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Results on ¢—like functions involving Hadamard
product
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Abstract. In this paper, we derive a differential subordination theorem involving
convolution of normalized analytic functions. By selecting different dominants to
our main result, we find certain sufficient conditions for ¢p—likeness and parabolic
¢—likeness of functions in class A.
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1. Introduction

A function f is said to be analytic at a point z in a domain D if it is differentiable
not only at z but also in some neighbourhood of the point z. A function f is said to
be analytic in a domain D if it is analytic at each point of D. Let H be the class of
analytic functions in the open unit disk E={z € C: |z| < 1}. Fora € C and n € N,
let H[a,n] be the subclass of H consisting of the functions of the form

f(2) =a+anz" + anp12" ™+ .

Let A be the class of functions f, analytic in the unit disk E and normalized by the
conditions f(0) = f'(0) — 1 =0.

Let S denote the class of all analytic univalent functions f defined in the open unit
disk E which are normalized by the conditions f(0) = f/(0) — 1 = 0. The Taylor series
expansion of any function f € S is

f(2) =24 a9z +az2® + ...
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Let the functions f and g be analytic in E. We say that f is subordinate to g written
as f < g in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is regular in |z| <
1, ¢(0) =0 and |¢(2)| < |2| < 1) such that

f(z) = 9(6(2)), |2 <1.
Let ® : C> x E — C be an analytic function, p an analytic function in E with

(p(2),2p'(2);2) € C?> x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(z), (p(0),0;0) = h(0). (1.1)
A univalent function ¢ is called dominant of the differential subordination (1.1) if
p(0) = ¢(0) and p < ¢ for all p satisfying (1.1). A dominant ¢ that satisfies § < ¢ for
all dominants g of (1.1), is said to be the best dominant of (1.1). The best dominant
is unique up to a rotation of E.

o0
Let f(z Zakz and g(z) = Zbkzk be two analytic functions, then the

k=0
Hadamard product or convolution of f and g, written as f * g is defined by

(f*9)( Z abyz".

Ronning [8] and Ma and Minda [6] studied the domain 2 and the function ¢(z) defined
below:

Q:{u+iv:u> (u71)2+v2}.

-1 (1)

maps the unit disk E onto the domain €. Let ¢ be analytic in a domain containing
f(E), #(0) =0 and R(¢'(0)) > 0. Then, the function f € A is said to be ¢— like in

E, if
*(5en) > 7 <

This concept was introduced by Brickman [4]. He proved that an analytic function
f € A is univalent if and only if f is ¢— like for some analytic function ¢. Later,
Ruscheweyh [9] investigated the following general class of ¢—like functions:

Let ¢ be analytic in a domain containing f(E), where ¢(0) = 0, ¢'(0) = 1 and
¢(w) # 0 for some w € f(E)\{0}, then the function f € A is called ¢p—like with
respect to a univalent function ¢, ¢(0) =1, if

Clearly the function

5 < s
A function f € A is said to be parabolic ¢— like in E, if
2f'(2) > 2f'(z)
%<¢ww» Z oty | EE (1.2)
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Equivalently, condition (1.2) can be written as:

St <=1+ (e (15))

In 2007, Shanmugham et al. [10] proved the following result for ¢—like functions.

Theorem 1.1. Let q(z) # 0 be analytic and univalent in E with ¢(0) = 1 such that
2q'(2)
q(2)

is starlike univalent in E. Let q(z) satisfy

aq(z)  2q'(2) | 2¢"(2)
%[1+ . o) + q,(z)]>0.
Let

U(a,v,9;2) == a {z(f*g)’(z)} N {1 + Z((J{:g)/"(z) z(o(f x 9)(2)) }

o(f * 9)(2) 9)'(z)  o(fxg)(2)

If q satisfies

U(a,v,9;2) < aq(z) +

then
2(f x9)'(2)
o(f *9)(2)
and q is the best dominant.

Later in 2018, Brar and Billing [3] obtained the following result.

Theorem 1.2. Let q(z) # 0, be a univalent function in E such that

| NN (51 N
@ |1+ a0 >0 en

W) ) Fa)
(i) ® |14 205 4 (-2 4 F029) gy 4] >0

If f and g € A satisfy

@[], )@ e ) ))
S )Lé(f*g)(z)] * Lﬁ(f*g)(Z)] {” T/ o 9)) ]
—« 2P+ alq(2)Y 24 (2)
< (1= a)(e(:)" + ata(z)) (14 2
then
gV
S(Frg)n) <A FER

where o, B, v are complex numbers such that o # 0, and q(z) is the best dominant.
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In 2019, Adegani et al. [1] established sufficient subordination conditions for functions
to be close-to-convex.

Moreover, this study is also motivated by the findings of Cho et al. [5] and Adegani
et al. [2] who explored subordination conditions in geometric function theory.

The aim of the present investigation is to find sufficient conditions for parabolic
¢—likeness and ¢—likeness of analytic functions.

To prove our main result, we shall use the following lemma of Miller and Mocanu.

Lemma 1.3. ([7], Theorem 3.4h, p.132). Let q be univalent in E and let 6 and ¢
be analytic in a domain D containing q(E), with ¢(w) # 0, when w € ¢(E). Set
Q(z) = z¢' (2)ple(2)], h(z) =0]q(2)] + Q(2) and suppose that either
1. h is convex, or
2. Q is starlike.
In addition, assume that

3. R (Zg((;))> >0 for all = € E.

If p is analytic in E, with p(0) = ¢(0), p(E) C D and
0lp(2)] + 2p'(2)elp(2)] < Ola(2)] + 2¢'(2)pla(2)], = € E,

then p(z) < q(z) and q is the best dominant.

2. A subordination theorem

In what follows, all the powers taken are principal ones.

Theorem 2.1. Let 5 and vy be complex numbers such that 8 # 0. Let q(z) # 0, be a
univalent function in E such that

s N ORe

(i7)R [1 + Z;I,((Zj) + (% — 1) zg(g) +2 (% + 1) q(z) +2 (% + 2) q2(2)} > 0, where
a, b and c are real numbers with ¢ # 0. Let ¢ be analytic function in the domain con-

taining (f*g)( ) such that $(0) =0=¢'(0)—1 and ¢(w) # 0 for w € (f*g)(E)\{0}.

(F*g
Iff. g (f* )7&0 z € B, satisfy
[ f*g( }
9)(2))
2 / B
S Uy T () ], [ A0 ) A6 <))
{ o(F = Xz»‘+b{ «f*ng»] T T e ]}
Y aa(z 2(, Czq’(z) 7
<G o) + 0 + 23] @)
hen
: ( +9) ()

A o)) "4 ek

and q(z) is the best dominant.
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Proof. Define the function p by
gV () g
o((f *9)(2))
Then the function p is analytic in E and p(0) = 1.
Therefore, from equation (2.1), we get:

p(z) =

’ B
T el + 92 + L] <

alp()]P T+ b[p(2)]7 T + ¢ [p(2)]

< alq(2)]
Let the functions 6 and ¢ be defined as:

N
P
2
—
—
N
~—
_|_
S
L
—~
~—

or
Ly 2)

5 (
b g()]P T+ ela(2)]P T 24 (2)

O(w) = aw? ™ + bw? 2 and p(w) = cw?

Clearly, the functions 6 and ¢ are analytic in domain D = C\{0} and ¢(w) # 0 in D.

Therefore,

Q(z) = ola(2)]2¢(2) = clq(2)]7 ' 2¢ (2)

and
h(z) = 0[q(2)] + Q(2) = alq(2)] 7" + blg(2)] 72 + clg(2)]7 " 2q/(2)
On differentiating, we get
2Q'(2) ., 24"(z) n (7 1) zq'(2)

o) TR a(2)

B

and

2l (2) 2q"(2) (v ) 2q'(z) | a ('y ) b (v ) 2
=1+ +(5—-1 +-=|5+1)gkz)+-|5+2)q(2).

e e T e et e ) o)
In view of the given conditions (i) and (i), we see that @ is starlike and

zh’(z))
R > 0.

( Q(2)

Therefore, the proof, now follows from Lemma [1.3]. O
For g(z) =

Theorem 2.2. Let 5 and vy be complex numbers such that 8 # 0. Let q(z) # 0, be a
univalent function in B which satisfy conditions (i) and (ii) of Theorem 2.1. Let ¢ be
analytic function in the domain containing f(E) such that ¢(0) =0 = ¢'(0) — 1 and

o(w) £ 0 for w e FEN0}. If f € A Z(’;((j))) £0, = € E, satisfy

¢
, B
@\ =) OV, (L e
Eael { o Ga) - <” 7o) o) )}

5 B
<) {ant) + 0P + LB L

in Theorem 2.1, we have
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where a, b and ¢ are real numbers with ¢ # 0, then

M <q(z), z €E,

¢(f(2))

and q(z) is the best dominant.

3. Applications to parabolic ¢p—like functions

2
2 1
Remark 3.1. Selecting ¢(z) =1+ — <10g < + ﬁ)) , 8=~ =11in Theorem 2.2,
T 1—+/z

then after having some calculations,

q(2) = ﬂz\/zé — ) 08 G . é)

= {k’g G - ?)]
q(2) . % [log (1+ﬁ>]2

vz
q"(z)  3z-1 . 1
q(z)  2z2(1-2) VZ(1 - 2)log (i@ .

Thus the conditions (¢) and (i¢) of Theorem 2.1 becomes

') (v ) ) 1+ Vz
e +<ﬂ 1) ORTE) 202 (12 log (£25)
and
2q"(z) (v 2 (2) , a(~y AL (2 2(,
LS G e s (e 2 (G ) e
14 2B B Ry

1+ 2
B z_ 4 vz 42

C2(1-2) (1_2)10g(1+ ) "

1—
2 1 2
1+ — |log +vz .
2 1—4/z
b
Therefore, for real numbers a, b, ¢ with ¢ # 0 and g, - > 0, we notice that ¢(2)
c c

satisfy conditions (¢) and (i7) of Theorem 2.1. Thus, we derive the following result
from Theorem 2.2.

N

A (2]

R

3b
+
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Theorem 3.2. Let ¢ be analytic function in the domain containing f(E) such that

Y/ —1 an w or w Zf()
$(0) =0=¢/(0) =1 and ¢(w) # 0 for w € FE)\{0}. If f € A, ¢(f(Z))7AO

satisfy

(G5) (55355?)

{ Nf"(2) + £1(2)] = 2F'(2) [¢<f<z>>]’}
¢(f(2))]2
ol 2 (D) T w2 ()]
+errgy o (122
where a, b, ¢ are real numbers such that ¢ % 0 and % g >0, then
I =) I

Hence f is parabolic ¢-like.

2 1
Remark 3.3. Selecting ¢(z) = 1+ —; (log (1 + :?)) , 3 =1and v = 0in Theorem
T

2.2, then after having some calculations, we have

q(2) = ﬂz\/zé — ) 08 G . é)

on ENE(ED) [l‘)g G - 9]

)

q¢"(z)  3z-1 N 1
/ - _ 2\
7)) 20=2) 20 - )0 (1)
Thus the conditions (7) and (i¢) of Theorem 2.1 becomes

- 2q" (2) N (7 1) 2'(2) _ N 2q"(z) zq’iZ)

7 (2) B ) az) T dk) a2

_ 14z Vz _WQle\/—EZ) {log(iiéﬂ
2(1-2) (1—z)log<i+£) 1+;{log<1t£)r
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e () 2 2 (et (o2
e st R
_ s vz _m[logciéﬂ
2(1-2) (1_z)log<1i—£> 1"':2[10‘%(1—1—@)}2

2 272
a 2 1++/z 2b 2 1+ =z
— 1+ = (1 — |1+ =1 .
o +7r2<0g<1—\/5>”+0 +ﬂ2(og(1—\/2
b
Therefore, for real numbers a, b, ¢ with ¢ # 0 and %, - > 0, we notice that ¢(z)

c
satisfy conditions (¢) and (i7) of Theorem 2.1. Thus, we derive the following result
from Theorem 2.2.

Theorem 3.4. Let ¢ be analytic function in the domain containing f(E) such that

#(0) =0 = ¢'(0) — 1 and (w) # 0 for w € FENO}. If f € A, qf{;g; 40, z €E,
satisfy

O ETLOR 21"(z)  =0(f(2))
a¢(f(Z))+b(¢(f(z>)) “(” & el )

2 (e (1)

+b

o o (26)
m2(l—z g —/z
n (1-2) 11 vz

1+ % [log (J@)]

<a

b
where a, b, ¢ are real numbers such that ¢ # 0 and 9, - >0, then
¢ c
2f'(2) 2 < <1+¢2>)2
<14+ = |log , z € E.
o(f(2)) ™ 11—z

Hence f is parabolic ¢-like.

4. Applications to ¢—like functions

Remark 4.1. By taking g(z) = 1+1tz, 0 <t <1, 8 =+ =1 in Theorem 2.2, then
after having some calculations we have

2q"(2)

q(z) !

1+
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and
z2q"(z)  2a 3 2a 3b 9
1 — — =1+—(1+4¢ —((1+t2)°.
+ D 2+ T ) =14 2t )+ 1)
Thus for real numbers a, b and ¢ (# 0) such that 0 < 4 <1,

c
b
0 < - < 1, we observe that ¢(z) satisfy conditions (i) and (i7) of Theorem 2.1.

c
Therefore, we immediately, arrive at the following result from Theorem 2.2.
Theorem 4.2. Let ¢ be analytic function in the domain containing f(E) such that

_ Y _ an w or w Zf/(Z)
¢<f.) f_0—¢<0> Land g(w) # 0 for w € JEN0} I f € A, 27
satisfy

SN, (AN
(sep) + (Grep)
e { SN [1"() + £ (2)] = 2'(2) [ ()] }
()P
a(l4t2)% +b(1 +t2)® + ctz,

b
where a, b, ¢ are real numbers such that ¢ # 0, 0 < ¢ <1land0< - <1, then
c c

2f'(2)
o(f(2))
Therefore, f is ¢-like in E.

<1+tz, 0<t<1, z€E.

Remark 4.3. When we select ¢(z) = e*, § = = 1 in Theorem 2.2, a little calculation
yields that

=1+z

and
" 2 b 2 b
z2q (Z)+7aq(z)+37q2(z):1+z+7aez+3762
q(z) ¢

b
For real numbers a, b, ¢ such that ¢ #0, — > 0.4 and - = 1, we see that ¢(z) satisfy

conditions () and (i) of Theorem 2.1. Hence we obtaln the following result from
Theorem 2.2.

Theorem 4.4. Let ¢ be analytic function in the domain containing f(E) such that

_ o _ an w or w Zf/(Z)
¢<f.) f_0_¢(0) tand o) 20 forw € JENON S 4 G50
satisfy

(DN ()N
<¢(f(Z))> “’(¢<f<z>>)
e { U f"(2) + F(2)] — 21'(2) [ )] }
[6(f(2))]

< ae® +be* + cze?,
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where a, b, ¢ are real numbers such that c # 0, % > 0.4 and g =1, then
zf'(z)
<e*, z€eR,
o(f(2))

i.e. [ is ¢-like.

2
Remark 4.5. By selecting q(z) =1+ =22, f =~ =1 in Theorem 2.2, we have

3
2q"(2)
14 =2
7 (2)
and
2
zq"(2)  2a 3 5 2a 2 5 3b 2 5
1 — — =24+ — (14 — 14 = .
+q,(z)+cq(z)+cq(z) +- +3z +C +32
b
For real numbers a, b, ¢ such that ¢ # 0, 4 > —0.6 and - > 0, we notice that ¢(z)
c c

satisfy conditions (¢) and (ii) of Theorem 2.1. Hence, we obtain the following result
from Theorem 2.2.

Theorem 4.6. Let ¢ be analytic function in the domain containing f(E) such that

6(0) =0 = ¢/(0) — 1 and ¢(w) £ 0 forw e FENO}. Iffe A, L) 4o . eR,
satisfy

o(7(2)
SN ()
”<¢<f<z>>> +b(¢(f(2)))
e { U f"(2) + F(2)] — 21'(2) [ )] }
O

]
2 ,\° 2 ,\° 4
<a <1 + 322) +b <1 + 322> + 5022,

b
where a, b, ¢ are real numbers such that c # 0, % > —0.6 and - > 0, then
zf'(2) 2 5
<1+ =-2% z€E.
o(f(2)) 3

Thus f is ¢-like.

1+ 2
1—2z

5
Remark 4.7. By taking ¢(z) = ( ) ;1 0<d<1, f=7=1in Theorem 2.2, we

get
2q"(z) 1420z + 2?
¢(z) 122

1+

and

1+

1— 22 c

2q"(z)  2a 3b C1+20z+2%  2a (1+z>5+3b (1—&—2)26
e ; .

7@ 1+ G 1—2 1—2
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For real numbers a, b, ¢ such that ¢ # 0, b = 0 and 4 > 0, we notice that ¢(z)
c

satisfy conditions (i) and (¢4) of Theorem 2.1. Hence, we obtain the following result
from Theorem 2.2.

Theorem 4.8. Let ¢ be analytic function in the domain containing f(E) such that

$(0) = 0= ¢'(0) — 1 and d(w) # 0 for w € FEN{O}. If f € A, ;(‘i;((;)) 40, 2 €E,
satisfy

2f'(2) \° 2f'(2) \°
“<¢><f<z>>> +b(¢(f(z)))
e { U] () + /()] — 2 (2) [ }
Bk

DNEEE: 25+b 142 35+CZ 26 14 2\°
1—z 1—z 1—22 1—2) "

where a, b, ¢ are real numbers such that ¢ #0, b =10 and % >0, then

2f'(2) (1+Z)5.
sy “\iDy) 1 0<istl ek

1+ (1—-2n)

Remark 4.9. When we put ¢(z) = Z; 0<n<1, B=v=1in Theorem

2.2, a little calculation yields that

2q"(z2) 14z

1+

¢(z) 1-z

" ) (129
2q" (2 2a 3b , 142z 2a|1+(1-2n)z
1 = = = i [ S b

+q’(z) +Cq(z)—|—cq(z) 1—z+c 1-2

3b {1+(1 —2n)zr

+ | TR

c 1—-=2

For real numbers a, b, ¢ such that ¢ # 0, b =0 and 4 > 0, we see that ¢(z) satisfy
c

conditions (i) and (#¢) of Theorem 2.1. Therefore, we obtain the following result from
Theorem 2.2.

Theorem 4.10. Let ¢ be analytic function in the domain containing f(E) such that

$(0) = 0= ¢'(0) — 1 and p(w) £ 0 for w € FEN{0}. If f € A, ;(J;((j))) 40, z €E,
satisfy

‘ <¢<J;<(>))> 0 (¢(J}<(>)>)

e { BUENE"() + F(2)] = 2'() U )] }

[e(f ()]
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. [1 + (11_227;)2] 2 b {1 + (11_2277)2} 3 e {%1_;)72)] ,

where a, b, ¢ are real numbers such that ¢ #0, b =0 and 4 >0, then
c
2f/(:) 1+ (1=2):

o(f(2)) 1—2z
r.e. [ is ¢-like in E.

,z€eE, 0<n<1,

o' (1—2)

Remark 4.11. When we select ¢(z) = i o/ >1, B=+=11in Theorem 2.2,
z

after a little calculation, we obtain

o —

1+ 2q"(2) _ o +z

q'(2) o —z
and 1 b / !/
2 2 1-—-

4 2E) 2y 8 ey iz 2afd(l=2)
q'(2) c c o —z ¢ | o —2z

3b {a'(l—z)r

R

c | o —2

For real numbers a, b, ¢ such that ¢ # 0, b = 0 and 4 > 0, we see that g(z) satisfy
c

conditions (¢) and (i7) of Theorem 2.1. Thus, we get the following Theorem from
Theorem 2.2.

Theorem 4.12. Let ¢ be analytic function in the domain containing f(E) such that

#(0) = 0= ¢'(0) — 1 and d(w) # 0 for w € FEN{O}. If f € A, (;(i:(f;) £0, z€E,
satisfy

‘ <¢(J;((>)>> 0 (as(if(())))g

+ez { UL () + /()] = 27 (2) BU ) }

[B(f(2)]?
’ 2 ! 3 ! !

where a, b, ¢ are real numbers such that ¢ #0, b =0 and 4 >0, then
c

zf'(z) o (1-2)
of(2) o —2

, 2€E, o >1,

r.e. fis ¢-like.
Remark 4.13. By taking gq(z) =1+tz, 0 <t < 0.8, =1 and v = 0 in Theorem 2.2,

then after having some calculations we have
2q"(2)  2q(z) _ 1
d(z)  alz)  1+tz
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and
2q"(z)  z¢'(z2) a 2 1 a 2b 2
+ 2 I L )+ D P = e+ S )+ 2 (1)
b
Thus for real numbers a, b, ¢ such that ¢ # 0 and %, - > 0, we observe that ¢(z)

satisfy conditions (i) and (i¢) of Theorem 2.1. Therefor
the following result from Theorem 2.2.

@

, we immediately, arrive at

Theorem 4.14. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 72]"(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f € FEN{0}. If f € A, d)(f(Z))#O’ €k,

zf'(2) 2f'(2) \? 2f"(2)  28(f(2)
a ) +0b ( )) +c (1 + )

satisfy

o(f(2 o(f(2) f'(2) P(f(2))

t
<a(l+t2)+b(1+t2)°+ =

1+tz’

b
where a, b, ¢ are real numbers such that ¢ # 0 and g, - >0, then
¢ ¢

2f'(2)

o(f(2))

<14+tz, 0<t<0.8, z€E.

Therefore, f is ¢-like.

Remark 4.15. When we select ¢(z) = ¢*, 8 =1 and v = 0 in Theorem 2.2, a little
calculation yields that

1+ - =1
(=) q(2)
and "2 2q(2) 2% 2%
2q" (2 2q'(z a 9 a , 95
1 - 2 = =14 S 4 e,
MO E I R A
b

For real numbers a, b, ¢ such that ¢ # 0, 4 > 0and 0 < - < 0.8, we see that ¢(z)

o

c
satisfy conditions (¢) and (ii) of Theorem 2.1. Hence, we obtain the following result

from Theorem 2.2.

Theorem 4.16. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 7@”(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f € FEN{0}. If f € A, ¢(f(z))#07 €k,

) () 2(2) AU
5o o) “(” e elfe) )

< ae® + be** + ¢z,

satisfy

b
where a, b, ¢ are real numbers such that ¢ #0, — >0 and 0 < — < 0.8, then
c

2f'(2)
¢(f(2))

ole

<e*, z€eR,
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n.e. fis ¢-like.
2
Remark 4.17. By selecting g(z) = 1+ 522, B =1and v =0 in Theorem 2.2, we have

2q"(z) zqd(z) 6

¢(z)  qlz)  3+22

and

S
w

> 0.6 and 0 < - < 0.7, we notice that

q(z) satisfy conditions (i) and (i) of Theorem 2.1. Hence, we obtain the following
result from Theorem 2.2.

a
For real numbers a, b, ¢ such that ¢ # 0, —
c

Theorem 4.18. Let ¢ be analytic function in the domain contammg f(E) such that

#(0) = 0= ¢/(0) ~ 1 and g(w) £ 0 for w € FENO}. If f € A, == <(z)>

)

S () zf”(z),z (2)
a¢(f(Z))+b(¢(f(z>)) “(” 7z ) )
2

2 2
1+=22)+b(1+=
a<+32>+(+3z>+3+222,

where a, b, ¢ are real numbers such that ¢ # 0, 4 > 0.6 and

satisfy

o

b
0< - < 0.7, then

Thus f is ¢-like.

5
1
Remark 4.19. By taking ¢(z) = (1 i Z) ;0<6<0.5, 8=1and~y = 0in Theorem
-z
2.2, we get,
1+ 2q"(2)  2q'(2) _ 1+ 22
q(z)  alz)  1-27
and
5 26
2q"(z)  z2¢'(z)  a 2b 1+22 a(l1+z 2b (14 2
1 - 2 = = 2 =
+ q(z) q(z) —l—cq(z)—l—cq(z) 1—22 1—2 +c 1—=2

a b
For real numbers a, b, ¢ such that ¢ # 0 and —, - > 0, we notice that ¢(z) satisfy
c ¢

conditions (i) and (i7) of Theorem 2.1. Hence, we obtain the following result from
Theorem 2.2.
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Theorem 4.20. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 7@”(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f e FEN{0}. If f € A, ¢(f(z))#07 €k,

satisfy
£ (R ) 2F1(2) HO(F())
s+ (G “’(” FE) T eU) )

- 1+=2 6—|—b 1+2 26+ 20cz
12 1-2z 1— 22’
b
where a, b, ¢ are real numbers such that ¢ # 0 and 9, - >0, then
c ¢

zf'(2) 1+2
o(f(2) " (1 —%

1 1-2
Remark 4.21. When we put ¢(z) = %; 0<n<1l,B=1andv=0in

Theorem 2.2, a little calculation yields that
2q"(2)  2q'(z) _1+z 2z(1—mn)

s
) :0<6<05, zeE.

YU T k) 1= Goan+ (-2
and
2q"(z) 2q(2) a2 5\ 14z 2z(1 —n)
1+ q(z) q(z) +cq()+c(J() 1—z (1-2)1+(1-2n)z

all+(1—-2n)z 2 [1+ (1—2n)z]>
o | .
c 1—-2 c 1—=2

For real numbers a, b, ¢ such that ¢ # 0, b =0 and % > 0, we see that ¢(z) satisfy

conditions (¢) and (i7) of Theorem 2.1. Therefore, we obtain the following result from
Theorem 2.2.

Theorem 4.22. Let ¢ be analytic function in the domain containing f(E) such that

#(0) = 0= ¢'(0) — 1 and d(w) # 0 for w € FEN{O}. If f € A, (;(‘i:((j))) £0, 2 €E,
satisfy

zf'(z) 2f'(2) ) 2f"(2)  28(f(2)
a +0b ( )) +c (1 + )

¢(f(2)) o(f(2) f'(z) o(f(2))

1+ (1—2n)z 1+ (1—2n)z]° 2(1—mn)
L S pl A 2=
a[ - " 1— - T a0 a=2n2]
where a, b, ¢ are real numbers such that ¢ # 0, b =0 and % >0, then
2f/() 1+ (1= 2
o(f(2)) 1—=z

,z€eE 0<n<1,

i.e. [ is ¢-like.
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Remark 4.23. When we select ¢(z) = M; o’ >1, B =1and v =0 in Theorem
2.2, after a little calculation, we obtaina o
1+ z2q"(2) B z2q'(2) _ o — 22
7(z)  alz)  (1-2)(¢—2)
and
2q" (2 2q'(z a 2b o — 22 ald(l-=2
LS e e Y e = g =

2b {a/(l - z)} 2
+= = .
c| o —z2
b

For real numbers a, b, ¢ such that ¢ # 0, 4 >0 and - > 0, we see that ¢(z) satisfy

c c
conditions (i) and (i7) of Theorem 2.1. Thus, we get the following Theorem from
Theorem 2.2.

Theorem 4.24. Let ¢ be analytic function in the domain containing f(E) such that

=0=¢"(0) -1 and ¢(w or w 72]"(2) z
#(0) =0=¢'(0) =1 and ¢(w) # 0 f € f(E)\{0}. If f € A, ¢(f(z))#07 €k,

S (Ge) (7 )
<a {04(1—2)} b [a’(l - z)r - (1—a')ez

o —z o —z 1—2)(a/ —2)’

satisfy

b
where a, b, ¢ are real numbers such that c # 0, 4 >0 and - > 0, then
c c

2f'(z) o (1—2)
o) o -

,z€E, o >1,

i.e. [ is ¢-like.

5. Conclusion

Using the differential subordination technique involving convolution, we derived new
conditions under which normalized analytic functions exhibit ¢-likeness and parabolic
¢-likeness. These results contribute to a deeper understanding of geometric function
theory and open pathways for further applications.
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