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Holomorphic vector field with one zero
on the Grassmannian and cohomology

Zsolt Szilagyi

Abstract. We consider a holomorphic vector field on the complex Grassman-
nian constructed from a nilpotent matrix. We show that this vector field van-
ishes only at a single point. Using the Baum-Bott localization theorem we give a
Grothendieck residue formula for the intersection numbers of the Grassmannian.
Knowing that Chern classes of the tautological bundle generate the cohomology
ring of the Grassmannian we can compute the ideal of relations explicitly from
the residue formula. This shows that the cohomology ring of the Grassmannian
is determined by holomorphic vector field around its only zero.
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1. Introduction

In this article we show that the Baum-Bott localization formula [2, Theorem 1]
using holomorphic vector fields can be used to compute the cohomology ring and
the intersection numbers of the complex Grassmannian. Moreover, the holomorphic
vector field can be chosen such that it has only a zero point, hence the cohomology
ring of the Grassmannian is determined by this vector field near its single zero. From
the residue formula of Baum-Bott for Chern numbers we are able to deduce the
relations between the generators of the cohomology ring of the Grassmannian, hence
to compute its cohomology ring.

The structure of the article is as follows. In Section 2 we recall the definition
and properties of the Grothendieck residue which we use in the sequel. In Section 3
we recall the Baum-Bott localization theorem for holomorphic vector fields (Theorem
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3.1). In Section 4 we construct the holomorphic vector field on the Grassmannian
from the action of a nilpotent matrix of form (4.1). We show that this vector field has
only a zero point (Proposition 4.1). The vector field of same type of matrix on CP"*
was considered in [5] and [4, §7] to demonstrate how vector fields with isolated zeroes
can be used in computing cohomology rings. In [1] this construction of holomorphic
vector fields with single zero is generalized to G/ P, where G is a connected linear group
algebraic group defined over a an algebraically closed field of characteristic zero and P
is a parabolic subgroup. We note that the Grassmannian Gry(n,C) can be viewed as
homogeneous space. Then we express this vector field in local coordinates around the
zero point (cf. (4.8)). In Section 5 we write up a residue formula for the Chern numbers
of the tangent bundle of the Grassmannian Grg(n,C) by the Baum-Bott theorem and
we simplify it by eliminating all but n variables (Theorem 5.6). In Section 6 we recall
the properties of Chern classes and the cohomology ring of the complex Grassmannian
in terms of Chern classes of the tautological and the quotient bundle. In Lemma 6.3
we show that when n # 2k then the Chern classes of the tangent bundle also generate
the cohomology ring. In Theorem 6.4 and Corollary 6.5 we reinterpret the results of
Theorem 5.6 to give the final version of the residue formula in terms of Chern classes
of the tautological and quotient bundle when n # 2k. Using the similarities between
Local Duality property (P2) of the Grothendieck residue and Poincaré duality we
can easily calculate the relations between the generators of the cohomology ring (see
Subsection 6.2.1).

Finally, in Section 7 we show the connection between the Grothendieck residue
formula (6.5) and the Jeffrey-Kirwan residue formula for the Grassmannian con-
structed as symplectic quotient (cf. (7.1) and [7, Proposition 7.2]).

2. The Grothendieck residue

In this section we recall the definition of the Grothendieck residue and its prop-
erties used in the sequel. Let h, f1,..., f, be holomorphic functions in an open neigh-
borhood U C C" of a point p. Suppose that p € U is the only common zero of f1, ..., f.
inU.

Definition 2.1. The Grothendieck residue is defined as

hdz ...dz, 1 h(z)dz ...dz,
Ry (M) = v Lo RO TG .
where I'(e) = {z € U : | fi(2)| = i, i =1,...,r} for a small regular value
e=(e1,...,er) €ERY
of (|f1l,.--,|fr]) : U — R" and the torus I'(¢) is oriented according to the differential

form d(arg f1(2))...d(arg f-(2)).

We note that the Grothendieck residue does not depend on the choice of the
small regular value €. We list some properties of the Grothendieck residue, which we
will use in the sequel.
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(P2)
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The functions fi,..., f, in the denominator of the residue anticommute. That
is, if o is a permutation of indices then

hdzl...dzr) ( hdz ...dz, >
Res, | ————— | =sgn(o) -Resp | ————7F |,
(M) = P\ Tl Vo)

where sgn(o) is the sign of the permutation o. This sign is the result of changing
the orientation of the cycle I'(e) on which we integrate.

- hg le N er
(Local Duality) We have Res, <fl|fv

phic germ g € O, if and only if h belongs to the ideal (f1,...,fr)p, C O,
(cf. [6, p.659]). Assume that fi,...,f. € C[z1,...,2,] are polynomials and

) = 0 for any local holomor-

{p} ={2€C"| fi(z) = ... = fr(2) = 0} is their only common zero in C". We
note that this is the cases for isolated zero p = 0 € C” when f1,..., f, are graded
homogeneous polynomials, i.e. there are degrees d;,d; € Z~q, for i = 1,...,r

such that fi(t%zy,...,t%2.) = t% fi(21,...,2,) for all i = 1,...,r. Then we
hgdz1...dzr) _ 0
fal oA fr
for any polynomial g € C[zy,...,2,] if and only if h belongs to the ideal
ireon ) © Cle,. o 2] (cf. [9, pAd]).

When f = (fi,...,fr) is nondegenerate at p, i.e. the Jacobian determinant

Ofi " . .dz,
J¢(p) = det (8zj (p)> . # 0 then Res, (W) = ;Lf(g), (cf. [6,
p.650]). o

(Transformation Law) Let A = (A;;); ;_; be an r-by-r matrix with holomorphic
coefficients A;; € O(U) such that p is the only locally common zero of g; =
Z;:l Aijfj) 1= 1, P Then

hdzl...dzr> (hdet(A)dzl...dzT>
Res, [ —————— | = Res ,
p( filo e v g1l - |gr

(cf. [6, p.657]). In the case of p = 0 € C" and ¢g; = 2!, i = 1,...,r with
Wi > 1 the above residue becomes an iterated residue and can be evaluated by
expanding hdet(A) into power series in variables z,..., 2z, around p =0 € C"
and taking the coefficient of the term 2/ ~' .. z#—1,

Assume that 0 € U is the only zero of polynomials fi,...,f._1,fr = 2z, €
Clz1,...,2:] in the open set U C C" and consider the inclusion ¢, : C"~* — C",
tr(21y .- 2r—1) = (21, -+, 2r—1,0). Then by division with remainder with respect
to z, we have f; = ¢z, + p;, where p; = 1} f; = fjot, € Clz1, ... z—1] non-zero
forall j =1,...,r — 1. If we set p, = z,, then p; = 22:1 A;jf; with A;; =1,
1<i<r, Ay =—p;, 1 <i<r—1and A;; =0 otherwise. Thus, det(4) =1
and by (P4), (P2) we have

hdzl...dzr> ( hdz,...dz, )
Resg [ ———————— ) = Res
’ <f1| o fr-lze C\uhl e foile

— Res ( tihdz ... dz, )Res <L:hdzl...dzr_1>
"N hl e frale “Nahl i)

have the following version of the Local Duality. Resp<
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(P6) (Pull-back) If ¢ = (¢1,...,¢,) : C" — C" is a finite map, generically m-fold
cover then

h(z)dz1...dz\ _ 1 o h(p(w))J,(w) dw; ... dw,
Res”(f1<z>...|fr<z>)‘m 2 R 4( ACOIIACD) )

CEp~t(p)
(P7) Assume that z; has degree ¢; and f; € Clzy,..., 2] are graded homogeneous
polynomials of degree d;, for i = 1,...,r. Let h be also homogeneous polynomial

of degree d. Rescaling z — Az = (A% 21, ..., A z,) yields

h(z)dzy ...dz, h(A2)d(N0 z1) ... d(\0r2,)
Resg | ——————— ] = Resg
(2] fr(2) fi2)] . fr(A2)
h(z)dz ... dzr)
= AP Res ( ,
"\ ()

where D =d+6;+...+ 6, —dy —...—d,, hence the residue vanishes if D # 0,
ie.whend#di+...+d.—61—...— 0.

3. The Baum-Bott localization theorem

We recall the Baum-Bott theorem from [2], which states that Chern numbers
of the tangent bundle can be computed by Grothendieck residues at zeroes of holo-
morphic vector fields. Let M be a compact complex analytic manifold of dimension
dimc M = r and let ¥ be a holomorphic vector field on M. We assume that 1) vanishes
only at isolated points. We consider holomorphic local coordinates z1,..., 2. on M
centered at a zero p, i.e. z1(p) = ... = z.(p) = 0. In these local coordinates we can

write
- 0
Y= 191 )

where 91, ...,9, are holomorphic functions in a neighborhood ¢, of p and this point
p is their only common zero in U,.

90, \"
Let V, = <8z) be the Jacobian. The Chern classes ¢;(V,) of the matrix
7/ 4,5=1

Vp are defined by the formula
c(Vpst) =Y c;(Vp)t' = det(I +tV,). (3.1)
i=0

Moreover, for any multidegree a = (a1,...,a;) € Z%, such that [af = a1 + 22 +
...+ ra, =r the Chern numbers of V, are given by ¢*(V,) = c1(Vp)** -+ - ¢, (V},) 7.

Denote ¢;(TM) € H*(M,C), i = 1,...,r the Chern classes of the holomorphic
tangent bundle TM. The theorem of Baum and Bott [2, Theorem 1] states that for
any multidegree o = (a1, ..., a;.) the Chern numbers

(TM) = /M el (TM)™ - ¢ (TM)*r (3.2)
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of the holomorphic tangent bundle 7'M can be computed by Grothendieck residues
at the zeroes of the holomorphic vector field ¥ as follows.

Theorem 3.1 ([2, Theorem 1]). Let ¥ be a holomorphic vector field on a compact
complex analytic manifold M of dimension dimc M = r. Assume that ¥ vanishes
at only isolated points. Then the Chern numbers of the tangent bundle of M can be
computed as

(TM)y= Y Res, (Ca(‘gl)‘_iiz.w'ﬁ‘r'd’%). (3.3)

pEzeroes of ¥

4. Nilpotent vector field on the Grassmannian

From the action of a nilpotent matrix of form (4.1) we construct a holomor-
phic vector field ¥ on the Grassmannian Gry(n,C), which vanishes at a single point
(Proposition 4.1). Moreover, in (4.8) we express this vector field in local coordinates
around its zero and we use it to compute the Chern numbers of the Grassmannian
(cf. (5.1)). The result of the computation is given in Theorem 5.6.

4.1. Definition of the vector field

On the complex vector space My, ,(C) of k-by-n complex matrices we consider
the natural left action of the group GL;(C) by matrix multiplication. We assume
that & < n. On the subset of rank k& matrices of My ,,(C) the group GL;(C) acts
properly and freely. The quotient Gri(n,C), called the Grassmannian, is the set of
k-dimensional complex linear subspaces of C" and it has the structure of a compact
complex analytic manifold. In particular, a full rank matrix P € My, ,,(C) represents
a point in Grg(n,C), namely the k-dimensional complex linear subspace spanned by
the rows of P.

On My, ,,(C) the multiplication by n-by-n matrices GL,(C) on the right com-
mutes with the action of GLj(n) on the left, hence this right action descends to the
Grassmannian Gry(n,C).

For any ¢ > 2 we consider nilpotent matrices of the following form

01 0 ... 0
001 ... 0
Ny=|: € M, (C). (4.1)
0 0 0 ... 1
00 0 ... 0

We consider the vector field ¥ on the Grassmannian induced by the nilpotent matrix
N,, € M,,(C) as follows. Let 9 be the vector field associated with the holomorphic flow
Fl(t,P) = P -exp(tNy), t € C on the Grassmannian Gry(n,C), where P € M;, ,,(C)

is a rank k matrix representing a point on the Grassmannian.
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4.2. Zeroes of the vector field

The following proposition gives a description of matrices representing the zeroes
of the vector field ¥ and shows that they represent the same point on the Grassman-
nian.

Proposition 4.1. A matriz P € My, ,(C) of rank k represents a zero of the vector field
¥ on Gri(n,C) if and only if there exists matriz S € My (C) such that SP = PN,,.
Moreover, any solution (S,P) € My(C) x My ,(C) of SP = PN, is of form S =
UN, U™ and P = (Okm_k U), where U € GL(C) and Ok p—t € My pn—r(C) is
the zero matriz. The point in Gri(n,C) represented by P = (Ok,n—k Ik) is the only
zero of the vector field ¥.

Proof. The zeroes of the vector field ¥ correspond to the fixed points of the flow FI,
hence P represents a zero of ¢ if and only if there exists A(t) € GL;(C) for all t € C
such that A(t)P = Pexp(tN,,). Moreover, A(t) is differentiable and denote S = A’(0).
Therefore, from the previous relation we get SP = PN, by taking the differential
at t = 0. On the other hand, if there is a pair (S, P) with P of rank k such that
SP = PN, then S7P = PN} for all j € Z>¢, hence exp(St)P = Pexp(tN,,). This
implies that P represents a zero of ¥.

Consider a pair (S, P) € My (C) x My, ,(C) satisfying SP = PN, In particular,
S"P = PN]) = O —r and P has rank k, thus S™ = Oy, i.e. S is nilpotent. The
Jordan form of S € M,,(C) implies that already S* = Oy. Since O}, = S¥P = PNk,
thus we must have P = (O U) for some matrix U € GL;(C) and S = UN,U~*

The rank k matrices (Ogn—r U) and (Ogn—r Ix) represent the same point
in Gri(n,C). O

4.3. Expression of the vector field v} in local coordinates at the zero point

The local parametrization on the Grassmannian around the point represented
by P of Proposition 4.1 is given by the matrix Z = (z I) with block z = (z;;)i,;
of k x (n— k) complex coordinates z; j, i =1,...,k, j =1,...,n—k. The ordering of
coordinates will be lexicographical.

First, we compute the flow FI of ¥ as follows. We set matrices B(¢) and D(t)
by the relation (B(t) D(t)) = (2 Ix)exp(tN,), hence z(t) = D(t) "' B(t) gives the
local coordinates of the flow at the zero point. We note that B(0) = z, D(0) = I,
and D(t) is a matrix of polynomials in ¢ of degree at most n and has of form D(¢) =
Iy + D1t + ...+ D,t"™ with

Z1,n—k 1 0 0
22 n—k o1 ... 0
D, = : . (4.2)
Zk—1,n—k 00 ... 1
Zkm—t 0 0 ... 0
Finally, in local coordinates z the vector field ¥ can be computed as
k n—k k n—k

0
¥ = Z Z dt t)) 8zw Z Z D1z + Zank)z;j Wm

=1 j=1 i=1 j=1
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Note that zN,,_; is the matrix got from z by shifting its columns to the right and
inserting zeroes in the first column. In more details, if 9 = Zle Z;Zlk 191-_]-% then
’ i,

Vil = —Zin—k21,1 — Zit1,1, (i=1,...,k—1), (4.3)
Uk = —Zkn—k?1,1, (4.4)
191'73‘ = —zi,n_kzl,j—zi+1,j+zi,j_1, (i: 1,...,kj—1, j:2,...,n—k), (45)
ﬁk-j = —Zkn—k?1,j +Zk7j_1, (j = 2,...,n71€). (46)
If we introduce notations z;41,; =0for j=1,...,n—kand z;,0=0fori=1,...,k
then we can give a uniform description for these functions. For any ¢ = 1,...,k and
j=1,...,n—k we have
Vij = —Zin—k21,j — Zit1,j + Zij—1- (4.7)
With these notations the nilpotent vector field around the zero equals to
k n—k 9
V= ; ; (=zin-k215 = Zit15 + Zij-1) oy (4.8)

5. Residue formula for the Grassmannian

We start by writing up the Baum-Bott residue formula (3.3) for the vector
field (4.8) on the Grassmannian Gri(n,C) and we prove a series of lemmas about
the building blocks of this residue formula to reduce the number of variables from
k(n — k) to n. At the end of this section in Theorem 5.6 we get a simplified residue
formula for Chern numbers of the Grassmannian. In Section 6 this formula will be
reinterpreted in terms of Chern classes of the tautological and quotient bundle on the
Grassmannian (Theorem 6.4 and Corollary 6.5) to get an even simpler formula.

By Theorem 3.1 we get the following formula for Chern numbers (3.2) of the
tangent bundle of the Grassmannian:

(5.1)

k n—~k o
c*(TGri(n,C)) = Resg (wc(’(\/)> ,

k —k
Hi:l H?:l 19}]’

0Y;
6Zh,l
This ordering is compatible with the ordering of functions ¥;; in the denomina-
tor of (5.1). We will drop the vertical line notation from the denominator in the
Grothendieck residue, but we will keep track of the order of functions.

We make the following change of variables. We express the variables 2,4, a =
1,...kbb=1,...,n—Fkinterms of z1 5, j = 1,....n—k =1, 2y, 4 = 1,...,k,
and ¥; ;,1=1,...,k—=1,5=1,...,n—k — 1. We keep the common variables, while
the others can expressed in new variables as follows.

where V = ( ) with lexicographical ordering on pairs (7,7) and (h,I).
(4,3),(h,1)
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Lemma 5.1. Foranyi=1,....,k—1andj=1,...,n—k —1 we have

min{s, j—1} min{i—1,j—1}
Zit1,j = — E Zi -k Z1j—0 — E Vit j—e (5.2)
£=0 £=0
with notation zpn—r = —1.

Proof. We fix a pair (i,j) with 1 <i<k—1and 1 <j <n—k— 1. From relations
(4.7) we construct the following recursion between variables on the same diagonal as
Zi+1,5

Zigl—l,j—t = —Zi—fn—kA1,j—t + Zimt j—1—0 — Vieg j—t, (5.3)
for £=0,...,min{i — 1,5 — 1}. We specify the following edge cases.
For { =4i—1=min{i —1,j — 1} we have

22 j—i+l = —Z1n—k?1,j—i+1 T 21,5—i — 191,j7i+1

= =2 n—kZ1,j—itl — 20m—kZ1,j—i — V1 j—it1s
with notation zg ,— = —1. Moreover, for £ = j —1 = min{i — 1,j — 1} we have
Zi—j+2,1 = —Zi—j+1,n—k?1,1 + Zi—j+1,0 — 19i7j+1,1
= —Zi—j+1in—k21,1 — Vicjyi

by earlier introduced notation z;_;11,0 = 0.
Finally, substituting the relations (5.3) into each other yields the statement of
the lemma. O

The differential form in the numerator of (5.1) can be expressed in terms of new
variables as follows.

Lemma 5.2.

k n—k k—1 n—k-1 n—k—1
H H dZi,j = H ( H dﬁ@j)dzi,n,k( H le,j)de,nfk«
i=1j=1 i=1 j=1 j=1

Proof. Taking the differential of (5.2) forevery i =1,...,k—landj=1,...,n—k—
1, then substituting into the product of differentials basically replaces dz;y1,; with
—dv; ;, thus we get

k n—k
H H dZiJ' = (dzl,l e dzl,n—k—ldzl,n—k) ((7d19171) e (7d"91,n—k—1)d22,n—k)

i=1 j=1

. ((_dﬁkfl,l) e (—d’l?kfl’n,kfl)dzk’n,w
= (dﬂ1,1 ‘e dﬂl,n—k—ldzl,n—k) e

(dI%—1,1 ... dV%—1n—k—1d2k—1.n—k) (21,1 ...d21 n—k—1d2k n—k)

k-1 n—k—1 n—k—1
= (H ( H dﬁi’j)dzimfk)( H d217j>d2k’n7k~
i=1  j=1 j=1
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The functions ¥y, j,7 = 1,...,n—kand ¥; i, 7 = 1, ..., k—1in the denominator
of the residue (5.1) can be expressed in terms of new variables as follows.

Lemma 5.3. Fori=k or j =n —k we have

min{4,j—1} min{i—1,j—1}
Vi =— E Zi—hn—k Z1,j—h — E Vi_hj—h (5.4)
h=—1 h=1
with notations z1 p—p+1 = 1, 2on—t = —1 and zp41,; = 0.

Proof. In the first case when ¢ = k we substitute (5.2) into (4.6) and we get

min{k—1,j—2} min{k—2,j—2}
Vhj = —Zkn—k 21,5 — E Zk—l—tbn—k Z1j—1—£ — E Vp—1—p,j—1—¢
=0 £=0

min{k,j—1} min{k—1,j—1}

= —Zhn—k 21,5 — E Zk—hyn—k #1,j—h — E Ve—hj—n

h—1 h—1
min{k,j—1} min{k—1,j—1}
=— E Zh—h—k Z1,j—h — E Ve—hj—h
h—1 h—1

by earlier introduced notation zp4q; = 0.
In the second case when j = n — k, we substitute (5.2) into (4.5) in place of

Zi n—k—1 and we get
min{i—1,n—k—2}

Win—k = — Zim—k Zln—k — Zitln—k — E Zic1—tn—k 21 n—k—1—t—
=0

min{i—2,n—k—2}

— E Vi1t n—k—1—¢

£=0
min{i,n—k—1}
= — Zin—k*1ln—k — Ri+ln—kfln—k+1 — Zi—h,n—k f1,n—k—h
h=1
min{i—1,n—k—1}
- g Vihn—k—h
h=1
min{i,n—k—1} min{i—1,n—k—1}
= - E Ziehn—k Z1,n—k—h — E Viehn—k—h
h=-—1 h=1
by setting 21 p—g+1 = 1. O
We introduce notation for the first sum of (5.4)
min{i,j—1}
QJ = — E Zi—h,n—k%1,j—h for 1=k OI‘j =Nn— k’7 (55)

h=-1
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and (; ; = ¥; ; otherwise. Hence by (5.4) we have (; ; =¥, ; + Z?;nl{i_l’j_l} Wiehj—h
ifi=Fkorj=mn—kandd;; = (; otherwise.

Remark 5.4. The transformation matrix between (9;),_17 j—1m—5 and
(Ci,j)i=1% j=Tn—r (lexicographically ordered) is lower triangular with 1 on the
diagonal.

Next, we compute the final component of the residue formula (5.1), namely
e(V;t) (cf. (3.1)). We introduce the following notations:

Uy = —Zjn—k, 0 =0,...,k+1 and w; =21 pn—pkt1—j = 21,5+, 7=0,...,n—Fk,
(5.6)
where j* =n —k+ 1 — j. By earlier notations wg = —2o n—r = 1, wo = 21,n—k+1 = 1,
Uk41 = —Zk41n—k = 0 and U4y = —wy = —21 p—k-
We associate with w = (w1, ..., w,—g) the following matrix
w1 -1 0 ... O
Wo 0o -1 ... O
Wn_k—1 O o ... -1
Wy —k 0 0o ... 0
Lemma 5.5. Using notations of (5.6) we have
k
c(V;t) = det (Z wt' (I — tAw)k*i).
i=0

Proof. From (4.7) we can compute

0Y1 n—k 9 0Y; ;
= —2Z1n—k; — = 21,
aZl,n—k Lk 3Zi,n—k b
and L= g ifi#lorj#n—k, do= 1, =1 and 1 =0
821_’]‘ 8zi+1,j E)zi,j,l 82’}1)(
otherwise.
Let W = [W”]f;:kl be the matrix with Wit1,;, = 1, Wi = —215 =
—Wp_gt+1—; and W;; = 0 otherwise (centrally symmetric image of —A,,). Denote
~ . 0Y; ;
I=1I,pandlet Uy = —zpnpl =0l fori=0,...,k. ThenV = | —=L
’ Ozn.t ) (i,5),(n0)

is the k(n — k)-by-k(n — k) matrix composed of (n — k)-by-(n — k) blocks V%I,
i,j =1,...,k as follows. Let V&' = U; + W and for i > 1 let V&' = U;, V& =W

and V¥*! = —J while other blocks are zeroes. Then we compute
C(V; t) = det(]k(n,k) + tV)
tU, +1+tW —tl 0o ... 0 0
tU, I+tW —tI ... 0 0
tUk_1 0 0o ... I+tWw —tl

tU 0 0o ... 0 I+tw
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as follows. To get rid of I+tW from the first (k—1) diagonal blocks, we add successively
to the (k— 1), ... 1% columns of blocks the subsequent column of blocks multiplied
by t~1(I + tW). After this step there will be blocks

tUy + 7R (L WP 2R (o) Y (T W) T+ tW
in the last row. Next, we multiply the first £ — 1 rows of blocks by
R W)L TR W) (I W)

respectively and we add them to the last row to get blocks of zeroes in the last row
except the first column, where there will be Z oI 4+ tW)F=igl=k+igy,,

Summing up, we get a determinant Wlth blocks —tI above the diagonal,
tUy,...,tUx—1 in the first (k — 1) rows of the first column, respectively, and
Zf:O(I + tW)k=#1=k+ilJ; in the last row of the first columns, while other blocks
are zeroes. Finally, we move the first column of blocks to the end to get an block-

upper triangular determinant in exchange of a (—1)(’“*1)(”’k)2—sign. Hence,
k
det(Iy(n—g) +tV) ::c_lﬂkflﬂn—kf+{k—1ﬂn*k)-det(j{:(]_%tvv)kfiﬂla)
i=0

k k
_ ~ i k—i — ~ 4% _ k—1
— det ( ;:Oj Wit + tW) ) det ( ;:O Uit (I — tA,) )

where the last equality is by reflecting the determinant first with respect to the diag-
onal and then to the anti-diagonal, which sends W to —A,,, and it is compatible with

matrix addition and multiplication. 0
Consider the polynomial ring Clu, w] = Cluy, ..., ug, wr, ..., w,—k] and polynomials
v) = Zuswg,s, Ve=1,...,n, (5.8)

with notations ug = wg = 1. We state the reshaped Baum-Bott residue formula for
the Grassmannian Gri(n,C) with only n variables.

Theorem 5.6. For any multidegree o = (au, .. ., Qpm—p)) € Z];(g_k) with

ol =01+ -+ Ok(n—k) = k(n —k)
the Chern numbers can be computed as
k(n—k)
c(TGri(n,C)) = H cs(T'Gry(n,C))*

Gry(n,C) s=1

k n—k
— Res Hi:l dui Hj:l dwj
- 0 n

Hezl PZ(% U))

where
(n—k)

k
(u, w; t) Z At = det (Zuiti(lfmw)’“*i)
=0
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and
A (u,w) = A% - AYR—R),

Proof. By the Baum-Bott Theorem we have the residue formula (5.1). In this formula
we replace the differential form by the one in Lemma 5.2. We also reorder the functions
in the denominator and by (P1) the functions in the denominator are anti-commuting
just like the differential forms in the numerator. Thus, the residue (5.1) becomes

k—1 n—k—1 n—k—1
S o dd; ;)dz; - dz1 :)dzg p—
Res0<H“ (I 3) '“(H 1) 2k a(v)> - (5.9
T T2 s
I H” A0 Ty dzin—k = d2
= Resy — k T b S li= - k T = (V) |- (5.10)
H H ﬁngz 1 zn kH ﬁk,j

Recall that we have relations ¥; ; = (; j— me{l Li—1} Yi—pj_nfori=Fkorj=n—k
by (5.5) and Lemma 5.3. Thus, when i = k or j = n — k we can replace ¥; ; with ¢; ;
in (5.10) by Transformation Law (P4) and Remark 5.4 to get

H H’n. k—1 d’lgl J HZ L dZ,L n— & H’n k—1 dZLj N
RQSO e k 1 — k: 1 ¢ (V) .
Lo T 0 T Goonw T2 g

We note that ¢®(V) depends only on z11,...,21n—k;---,2kn—k (see Lemma 5.5).
Thus, applying property (P5) to (5.11) yields

dzin—r [1i= =L
Reso (HZ ! an k - a c”‘(V)) =
Hz 1C'Ln kH Ck,j

dzi Y dz
— Resg (Hz 1 @z kHJ 2 21,5* c"(V)) ’ (5.12)
Hz 1 Cz n—k H] =2 Ck,j

(5.11)

where j* =n—k+1—j.

By Lemma 5.5 we have ¢(V';t) = A(u, w;t), hence ¢*(V) = A*(u, w). Moreover,
from (5.5) and (5.6) for i =k and j =1,...,n —k — 1 we have

min{k,j—1}
Chj = Z Up— B Wn—k+1—j+h = Pny1—; (T, w),
h=—1
hence (i j+ = Pry (U, w). Similarly, from (5.5) and (5.6) for j =n—kandi=1,...,k
we have
min{i,n—k—1}

Gimk= >, Ginwnpr = Pipa(,w).
h=——1

We recall that w; = —ws. Thus, (5.12) becomes

k n—k k ~ n—k

" dzi g — o dzy i ieo dug 11527 dw; -

Resg H“,j ’ ’“Hjj_i Y7 (1) | = Reso Hﬂ i A (@, w) | .
Hizl Ci,n—k Hj:j Ch,j* Hi:2 P;(u,w)

(5.13)
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Finally, to get a more symmetric formula we separate w; from w;. Therefore, let
P, = P (u,w) =u; +w;y and u; =u; for i =2,... k, hence uy = P, —wy; = P, +15.
Thus,

—~
—

[T, du: TT;= dw,
= = AC ()
Resg ( H?:l Pi(u, ) (u, w)

k n—=k
) dP Hizg du; Hj:l dw; €9)
R, A =
( Pl Pl w) o )

dpP [15, du; [1"=F dw;
(i) ReSO 1 Hlii ( Hifl J A()(a7 'LU) (1)
P [Ti—s Pi(u,w)

k n—k ;~
(1) (Hi:Q du; Hj:l dw; >

=" Resy 5 L LA (T, w)
Hi:Q Pi(“? w)

In (1) we replaced du; with dP;. In (1) we made substitution vy = P; 4+ @; and,
moreover, we applied Local Duality (P2) to get rid of P, from A%*(u,w), appeared
after the substitution and to get A®(u, w). Furthermore, we used Transformation Law
(P4) to remove P; from Ps(u,w),..., P, (u,w) after the aforementioned substitution
and to get Po(u,w), ..., P,(u,w) in the denominator. Last, in ({1) we used property
(P5) to eliminate Py from the residue and we got back the right hand side of (5.13). O

6. The residue formula and cohomological relations

We will give an interpretation of variables u;’s and w;’s of Theorem 5.6 in terms
of Chern classes of the tautological and quotient bundle on the Grassmannian. Thus,
in Theorem 6.4 we can give an even simpler version of Theorem 5.6.

6.1. Cohomology ring of the complex Grassmannian

First, we recall the properties of Chern classes from [3, Ch. IV], then we recall
the generators and relations of the cohomology ring of the complex Grassmannian in
Theorem 6.1 (cf. [3, Proposition 23.2]).

6.1.1. Chern classes. To a complex vector bundle £ (of rank p) over a manifold M
one can associate cohomological classes ¢;(€) € H?*(M,C), i = 1,...,p, called the
ith Chern class (co(€) = 1 and ¢;(§) = 0 when i > p). One can arrange them into
a sequence ¢(&;t) = 14+ c1(E)t+ ...+ ¢, (E)tP and ¢(&) = ¢(&;1) is called the total
Chern class.

Usually, one uses Chern roots to calculate with Chern classes. This is based
on the Splitting Principle ([3, Ch. IV, §21]): one can pretend that the bundle & is
a direct sum of complex line bundles. The Chern classes m,...,n, € H?(M,C) of
these hypothetical line bundles are the Chern roots of £, hence ¢;(£) = e;(n) =
Zl§21<~~<€i§p Ne, -+ Mg, is the i*? elementary symmetric polynomial of the Chern
roots (eo(n) = 1) and ¢(&;¢) = [[5_,(1 + tn;). For example, the dual bundle £* has
Chern roots —n1, . .., =1, hence c(E*;t) = ¢(€; —t). Or, if F is another bundle over M
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with Chern roots ¢1, ..., ¢, then £ @ F has Chern roots n1,...,0p, ¢1, ..., ¢, hence
(€ @ F;t) = c(&;t)c(F;t) (Whitney product formula, cf. [3, (20.10.3)]). Similarly,
€ ® F has Chern roots n; + ¢j, ¢ = 1,...,p, j = 1,...,q, hence ¢(é ® F;t) =

- H§:1 (14tn;+te¢;), which can be expressed in terms of Chern classes of ¢;(€) and
¢;(F) (see Lemma 6.2). In particular, when € and F are line bundles then ¢; (E®F) =
c1(&) + a1 (F) (cf. [3, (21.9)]). The Chern roots of the trivial bundle are zero, thus
(M x C%;t) = 1.

6.1.2. Generators and relations of the cohomology ring of the complex Grassman-
nians. There is a tautological exact sequence of complex vector bundles over the
complex Grassmannian Gry(n,C)

0—L—=Gr(n,C)xC" - Q—0, (6.1)

where £ = {(U,u) € Gri(n,C) x C"|u € U} is the tautological (rank k) complex
vector bundle and Q is the quotient vector bundle (of rank n — k). The tautological
exact sequence (6.1) induces the relation of total Chern classes ¢(£)c(Q) = ¢(LBHQ) =
¢(Gri(n,C) x C™) = 1, hence we get the following relations between the Chern classes
of £ and 9:
> all)e(Q =0, VL=1,...,n, (6.2)
itj=¢
(0<i<k,0<j<n-—k). From the first n — k relation one can recursively express
each Chern class of the quotient bundle Q in terms of Chern classes of the tautological
bundle £. Substituting them into the remaining k relations we get relations between
Chern classes of L.

The Chern classes ¢1(L),...,cx(L£L) of L generate the cohomology ring
H*(Gry(n,C),C) with real coefficients, i.e. the ring homomorphism C[zy,...,x;] —
H*(Gri(n,C),C), x; — ¢;(L) is surjective. Moreover, the above mentioned relation
are the only relations between them in the cohomological ring. Nevertheless, one in-
cludes the Chern classes of the quotient bundle Q@ among the generators for easier
description of relations. In this latter case we have the following description of the
cohomology ring of the complex Grassmannian Gr(n,C).

Theorem 6.1 (cf. [3, Proposition 23.2]). The graded ring morphism induced by xz; —
¢i(L) and y; — ¢;(Q) induces an isomorphism of graded rings

H(Gr(n,C),C) = Clzy,..., %5, Y1, - Yn—i] [ (PL(2,9), ..., Pu(z,y)),

where Py(x,y) =321 = iyj, L =1,...,n with convention xo = yo =1 and degx; =
2t fori=1,...,k, degy; =25 forj=1,...,n—k.

6.2. Reinterpretation of the residue formula in terms of tautological and quotient
bundle

Since Theorem 5.6 is in terms of the Chern classes of the tangent bundle we have
to show that they also generate the cohomology ring.

The tangent bundle of Gr(n,C) can be given as TGry(n,C) ~ Hom(L, Q) =
L*® Q. Thus, if 01, ...,0, and 71, ..., 7, are Chern roots of £ and Q, respectively,
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then
k n—k
o(TGry(n,C)it) = o(L* @ Qit) = [[ [ (1 — toi + try). (6.3)

i=1 j=1
Similarly to [8, Lemma 1] we have the following formula.

Lemma 6.2. If e;(0) = e;(o1,...,0%), i = 1,...,k and e;(7) = €;(T1,...,Tn-k),
j=1,...,n—k are elementary symmetric polynomials in formal variables oy and Ty,
respectively, then

k n—k k
TT T +toi+tr;) = det (Zel I+ tA o)) i>7
i=1j=1 i=0

where Ae(ry is defined in (5.7). Thus,

k
o(L* ® Q;t) = det(ch t(T+ tA o))" z)

=0

Proof. In the proof of [8, Lemma 1] it was shown that the matrix A,y is diagonal-
izable, A.(-) = Ediag (71,... Tn_1)E~1, hence

det (iel W+ tA o)™ ) =

=0
k
= det (Z ei(o)t' Ediag (1 +try,..., 1+ tTn,k)k_iE_l) =
=0
k k k—i
= det (Ediag (Z ei(o)t (1 +tm), ,Z ei(o)t" (1 + trp— k)) E‘l) =
=0 =0
n—k k n—k k
Zel tll—l-tTJ HHl-ﬁ-tT]—‘rl‘,O’l
j=1 i=0 j=11i=1

O

Lemma 6.3. The Chern classes of the tangent bundle of the Grassmannian Gry(n,C)
also generate the cohomology ring when n # 2k.

Proof. The relation (6.2) reads as ¢ (Q)+ce—1(Q)er (L)+ci—2(Q)ca(L)+- - 4co(L) =0
for ¢ <mn —k, hence the Chern classes ¢;(Q) of the quotient bundle can be expressed
recursively in terms of Chern classes of the tautological bundle L,

¢;(Q) = —¢; (L) + polynomial of lower order classes of L. (6.4)
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Then by (6.3) and Lemma 6.2 we have

c(TGri(n,C);t) = det ( Ci(ﬁ*)ti (I + tAc(Q))k_i)

-

=0
n—k
= det <Z CJ<Q)t‘7 (I + tAC(c*))n_k_]),
=0
thus ¢(TGri(n,C)) = (n — k)e(L*) + kee(Q)+ polynomial of lower order

classes. Hence, by (6.4) we get c/(TGrp(n,C)) = [(-=1)(n — k) — klee(L) +
polynomial of lower order classes of L. If n # 2k then the coefficient of ¢y(L)
does not vanish, hence it can be expressed recursively in terms of Chern classes of the
tangent bundle. O

Theorem 5.6 can be reformulated using Chern classes of the tautological and the
quotient bundle.

Theorem 6.4. Assume that n # 2k. For any polynomial
R(.’E, y) € (C[xla sy Ths Y1y - - - 7yn7k]
we have

/Grk(n,(c) R(c(L),c(Q)) = Resg < T il y) R(x,y)) , (6.5)

where Py(z,y) = >

it Tiljs with convention ro = 1yo = 1.

Proof. On the polynomial ring Clzy,...,2k,y1,-..,Yn—k] We consider the grading
induced by degz; = 2i, i =1,...,k and degy; = 27, j = 1,...,n — k. First, assume
that R(x,y) is graded homogeneous polynomial of degree 2k(n—k) = dimg Gr(n,C).
By (6.3) and Lemma 6.2 we have
k n—k
c(TGri(n,C);t) = (L™ ® Q;t) = H H (1—to; +tr;) =

k k
= H (1 — tO’i - t(—Tj)) = det (Zel(g)(_t)z(l _ tAe(f-r))kii> _

k
= det (D2 (LI = tho(or)) ") = Ale(£7),e(Q7); ),
i=0
hence ¢o(TGri(n,C)) = Ag(c(L*), c(Q*)) (cf. Theorem 5.6). Thus, we can write The-
orem 5.6 in the form

/ A®(c(L7), ¢(Q")) = Reso (

Gry(n,C)

k n—k
[T, de Hj:l dy;
H?:l PZ(gjv y)

AO‘(M/)) ,
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for any multidegree a = (au, ..., agn—r)) With |a| = k(n—k). Since the Chern classes
of the tangent bundle generate the cohomology ring, any polynomial R(c(L*),c(Q*))
can be expressed as a linear combination of A%(c(L*),c(Q*))’s, thus (6.5) follows.
Finally, when R is homogeneous of degree deg R # 2k(n — k) then the left hand
side of (6.5) vanishes by definition. Moreover7 the right hand side also vanishes by

(P7), since deg R # >, deg P, — ZZ 12— Z;:lk 2j. O
Corollary 6.5. Under the assumptions of Theorem 6.4 we have

k n—k
[Tz de Hj:l dy;
H?:l Pf(m7 y)
6.2.1. Cohomology relations from the residue formula. One benefit of the formula

(6.5) or (6.6) is that we can easily deduce the relations of the cohomology ring using
Poincaré duality.

/ R(c(L),c(Q)) = (—1)* ™M Resg ( R(w,y>> . (6.6)
Gri(n,C)

Proof of Theorem 6.1. We prove the theorem for n # 2k. By Poincaré duality a (ho-
mogeneous) cohomology class o = A(c(L), c(Q)) vanishes exactly when

/ af =0
GT}C(’YL,(C)

for every class 8 = B(c¢(L£),c¢(Q)). By (6.6) and Local Duality (P2) follows that
a = A(c(L),c(Q)) vanishes exactly when A(x,y) € (Pi(z,y),...,Py(z,y)), hence
this latter being the ideal of relations. O

7. Iterated residues

Since the Chern classes ¢;(£*), i = 1,..., k generates the cohomology ring, hence
we will give an iterated residue formula for |, Gri(n.C) D(c(L*)), where D is a polynomial
in k variables.

We introduce shorter notations ¢’ = (t1,...,tx) and ¢t = (tg41,-..,t,) and we
consider the finite map F : C* — C" defined by

F(ty,...,ty) = (ex(t'),...,ex(t),e1(t”), ... en_r(t")),

where e; denotes the i elementary symmetric polynomial.
Below, we use property (P6) to pull back the residue (6.5) along F. We note
that F' generically is a kl(n — k)!-fold cover and the pull-back of polynomials

F* PE Zel 6[ z ef(tla"'vtn)zef(t)'

Moreover, the Jacobian
JF( ) det[el 1(1517 e ,%;, e ’tk)]i’ﬂ,jzl . det[ei_l(tk+1, . ,%\/H_j, e ,tn)]Z;:kl

= ti—t) JI (=t

1<i<j<k k+1<h<i<n
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where tAj means that ¢; is omitted.
oy doiITor b )
T, Pil, y)
k n—k
[Tiz; dei(t') Hj:l de;(t") ,
o P(e(t))
He:1 ee(t)

Resg

1
= Filn =gy e

- ; Resg iy dle I @&-t) T ¢ —teeEr)

| _ n
kl(n — k) [lemvee®) | fa1Zhel<n

Next, we wuse the Transformation Law (P4) for the transformation
(], = [(—l)jflt?ﬂ]zjzl[ej(t)];;l. Finally, the coefficient of t | ...t7""!

. k .
in [Ty i<nmicn(tn = t0) Tlicy [ln—pys (tn — i) is (n — k)L Thus,

! Resg M H (ti —t;) H (th — t))@(e(t')) | =

Kl(n — k) "
kl(n — k) Me=ree®) | ey k+1<h<I<n

— 1 H?:l dity
= kl(n — k)l RGSO n tn H (tz —_ tj) H (th — tl)

=170 1<i<j<k k+1<h<i<n
I @t —ta®(e)| =
1<a<b<n
1 Z:l dte
- k!(nik)!Reso —— I &-t J] -t
=170 1<i£j<k k+1<h#l<n
k n
II IT @ —t)2ce@)| =
1=1 h=k+1

1 1%, dt;
= = Reso | == — [ t:—t)®(e)| =
k!t Lot 1<i#j<k

1 Hk_ dt:
= —Res...Res | ==L * ti —t)®(e(t)]
k' t1=0 tr=0 Hf:1 tZL 1<g<k( J) ( ( ))

hence

k
1 [] dt;
S(c(L*)) = — Res... R i=1 tl—t© ti,...,t
/Gm(n,(c) ((£7) Kl oo iee | & H ( 1)@ (e(ty k)

=0
[ ¢ 1<izi<k
1

=1
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This iterated residue formula agrees with the Jeffrey-Kirwan formula for the Grass-
mannian constructed as symplectic quotient (cf. [7, Proposition 7.2]).
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