2.21), we obtain

lag| < I1—a+q(l—a)
- [”q + [l}q
[2]q|1_0‘+Q(1—a)| 9
(12, + 712, 01),) B, 6,1, (2:22)
Again, by using the equation (2.19) in (2.21), we have
0| < 2@ T2 —ata(l—a) (2.23)

([ + [10) (131, +7 (31, [21,)
We also find from (2.16) that

1+q) 1 —a+q(l—-a)
3], +~ (3], 2],

A

’ag - [2]qa%‘
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From (2.20) and using the fact that d3 = 2, we have
2y o (L= M) (ca —dy)
ag — gy = .
(111, + [11a) (131, +13), [21,)

(g + [t
Finally, by taking the moduli in (2.24), we finally obtain

20l-a+g(l-a)
(111, + 10) (81, + 13, 21, )]

The proof of Theorem 2.3 is thus completed.

as — 7@ <

429

(2.24)

O

In the limit case when ¢ — 1—, Theorem 2.3 yields the following bounds on |as|

and |as| given by Srivastava et al. [26].
Corollary 2.4. (see [26]) Let f given by (1.1) be in the class
RyT (0<a<1;v20).

Then
2(1—a) (Ogagl—i—Qv—?vQ)
31+ 29) =%= T30+ 29)
ag =
1— _ 2
a (1—&-27 2y §a<1>
1+7 3(1+2y) —
and
2(1 — «)

<=
B =31+129)
Theorem 2.5. For 0 S a <1 and 0=, let f € Ry (X, ,7, ). If
Ay =0 2<m<sn-1),

then
—a+q(l—a)|[[A+1gn

(1, + [l I =11, ) [}
Proof. For the function f € R, (X, a,, ) of the form (1.1), we have
DT} f () + =D (2)

=1+ i <[n]q +v[nl, [n - 1]q) U, 1a,2" "

1
an] < | (n23).

Also, for its inverse mapping g = f~!, we have

Dql';\g(w) + vagI(;\g(w)

_1q i (i, + 7 ], o — 1) Wb,

(2.25)

(2.26)

(2.27)
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where 1
bn - WK;fl (a'2va‘37 e )an) -
q

Since, both f and its inverse g = f~' are in the function class Ry (2, a,7v,A), by the
definition of subordination, there exist two Schwarz functions p(z) and ¢(w) given by

p(z) = Z cnz"” and q(w) = Z dpuw” (z,w € U),
n=1 n=1

so that we have
DI} (2) + 72D f (2)
1+ Lp(z)
© 1+ Mp(2)

=1-Y (L~ MK (e, e M) 2" (2.28)
n=1

and
DqI;‘g(w) + ’waEI;‘g(w)
1+ Lg(w)
1+ Mg(w)

=1-> (L= MK, (di,dy,+ ,dp, M) w™. (2.29)
n=1
In general, for any p € N and n = 2, an expansion of
Kﬁ (klka, e akn7M)

is given by (2.8) (see [3] and [4]). Moreover, the coefficients of the Schwarz functions
p(2) and g(w) are constrained by (see [10])

len] £ 1 and |dn| < 1.

Thus, upon comparing the corresponding coefficients in (2.26) and (2.28), we find
that

(nl, +7 [l (1 = 11,) W1
=—(L-MK (c1,e2, ,en_1,M). (2.30)
Similarly, by comparing the corresponding coefficients in (2.27) and (2.29), we have
(nl, + ], I = 11,) Wb
= —(L-MK (dy,dy,-- ,dpn, M). (2.31)
We note also that, for
am=0 2=m<n-1) and b, = —ay,

we have

([n]q +7[nl,In— l]q) Upran = —(L = M)y (2.32)
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and
— ([n]q +[n], [n— l]q) U,_1a, = —(L - M)d,—1

Finally, by taking the moduli in (2.32) and (2.33), we obtain

£ - Mi

lan| = len—1]
(tnd, + ], I = 11,) o
L-M
= ‘ | |dn—1| .
(vl + ], [ = 11,) W
Consequently, we have
lan| < [1—a+q(l—a)|[A+1]gn1 (n=3)

(inl, + [l [0 = 1], ) [l

which completes the proof of the assertion (2.25) of Theorem 2.5.

Theorem 2.6. For0 S a <1 andy 20, let f € Ry(E, 0,7, A). Then

|az| < min { Lol [)\ + 1](1,1
- (121, +~ 121, 01],) 121

2(1 + >u—a+« >u ] |
2], (18], +7 (31, [2],) [

[1q + [ (mgf(mq+vphﬂbf

2[A 4+ 1]42

(131, + 131, 121,) Bl

2m+mua+quanu+uw}
(1] + 1) (13], + 73], 2],) 314!

1+g)[l—atql—a)[[A 10
(18], +13], [21,) I3ls!

as — 2, 03] =

and
211 —a+q(1 —a)| [N+ 142 .
|01l + 1114) (8], + 131, 121, )| 131!

431

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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Proof. Upon setting n = 2 and n = 3 in (2.30) and (2.31), respectively, we have

(121, +712], [1],) W1a2 = ~(£ = M)ey,
(131, + 718, 2], ) Waas = —(£ = MYME — c),

- ([2]q +7(2, [1]q) Uyas = —(L — M)d;
and
(131, + 7131, 121,) w2 (12), 03 - as) = —(£ = MYME — da).
Making use of (2.38) and (2.40), we find that

jaal <« —E=ML
(121, +~ 2, 0,) o
£~ M|
= |d1 ]
(121, +~ 2, 01,) o1
_l—a+g( =)+ 1)y,
T (e, ) 2

Also, by adding (2.39) and (2.41), we have
20, (81, +713], 21, ) Wa3 = (£ — M) [M (S + ) — (c2 + o).
Now, if we take the moduli in both sides of (2.43), we obtain
2| — M| (IM]+1)
2], (131, + 7131, [2],) w2

lag|” =

so that

|CL2‘§ ( +Q)|1—a+CI( )H)‘—i_l]
= [ ( 2q

In order to find |as|, we subtract (2 41 ) from (2.39), We thus obtain

:(/3 M)[M(dQ—cl Jr< >
(111, + [11a) (18], + 7
which, after taking the moduli and using the fact that
di = df,
yields
las| = 21£ = M|

(2.38)
(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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Using (2.42) in (2.46), we have
1—a+q(t—a) [ (A+1Ue)* 2,11 —a+q(l - a)
= 1, +[1 2
o+ 1o (125,% (12, + (21, 11,)

2N+ 14,2
(131, + 7131, 121, ) [3la!

las| =

+

(2.47)

Again, by using (2.44) in (2.46), we get
2(g+2)[1—a+q(l—a) A+ yo
([ + 1) (131, + (3], [2],) 18l

|a3| <

It follows from (2.41) that

(L+a)[1—atgll—a)A+1l:
(131, + 18], 121, ) (31!

A

lag — 12], a3
Using the fact that

in (2.45), we have

as — & a3 = (£ = M) (e2 = o) . 2.48
(mq [l]q) (g 110 (], B, 21,) 2

By taking the moduli on both sides of (2.48), we finally obtain

oo (e Yagl s 2ot ai oD
(B + a1 |l + 1) (131, + 18], 121, ) | 3l
which completes the proof of Theorem 2.6. O

3. Concluding remarks and observations

Here, in our present investigation, we have successfully applied the Faber polyno-
mial expansion method as well as the g-analysis in our study of several new subclasses
of analytic and bi-univalent functions by using a certain g-integral operator in the open
unit disk U. We have derived bounds for the nth coefficient in the Taylor-Maclaurin
series expansion for functions in each of these newly-defined analytic and bi-univalent
function classes subject to a gap series condition. By means of corollaries of our main
theorems, we have also highlighted some known consequences of our main results,
which were given recently by Srivastava et al. [26].
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