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On a specific ratio-cosine Hardy-Hilbert-type in-
tegral inequality in the entire plane

Christophe Chesneau

Abstract. This article focuses on a specific Hardy-Hilbert-type integral inequality
that is defined in the entire plane. The main contribution is the derivation of a
ratio-cosine kernel function, which sets it apart from most existing literature on
the subject. As a consequence of the main theorem, a related integral inequality
of independent interest is also derived. The exposition is self-contained, with full
details of all proofs presented, and each step is carefully justified.
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1. Introduction

The classical Hardy-Hilbert integral inequality is a key tool in real analysis. It provides
a precise upper bound for a double integral involving the product of two functions.
More precisely, let p > 1, g = p/(p—1) and f, g : (0, +00) — (0, +00) be two functions.
Then the Hardy-Hilbert integral inequality states that

/O+Oo /0+O<> - Jlr yf(m)g(y)dwdy < m Uom fp(:v)dx] " UO+OO gq(y)dy} v :

provided that both integrals on the right-hand side converge. The constant 7/ sin(7/p)
is known to be the best possible and cannot be improved (see [7]). This inequality has
found numerous applications in analysis, operator theory, and mathematical physics.
It serves as a benchmark for a wide class of Hardy—Hilbert-type integral inequalities.
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Further details and developments can be found in the monographs of Yang [21, 20],
as well as in the classical and modern contributions in [17, 15, 22, 4, 1, 3, 2].

In fact, most of the results in this field have been obtained in the quarter-plane
(0, +00)% = {(z,y) € R%; >0, y > 0}. In recent years, considerable effort has been
devoted to extending Hardy-Hilbert-type integral inequalities beyond this domain to
the entire plane RZ, i.e., the set of all points in the plane. See, for instance, the
studies in [18, 8, 19, 25, 14, 16, 9, 24, 11, 27, 12, 10, 6, 26, 13, 23]. The established
generalizations are quite diverse, involving various classes of kernel functions, and a
broad range of parameter settings. As a well-known example, in [19], the result below
holds. Let p > 1, ¢ = p/(p— 1) and f,g : R — (0,400) be two functions. Then we

have
+oo “+oo
|| el @etidsdy

1/p +o0 1/q
g[/ 2] 1-0/20=1 o >dx} [/ [y|(1=02)a-1 ga <>dy} ,

— 00

99 0

and B(a,b) is the standard beta function, i.e., B(a,b) = fol to=1(1 —¢)*~1dt, provided
that both integrals on the right-hand side converge. The constant s is known to be
the best possible and cannot be improved (see [19]).

Despite the abundance of literature on the subject, inequalities involving ratio-
cosine kernel functions have received relatively little attention. This article aims to
address this gap. More specifically, our objective is to present a new integral inequality
based on the following kernel function:

{1 — 7 cos|a(B — m)]}l/q {1 — 7 cos[a(p — y)}}l/p
2 4y

where

k(z,y) =

)

where a, 8 > 0 and 7 € [—1,1] are three independent and adjustable parameters.
For the sake of completeness, we provide a detailed proof. A key component of our
analysis is an integral formula derived from one originating in [5]. We also prove an
integral inequality involving the dependence of only one function.

The remainder of the article is organized as follows: Section 2 presents a prelim-
inary result: the aforementioned new integral formula. Section 3 contains our main
results. Section 4 provides a conclusion.

2. A preliminary result

The lemma below corresponds to [5, Formula 3.723 7], with only minor changes to
the notation.
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Lemma 2.1. [5, Formula 3.723 7] Let o, 8,1 > 0. Then we have
/+°° cos[a (B — )]

™
dr = — cos(af3)e™ ",

Based on this result, we derive the new result below. This mainly involves mod-
ifying the integrand of the previous integral to make it non-negative.

Lemma 2.2. Let a, >0, v € R\{0} and 7 € [-1,1]. Then we have
/+°° 1 — 7 cos[a(f — x)]

—o 7+’

dx = ﬁ [1 - Tcos(aﬁ)e_ahq .

Proof. Combining a linearization of the integral with the standard arctangent primi-
tive and Lemma 2.1 yields

/*M—ww[a(ﬁ—@}dm: /+°° Lo /+°° cosla(f— )],

—oo V2 + a? R oo P A?
1 T wrteo ™
= [ arctan ()} — 7— cos(af)e N
vl (o] /2 P
= ;= cos(af)e Nl = T [1 — TCOS(&B)G_(X"Y'} .
il vl
This ends the proof of the lemma. O

The fact that the integrand is non-negative and is defined on the real line, and
that the integral formula is in closed form, makes it suitable for use in Hardy-Hilbert-
type integral inequalities in the entire plane. This is the focus of the subsequent
section.

3. Main results

Based on Lemma 2.2, the theorem below states a new Hardy-Hilbert-type integral
inequality in the entire plane. As outlined in the introduction, it is of ratio-cosine
nature.

Theorem 3.1. Letp>1, q=p/(p—1), o, >0, 7 € [-1,1] and f,g: R — (0, +00)
be two functions. Then we have

= )7 {1 = 7 cosfa(8 — )} 7
-

72 + 12 f(x)g(y)dzdy

<r {/ = [~ cosa)e] fp(x)d:z:}l/p

s |7
[e'e] l/q
X {/_; |—;| [1 — Tcos(aﬁ)e_a‘y‘] gq(y)dy} ,

provided that both integrals on the right-hand side converge.
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Proof. Note that the double integral is well-defined because, for any x,y € R,
l1—rcosfa(f—2z)]>1—|7]>0

and
1—7cosja(B—y)]>1—|7| >0.

Decomposing the integrand using 1/p + 1/¢ = 1 and applying the Holder integral
inequality, we get

too pteo 1) 2eos[a(B — @)Y {1 — 7 cos[a(B — 1/p
[ [ {1 la(B )]}x? +{11/2 [a(B =y} F(@)(y)dudy

e Rt ) PN
{/+°° /+°° 1-— TCOzs (B — y)]fp(x)dxdy}l/p
x2 + y?

{/+oo /+°° 1— TCx(;S+ ;ﬁ — x)}gq(y)dxdy}l/q‘ -

Let us examine these integrals. It follows from the Fubini-Tonelli integral theorem
and Lemma 2.2 with v = = that

/+oo/+o<>1 7 cos|a(f — Z/)]fp(x)dxdy

x2 4y

B /_oo {/_:o - TZZSEL ?(Jf - y)]dy} P (x)da
U e i

= 7r/+oo |1| [ Tcos(aﬂ)e*“‘wq fP(x)dx. (3.2)

In a similar way, we find that

/+oo /+oo1 reosla(8 = @) ja() deay

2+ 12
[T e
B /;OO {|7yT [1 - TCOS(aﬂ)e’“'y'} } 9°(y)dy

= ﬂ/i:o ﬁ [1 - Tcos(ozﬁ)efo‘lyl} 99(y)dy. (3.3)
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It follows from Equations (3.1), (3.2) and (3.3), and 1/p +1/g =1 that

/_ ; b /:" {1— 7 cosla(8 — x)]};{i{;— reosla(B = I ¢ dray
<7 {/:O ﬁ [1 — Tcos(aﬁ)e*alx\} fp(x)dx}l/p
X {/_;OO |—1| [1 — Tcos(aﬁ)efa‘yq gq(y)dy}l/q.

This completes the proof of the theorem.

7

To the best of our knowledge, this is a new addition to the literature on the

Hardy-Hilbert integral inequality in the entire plane.

The constant factor, 7, was obtained in the development process with the mini-
mum possible number of steps. However, it has not been proven rigorously that this
is the best possible approach. The question of its optimality remains unanswered.

Assuming that both integrals on the right-hand side converge implies that the
functions f and g must behave in a specific way near 0. More precisely, near 0, they
must satisfy the equivalences f(x) ~ |z|* and g(y) ~ |y|* with ¢,w > 0, with reference

to the convergence of the Riemann integral in the interval (—1,1).

Some specific examples of Theorem 3.1 are provided below.

o If we take 7 = 0, we get

+o0 +o0 1 400 1 . 1/p +oo 1 , 1/q
[ @ty <x | [ g [ awa]

o If we take 7 = 1, using the following trigonometric formula: sin?(a) =
cos(2a)]/2, a € R, and 1/p + 1/q = 1, we obtain

oo 0 [ - 1/q sinla( 4 — p
[ ; [ ; {sin’[a(8 )/2]}%2 +{y22[ (68— y)/2} -
<3 { / :O Tiw |1 cos(aB)e!!] fp(:c)dx}l/p

x { / L cos(agyeal] g%y)dy}l/q.

[1-
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o If we take 7 = —1, using the following trigonometric formula: cos?(a) = [1 +
cos(2a)]/2, a € R, and 1/p + 1/q = 1, we obtain

/+°°/+°° {cos?[( B — )/2]}"/" {cos?[a(8 — y)/2]} "/

2 + 92

T {/M = [1+cos(a6) a'f'} fp(a:)dx}

x { / :o ﬁ [1+ cos(ag)e ] g%y)dy}l/q.

f(x)g(y)drdy

1/p

I /\

The proposition below is a non-trivial consequence of Theorem 3.1. It has the
distinctive feature of involving only a single function.

Proposition 3.2. Letp>1,¢=p/(p—1), o, >0, 7€ [-1,1] and f: R — (0, +0)
be a function. Then we have

/+OO{|1 [1*TCOS(OZ5) a|y|]}<i’1)

e {1- [o(B—2)]}"/ {1~ [a(B=y]}"? '
> {/ T cos|a T AL T cos[a Yy f(a:)dm} dy

ety
— 00

< {/:O ﬁ [1 -~ cosag)e]] fp(x)dx} ,

provided that the integral on the right-hand side converges.

Proof. To ease the developments, let us set

" /+°° { |1| [1 — 7cos(af)e am} }(”1)

R 1 B 1/agrq B 1/p P
" {/ {1-7 cosla(B=a)]}"/* {17 cosla(B-y)]} f(x)dx} dy.

z24y?

— 00

Then we can write

a= [ {{i ey

oo 1 B 1/agq B 1/p Pl
" / (=reofaboa} 11 r conla(8=yl) f(x)dx}

—0o0

T (17 cosla(B—r)]} /(1 7 cosa(8—y)]} /7
X {/ T COS|&x x - T COS|&x Yy f(z)dx} dy

z%+y

T[T fer cosfa(-a) /0 (1 r cosla(@-y)l} /7
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with

goly) = {{ L= reostagenei] }

+o00 -
X/ {1—7 cos[a(B— x)]}l/q{l 7 cos[a(B— y)]}l/pf(x)dx} .

z2+y?

— 00

Applying Theorem 3.1 to f and g,, we get

400 ptoo 1
/ / {17 cosla(B=a) [} /2 {1 -7 cosla(B—)Y'"? ¢ g (1)) dxdy

z2+y?

- {/Oo %I [1 T reotane a‘zl} fp(x)dx}l/p

x {/ml; [1 - reos(aB)e¥] ga(y )dy}l/q.

—00
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(3.5)

Let us now examine this last integral. Using 1/p + 1/¢ = 1 and the expression of 2,

we obtain

[ L = ety o

= /:)O ﬁ [1 - Tcos(aﬂ)e*‘)"yq {{Iyll {1 - Tcos(aﬁ)e*a“’l] }1

+oo 1 1/agq 1/ wrh
% / { 77cos[a(ﬁfz)]}aﬂjygrcos[oc(ﬁfy)]} f(x)dx} dy

— 00

= /_;OO é [1 - Tcos(aﬂ)e_(”yq {{|y1| [1 - Tcos(aﬁ)e_alyl} }1

too Bz} a{1— (B—y))}/P !

24y
—o0

- /+: {|1| [1 B TCOS(aﬁ)ewlyq }_(’"1)

x {/+ {1 cosfa(B=e))}"/*{1 7 cos[a (A= y”}”pf(f”)dx}pdy

r24y?
—o00

=20

It follows from Equations (3.4), (3.5) and (3.6) that

00 1/p
A< 7 {/+ = {1 — Tcos(aﬁ)efalml} fp(x)dx} A9,

o |2l

(3.6)
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Using 1/p + 1/q = 1, we obtain

AP < {/+Oo 1 {1 - Tcos(aﬂ)e_a‘xl] fp(x)dx}l/pa

—o |2l

so that
+oo 1
A< 7Tp/ Tl {1 - Tcos(aﬁ)e_a‘ml} fP(x)dx.
This can be written as

T e

—00

T {1— 7 cosla(B—a)]} /7 {1 -7 cos[a(8—y)]} /" :

— 00

< P {/+oo L [1 chos(aﬂ)e*alml] f”(:z:)dx}.

oo Izl

The proof of the proposition ends. O

This proposition can be typically used in the study of specific ratio-cosine integral
operators. Some particular examples are given below.

o If we take 7 = 0, we get

+oo B “+o0 1 p +00 1
[m lylP~ {/oo Mf(x)dz] dy < w? {/m Tl p(x)dx}

o If we take 7 = 1, using the following trigonometric formula: sin®(a) = [1 —
cos(2a)]/2, a € R, and 1/p+ 1/q = 1, we obtain

| T costampeme] }M

+oo sin?[a(B—1x t/a sin?[a(B8— /e P
X{/ {sin®[a(B—2)/21} /" {sin?[a(B-y)/2]} f(x)dx} dy

x2+y?2
— 00

< (g)p {/:o % [1 _cos(aﬁ)e*alﬂ fp(z)do:}.

o If we take 7 = —1, using the following trigonometric formula: cos?(a) = [1 +
cos(2a)]/2, a € R, and 1/p + 1/q = 1, we obtain

/+°° {Lzl/ {1 + Cos(aﬁ)e—a\yq }‘(’"”

— 00

+o0 2 (B—x V9L cos2[a(B— l/p !
" {/ {cos la(B )/2]} { [a(B y)/Z]} f(x)dx} dy

2 +y2
— 00

< (g)p {/M % [1+ cos(ap)e ] fp(x)dx} .

o |2l
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4. Conclusion

In conclusion, we have derived a new Hardy-Hilbert-type integral inequality involving
a ratio-cosine kernel function in the entire plane, alongside a related inequality that
depends on only one function. The presence of three independent parameters makes
our results notably flexible and distinguishes them from existing inequalities in the lit-
erature. One limitation of our study is that we do not prove that 7 is the best possible
constant factor, which remains an open problem. Proposed areas for future research
include exploring multidimensional analogues, extending the method to other classes
of oscillatory kernel functions, and investigating potential applications in harmonic
analysis and mathematical physics.
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