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A modified inertial shrinking projection al-
gorithm with adaptive step size for solving
split generalized equilibrium, monotone in-
clusion and fixed point problems

A- O. E. Owolabi, T. O. Alakoya and O. T. Mewomo

Abstract. In this paper, we study the common solution problem of
split generalized equilibrium problem, monotone inclusion problem and
common fixed point problem for a countable family of strict pseudo-
contractive multivalued mappings. We propose a modified shrinking
projection algorithm of inertial form with self-adaptive step sizes for
finding a common solution of the aforementioned problem. The self-
adaptive step size eliminates the difficulty of computing the operator
norm while the inertial term accelerates the rate of convergence of the
proposed algorithm. Moreover, unlike several of the existing results in
the literature, the monotone inclusion problem considered is a more
general problem involving the sum of Lipschitz continuous monotone
operators and maximal monotone operators, and knowledge of the Lip-
schitz constant is not required to implement our algorithm. Under some
mild conditions, we establish strong convergence result for the proposed
method. Finally, we present some applications and numerical experi-
ments to illustrate the usefulness and applicability of our algorithm as
well as comparing it with some related methods. Our results improve
and extend corresponding results in the literature.
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1. Introduction

Let H be a real Hilbert space with induced norm || - || and inner product (-, -).
Let C' be a nonempty closed convex subset of a real Hilbert space and let
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F :C x C — R be A bifunction. The equilibrium problem (shortly, (EP)) in
the sense of Blum and Oettli [8] is to find & € C such that

F(i,y) >0, YyeC. (1.1)

The set of all solutions of EP (1.1) is denoted by EP(F'). The EP attracts
considerable research efforts and serves as a unifying framework for studying
many well-known problems, such as the Nonlinear Complementarity Prob-
lems (NCPs), Optimization Problems (OPs), Variational Inequality Problems
(VIPs), Saddle Point Problems (SPPs), the Fixed Point Problem (FPP), the
Nash equilibria and many others, and has many applications in physics and
economics, (see, for example [1, 11, 12, 31, 32, 49] and the references therein).
On the other hand, the generalized equilibrium problem (GEP) is defined as
finding a point « € C such that

F(z,y) + ¢(z,y) > 0,¥y € C, (1.2)
where F, ¢ : C' x C' — R are bifunctions. We denote the solution set of GEP
(1.2) by GEP(F, ¢). If ¢ =0, then the GEP (1.2) reduces to the equilibrium
problem (1.1).
Let C C Hy and Q C Hy; where H; and Hs are real Hilbert spaces. Let
Fi,01 : C xC — R and F3,¢2 : Q x Q@ — R be nonlinear bifunctions, and
A : H; — Hs be a bounded linear operator. The split generalized equilibrium
problem (SGEP) introduced by Kazmi and Rizvi [23] is defined as follows:
Find z € C such that

Fi(Z,2) + 61(Z,x) > 0,Vx € C, (1.3)
and such that
g = AZ € Q solves F5(§,y) + ¢2(7,y) > 0, Yy € Q. (1.4)

The solution set of the split generalized equilibrium problem is denoted by

SGEP(F1,¢1,F27¢2) = {i‘ eC:ze GEP(Fl,(ZSl) and AT € GEP(F2,¢2)}

(1.5)
If ¢y = 0 and ¢ = 0, we obtain a special case of the split generalized
equilibrium problem (1.3)-(1.4) called the split equilibrium problem (SEP)
which is defined as follows:

Fi(z,2) > 0,Vx € C, (1.6)
and such that
g = AZ € Q solves Fx(g,y) >0, Vy € Q. (1.7)

We denote the solution set of the SEP (1.6)-(1.7) by  := {Z € EP(F}) :
Az € EP(F3)}. The split generalized equilibrium problem has been studied
by numerous authors and several iterative algorithms have been proposed by
many authors for solving the problem (see, [39, 42]).

Another important problem that we consider is the monotone inclusion prob-
lem (MIP), which is defined as finding a point z € H such that

0€e (B+D)z, (1.8)
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where B : H — H is a nonlinear operator and D : H — 2" is a set-valued
operator. We denote the set of solutions of (1.8) by (B + D)~1(0). The MIP
(1.8) and related optimization problems have been studied by several authors
with various iterative algorithms proposed for approximating their solutions
in Hilbert spaces and Banach spaces (see, for instance [4, 28, 30, 47, 48, 50]).
One of the most efficient methods for solving the MIP is the forward-backward
splitting method (see [6, 9, 14, 17, 18, 26]).

Martinez [27] first introduced the Proximal Point Algorithm (PPA) for finding
the zero point of a maximal monotone operator B. The sequence generated
by PPA is defined as follows:

anrl J xn7

where 0 < 7, < 00, an = (I +7,D)~ ! is the resolvent operator of D and [ is
the identity mapping. This algorithm was eventually modified by Rockafellar
[40] to the following PPA with errors:

Tpt1 = inxn + en,
Where {en} is an error sequence. It was proved that if e, — 0 such that
Z llenll < 400, and the solution set D~1(0) # @ and hmmf ry, > 0, then

the sequence {z,} converges weakly to a zero point of D.
Also, Moudafi and Théra [28] introduced the following iterative algorithm for
solving MIP (1.8):

_ gD
i = Jr Yy (1.9)
Upt1 = top + (1 — ), — p(1 — t) By,

where t € (0,1), r > 0, B is Lipschitz continuous and strongly monotone and
D is maximal monotone. They proved that the sequence {z,} generated by
the iterative algorithm converges weakly to an element in (B + D)~1(0).

Alvarez and Attouch [5] proposed the following modified PPA of inertial form:

Yn :$n+/f’1n(xn _xn—l)a (1 10)
Tpt+1 = J)\Dnyvu n2>1, .
where {u,} C [0,1), {\,} is non-decreasing and
. 1
ZMonn — 2| < oo, VY, < 3 (1.11)

n=1

It was proved that Algorithm (1.10) converges weakly to a zero of D.
Recently, Moudafi and Oliny [29] introduced the following inertial PPA for
approximating the zero point problem of the sum of two monotone operators:

{yn =Tn + /Ln(l'n - l'n—l)a (1 12)

Tn+1 = J)\Dn(yn - )\ann)»n > ]-7
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where D : H — 2 is maximal monotone and B is Lipschitz continuous. They
proved that the sequence generated by Algorithm (1.12) converges weakly if
An < %, where L is the Lipschitz constant of B.

Moreover, the following inertial forward-backward algorithm was introduced
by Lorenz and Pock [26]:

{yn =xn + Nn(xn - (Enfl)7

1.13
Tn+1 = J)\Dn (Yn — AnByn),n > 1, ( )

where {\,} is a positive real sequence. Algorithm (1.13) differs from Algo-
rithm (1.12) since the operator B is evaluated as the inertial extrapolate y;,.
The proposed algorithm was also proved to converge weakly to a solution of
the MIP (1.8).

In 2016, Deepho [16] introduced the general Cesdro mean iterative method
for approximating a common solution of split generalized equilibrium, fixed
point of nonexpansive mappings 7; and variational inequality problems:

2 = T£51,¢1)(1,n + ,YA*(TT§527¢2) — D Az,),
Up = Po(zn — MGzy),
Tnr1 = annf(xn) + By + (1 = By)I — oan)n%r1 Z?:o Tjun, ¥Yn >0,
(1.14)
where {an},{8.} C (0,1), { .} € [a,b] C (0,28) and {r,} C (0,a) and
€ (O7 %), L is the spectral radius of the operator A*A and A* is the adjoint
of A. Under the following conditions:

(C1) limy,— o vy =0, ZZO:O Qp = O0;
(C2) 0 <liminf, 00 By < limsup,,_, . Bn < 1;
(C3) limp—o0 [Ant1 — An| = 0;

(C4) liminf, oo > 0,1imy, 00 |71 — 70| = 0.
the authors proved that the sequence {x, } converges strongly to an element

¢ in the solution set 2, where ¢ = Po(I — K + vf)(q) is the unique solution
of the variational inequality problem

(K —~f)g,x —q) >0, Vx € Q.

Also, in 2017, Sitthithakerngkiet [42] proposed and studied the following iter-
ative method for approximating a common solution of split generalized equi-
librium, variational inequality for an inverse-strongly monotone mapping and
fixed point problems of nonexpansive mappings in Hilbert spaces:

z = Tﬁfl’%)(%n + ,YA*(TT(fz,m) — D) Az,),
Tnt1 = anf(Tn) + Bnn + EnTonv + (1 — 04) Po(zn — MGz,
(1.15)
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where v € C' is a fixed point, 7, € (0,00),u € (0, %)7 L is the spectral radius
of the operator A*A, A* is the adjoint of A, sequences {ay,},{Bn}, {&n} and
{on} are in (0, 1) and satisfy o, + By + & = 1, A € [a, b] for some a,b with
0 <a<b<2b6, and {y,} C [¢1] for some ¢ € (0,1). Assume that the
following conditions are satisfied:

(C1) limy,—yo0 0y = 0, D07ty = 00;

(C2) limy—00 0y = 05

(C3) 0 <liminf, o By <limsup,,_, . Bn < 1;
(C4) limy, o0 [Ant1 — An| = 0;

(C5) liminf, oo rp > 0,1iMy 00 [Frg1 — | =0,

the authors proved that the sequence {x,, } converges strongly to z € 2, where
z = Pof(2).

Recently, Phuengrattana and Lerkchaiyaphum [39] introduced the following

shrinking projection method for solving SGEP and FPP for a countable fam-
ily of nonexpansive multivalued mappings: For z; € C and C; = C, then

2 = TN — AN (I - T ) A)ay,

Yp = 5n,0xn + Z;»Z:l 5n7jun)j, un,j S PjZn, (116)
Cny1={p € Cn : lyn — plI* < llzn — plI?},
Tny1 = Pc,,, 71, n € N.

They proved that if

(i) iminf, oo 7y > 0,

(i) The limits lim, o 6,,; € (0, 1) exist for all j > 0,
then the sequence {z,,} generated by (1.16) converges strongly to Prxy, where
T =N;2, F(Pj)NSGEP(F1, ¢1, Fa, ¢2) # 0, F(P;) is the set of fixed points
of P; and P; is a countable family of nonexpansive multivalued mappings.
In 2021, Olona et al. [35] proposed an inertial shrinking projection defined
as follows for split generalized equilibrium and fixed point problems for a

countable family of nonexpansive multivalued mappings : for zy, 21 € C with
Cy =C, then

Wy = Ty + Op(Ty — Tp1),

U = TP (I = 3 A7 (1 = T %) Ay,
Zn = 0p,0Un + Doty On iYn.js Yn,j € Pjun,
Cpr1={p € Cp: l2n —plI* < [lzn — pl?
=20, (Tn — P, Tn—1 — Tn) + 9721||37an - anQ}v

Tni1 = Po,., 1, neN,

(1.17)




6 A- O. E. Owolabi, T. O. Alakoya and O. T. Mewomo

Tl (=T, F2%2)) Aw,,||?

n

Yn = HA*(I—T7(,52’¢2))A1U”H2
v otherwise (v being any nonnegative real number),

if Aw,, # T2 A,

where A : Hy — H> is a bounded linear operator, 0 < a <7, <b < 1,{0,} C
R, {dn;} C (0,1), such that 337 (8, ; = 1, and {r,} C (0,00). {P;} is a
countable family of nonexpansive multivalued mappings, Fi,¢; : C x C —
R, Fy,¢2 : @ x @ — R are bifunctions. Under some appropriate conditions,
it was proved that the sequence {z,} converges strongly to Pox;, where
Q= ﬂ;il F(P]) n SGEP(Fl, o1, F, ¢2) % 0.

Motivated by the above results and the current research interest in this di-
rection, in this paper, we propose a new iterative algorithm of inertial type
with self-adaptive step size for approximating the common solution of SGEP
(1.3)-(1.4), MIP (1.8) and FPP of strictly pseudo-contractive multivalued
mappings. We prove that the sequence generated by our algorithm converges
strongly to a solution of the investigated problem. Finally, we present some
applications and numerical examples to illustrate the usefulness and efficiency
of the proposed method in comparison with some related methods. Our pro-
posed method uses self-adaptive step size and employs inertial technique to
accelerate the rate of convergence of the proposed method. The implemen-
tation of our proposed algorithm does not require a prior knowledge of the
norm of the bounded linear operator.

Subsequent sections of this paper are organised as follows: In Section 2, we
recall some basic definitions and lemmas that are relevant in establishing our
main results. In Section 3, we present our proposed algorithm and highlight
some of its features. In Section 4, we prove some lemmas that are useful in
establishing the strong convergence of our proposed algorithm and also prove
the strong convergence theorem for the algorithm. In Section 5, we apply our
result to study some optimization problems while in Section 6, we present
some numerical experiments to illustrate the performance of our method and
compare it with some related methods in the literature. Finally, in Section 7
we give a concluding remark.

2. Preliminaries

Let C be a nonempty, closed and convex subset of a real Hilbert space H with
inner product (-, -) and norm || - ||. We denote z,, — x to mean that sequence
{zn} converges strongly to « and x,, — x to indicate that the sequence {x,,}
converges weakly to . We write w,,(x,) to denote set of weak limits of {z,},
that is,

W (2n) == {x € H : 2,; — x for some subsequence {z,,} of {x,}}.

The nearest point projection of H onto C' denoted by Pc is defined for each
x € H, as the unique element Pox € C such that

e = Peal| < Jlz = yll, ¥y € C. (2.1)
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It is well known that P is nonexpansive and has the following characteristics
(see [3, 21]:

||130x_130y”2S <Z‘—y,Pcl‘—PCy>, Vx,yEHla (22)
(x — Pox,y — Pex) <0, (2.3)
lz = ylI* < llo = Peal® + |ly — Pexl?, Vo € H,y € C, (2.4)

(@ —y) — (Pox — Pey)|* 2 ||z — y|* = |Pox — Peyll?, z,y € H. (2.5)
A mapping B : C — H is said to be monotone if
(Bu — Bv,u —v) >0, Yu,v € C. (2.6)
Moreover, if B satisfies
(Bu — Bv,u —v) > a||Bu — Bv||?, Yu,v € C, (2.7

for some positive real number «. Then, B is called an a-inverse-strongly
monotone mapping. It is clear that every inverse-strongly monotone mapping
is monotone.

Lemma 2.1. [35, 37] Let H be a real Hilbert space, A € R, then Va,y € H, we
have
@) llz+yl? = [z + 2z, ) + [lyl|*;
(i) |z —yl* = llz]* - 2(z,y) + [lyl1*;
(iii) [l +yl* < l=l* + 2{y, = +y);
(iv) Az + (1= Nyll* = Azl + (1= N[lyll* = A1 = N[z = y>.

Lemma 2.2. [30] Let C' be a nonempty closed convex subset of a real Hilbert
space H, and let Po : H — C' be the metric projection. Then

ly = Pex|® + llo = Poz||* < |lo - yl?, Vo € H,y € C.
Lemma 2.3. [?] Let x; € H,(1 <i<m),>.", a; =1, where {e;;} C (0,1).

Then
m 2 m
Yol =Y a0 e — o).
i=1 i=1

1<i<j<m
Lemma 2.4. [24] Let C be a nonempty, closed and convexr subset of a real
Hilbert space H. Given z,y,z € H and a € (R), the set D = {v € C :
ly —v||? < ||x —v||? + (2,v) + a} is convex and closed.

Assumption 2.5. Let C' be a nonempty closed convex subset of a Hilbert space
H. Let F} : C xC = R and ¢1 : C x C = R be two bifunctions that satisfy
the following conditions:

(Al) Fy(z,z) =0 for all x € C,

(A2) F is monotone, that is, Fy(z,y) + Fi(y,z) <0 for all z,y € C,
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(A3) F is upper hemicontinuous, that is, for all z,y,z € C,
limy o F(tz +(1- t)x,y) < F(z,y),
4) for each x € C,y — Fi(x,y) is conver and lower semicontinuous,
5) ¢1(z,x) >0, for all x € C,
6) for each y € C,x +— ¢1(x,y) is upper semicontinuous,
AT) for each x € C,y — ¢1(z,y) is conver and lower semicontinuous,

(A
(A
(A
(

and assume that for fired r > 0 and z € C, there exists a nonempty compact
convez subset K of Hy and x € C N K such that

1
Fl(yw)+¢1(y,x)+;<y—x,m—z> <07 VyEC \K

Lemma 2.6. [36] Let C be a nonempty closed convex subset of a Hilbert space
H.Let F:CxC — R and ¢1 : C x C — R be two bifunctions that satisfy
Assumption 2.5. Assume that ¢ is monotone. For r > 0 and and x € H.

Define mapping T,gF’(m : H — C as follows:
1
T (@) = {2 € C: F(z,9) + $(z,9) + ~(y — 2,2 —2) 20, ¥y € C}

for all x € Hy. Then

(1) for each x € Hy, ) # 0,

(2) 75 s single-valued,

(3) T s firmly nonexpansive, that is, for any x,y € Hy,

[T90 — TESYP < (T g~ Ty z ),

(4) F(T'"?) = GEP(F,¢),
(5) GEP(F, ¢) is closed and conver.

Lemma 2.7. [44] Let X be a Banach space space satisfying Opial’s condition
and let {x,} be a sequence in X. Let u,v € X be such that

lim ||z, — u|| and lim ||z, — v ezist.
n— oo n—oo

If {xn, } and {zm, } are subsequences of {x,} which converge weakly to u and
v, respectively, then u = v.

Lemma 2.8. [10] Let B : H — 2% be a mazimal monotone mapping and
A : H — H be a Lipschitz continuous and monotone mapping. Then, the
mapping A + B is a mazimal monotone mapping.

Lemma 2.9. [20] Let B : H — 2% be a maximal monotone operator and
A: H — H be a mapping on H. Define Ty := (I + AB)"1(I — AA), XA > 0.
Then, we have the following

Fix(Ty) = (A+ B)"(0), VA > 0. (2.8)

Let D be a nonempty subset of H. D is said to be proximal if there exists
y € D such that

| —yll = d(z, D), = € H.
Let CC(C),CB(C) and P(C) be the family of nonempty closed convex sub-
set of H, nonempty closed bounded subsets of H and nonempty proximal



A modified inertial shrinking projection algorithm 9

bounded subsets of H respectively. The Hausdorff metric on CB(C) is de-
fined as follows:

H(A,B):= max{sup d(z,B),supd(y, A), VA, B € CB(C’)}.
TEA yeB

Let S : C — 29 be a multivalued mapping. An element = € H is said to be

a fixed point of S if z € Sx. We say that S satisfies the endpoint condition

if Sp = {p} for all p € F(S). For multivalued mappings S; : H — 2% (i € N)

with N2, F(S;) # 0, we say S; satisfies the common endpoint condition if

Si(p) ={p} for all i € N, p € N2, F(S;).

Definition 2.10. Let A: H — H be a nonlinear operator. Then A is called
(i) Lipschitz continuous if for all L > 0

Az — Ay|| < Lllz —yl|, Yo,y € H;

if 0 < L <1, then A is a contraction mapping,
(ii) B—strongly monotone if for all B > 0

(Ax — Ay, x —y) > Bllz — y||?, Vo,y € H.

Definition 2.11. Let S : C — CB(C) be a multivalued mapping. S is said to
be

(i) nonexpansive if
H(Sz,Sy) < ||z —yl||, Va,y € C,
(i) quasi-nonexpansive if F(S) # 0 such that
H(Sxz,Sp) < ||z —pl, Ve € C,p € F(S5),

(iii) k- strictly pseudo-contractive if there exists a constant k € [0,1) such
that

(H(Sz,Sy)* < ||z — || + k||(z — u) — (y —v)||?, Yu € Sz,v e Sy (2.9)
If k=1 in (2.9), then the mapping S is said to be pseudo-contractive.

Clearly, the class of k-strict pseudo-contractive mappings properly contains
the class of nonexpansive mappings. That is, S is nonexpansive if and only
if S is 0-strict pseudo-contractive. It is known that if S is a k-strict pseudo-
contraction and F(S) # 0, then F(S) is a closed conver subset of H (see
[61]). Strict pseudo-contractions have many applications, due to their ties
with inverse strongly monotone operators. It is known that, if B is a strongly
monotone operator, then S = I — B is a strict pseudo-contraction, and so we
can recast a problem of zeros for B as a fixed point problem for S, and vice
versa (see e.g. [13, 41]).

Let S : H — CB(H) be a multivalued mapping. The multivalued mapping
I — S is said to be demiclosed at zero if for any sequence {x,} C H which
converges weakly to p and the sequence {||x, — u,||} converges strongly to 0,
where u, € Sty then p € F(S).
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3. Proposed Method

In this section, we present our proposed algorithm.

Let C and @ be nonempty closed convex subsets of real Hilbert spaces H
and Hs, respectively. Let A : Hy — Hs be a bounded linear operator, and let
{S;}, be a countable family of k;-strictly pseudo-contractive multivalued
mappings of C into CB(C) such that I — S; is demiclosed at zero for each
i=1,2,...,m, S;p = {p} for each p € N, F(S;) and k = max{k;}. Let
Fi,¢1:CxC =R, Fy, 0o : Q x Q — be bifunctions satisfying Assumptions
2.5. Let ¢1, ¢2 be monotone, ¢, be upper hemicontinuous, and F»> and ¢, be
upper semicontinuous in the first argument. Let B : H; — H; be L-Lipschitz
continuous and monotone and D : H; — 291 be a maximal monotone opera-
tor such that I' = SGEP(Fy, ¢1, Fo, o) NN, F(S;) N (B+D)~1(0) # (. We
establish the convergence of our algorithm under the following conditions on
the control parameters:

(Cl) 0<a<T7,<b<2{r,}C(0,00),liminf, o0 ry, >0,

(C2) liminf, ay (om0 — k) > 0 and lim,, o o ; € (0,1) exists for all 4 > 0.
Now, we present our proposed algorithm as follows:

Algorithm 3.1.

Instialization: Select xg,z1 € Hy, s1 > 0, € (0,1),0,, € [—0,6] for some
0>0and C, =C.

Iterative Step: Given the current iterate x,, calculate the next iterate as
follows:

Step 1 : Compute

Wy, = Ty + Op(Ty, — Tp—1).
Step 2 : Compute
2 = T (L =, AT — TF292)) Ay,
Step 3 : Compute

Yn = Qip 02n + Zan,iumh Un,; € Szzn
=1
Step 4 : Compute
vp = (I + SnD)_l(I — 0 B)yn = Jg,(l — 5, B)yn
tn = Un — Sn(an - Byn)

2
ot = [p€ Co s [t — plI2 < Jlwm — p? (1 - )nyn 2}

Pl
Shn+1

xn-‘rl = PC»,H,lmOa
Step 5 : Compute

3 pllyn—vn |l ; _
A mln{ By —Bon] Sn if Byn — Bv, # 0.
n+1 —

Sn otherwise,

(3.1)

Set n:=n+ 1 and return to Step 1,
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where
|(I=TF2%2)) Aw, ||?
Yo =4 AT U=T2 ")) Aw, |2
v otherwise (v being any non-negative real number).

If Aw,, £ TF2%2) g,

n

Remark 3.2. We observe that

(i) The implementation of our proposed algorithm does not require prior
knowledge of the operator norm. Hence, this makes our method easily
implementable.

(ii) We employ the inertial technique to accelerate the rate of convergence.

(iii) The underlying single-valued operator B : H; — H; for most of the re-
sults on monotone inclusion problem in the literature are either strongly
monotone or inverse strongly monotone while the single-valued operator
in our proposed algorithm is only required to be monotone and Lips-
chitz continuous. Moreover, knowledge of the Lipschitz constant of the
operator is not required to implement our proposed algorithm. Thus,
our method is more applicable than several of the existing methods in
the literature.

(iv) Our result extends and improves on the results of Deepho et al. [16],
Sitthithakerngkiet et al. [42], Phuengrattana and Lerkchaiyaphum [39],
Olona et al. [35] and several other results in the current literature in
this direction.

4. Convergence Analysis
In this section, we analyze the convergence of our proposed algorithm.

Lemma 4.1. Let {s,} be a sequence generated by (3.1). Then, {s,} is a non-
increasing sequence and

lim s, =s> min{sl, M}. (4.1)

n—oo L

Proof.
From (3.1), it is clear that {s,} is a nonincreasing sequence. Moreover, ob-
serve that if By, — Bv, # 0, then

pllyn — vnl| %
_MlYn 7 Onll S B 4.2
1By —Bou] = L (4.2)

Hence, the sequence {s,} has the lower bound min{sl, g} O

Lemma 4.2. [20] Let {z,} be a sequence generated by Algorithm 3.1. Then
the following inequality holds for all p € T':

52
ltw — pl1? < llym — pI> - (1—u2 )nyn—vnn?, pel,  (43)
sn+1
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and
Sn

[tn —vnll < p 1Hyn_vnH- (4.4)

Sn+
Proof. By the definition of s,,, we have

7
| By — Bu|| < lyn —vnl YV neN. (4.5)
Sp+41

Clearly, if By,, = Buv,, then (4.5) holds. Otherwise , we have

- min{ Wllyn = vall } < _Hlyn —val
! [Byn — Buall”™J = ||Byn — Bun||
This implies that
L
| Byn — Bun|| < Y0 — vnl-
Sn+1

Thus, (4.5) holds when By, = Bv, and By, # Bv,. Let p € T, then by
Lemma 2.1, we have

[tn = plI* = [lvn — $n(Bvn — Bya) — pl?
= H'Un - pH2 + SELHBUTL - Byn”2 - 23n<vn —p, Bv, — Byn>
= [lyn — 2l + 1yn = vall® + 2(vn = Yn, yn — p)
+ SZ”an - Byn||2 — 28, (vn, — p, Buy, — Byn)
= Hyn _p||2 + ”yn - Un||2 - 2<Un — Yn,Un — yn> + 2<Un — Yn, Un — p)
+ SZHB'Un - Byn”2 - 25n<vn - p, Bv, — Byn>
= [lyn = pII> = 1yn = vall* + 2(vn = Yn, yn — p)
+ 8721||an - BynH2 - 25n<vn - D, an - Byn>
= Hyn _p||2 - ”yn - Un||2 - 2<yn — Un — Sn(Byn - an),’l}n _p>
+ 57| Bu, — Bya|*. (4.6)
By applying (4.5) in (4.6), we obtain

2
zn ) Hyn*vn”272<yn*”n*3n(3yn*an)a ’Un*p>~
8n+1

(4.7)
We now prove that (y, — v, — s,(By, — Bv,),v, — p) > 0. Since v, =
(I + 8,D)~ (I — 8,B)yn, then we have (I — s,B)y, € (I + 8,D)v,. Recall
that D is maximal monotone. Then there exists u,, € Dy, such that

S

lta—pl? < ||ynp||2(1u2

(I - snB)yn = Up + Spln,

from which we obtain

1
Un = ;(yn — Uy — 5, Byn). (4.8)
Moreover, we have 0 € (B 4+ D)p and Bv,, + uy, € (B + D)v,. Since B + D

is maximal monotone, we get

(Bup, + Up, v, —p) > 0. (4.9)
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By substituting (4.8) into (4.9), we obtain

;<yn — Up — snByn + SnanaUn _p> Z 0.
n

This implies that

<yn — Up — sn(Byn - an)vvn _p> > 0. (4'10)
By applying (4.10) in (4.7), we have
5n
e =l < o =91 = (1= 123 Yl = wall (010)
Sn+1

On the other hand, one can see that (4.4) follows from (4.5).
O

Remark 4.3. By Lemma 4.1 and p € (0,1), there exists ng € N such that

82

1— p? =" > ¢ > 0 for all n > ng. Consequently, it follows from (4.3) that
n+1
for all p e I and n > ng

It —pH2 < lyn _pH2 —ellyn — Un||2-

Theorem 4.4. Let C' and Q be nonempty closed convex subsets of real Hilbert
spaces Hy and Hs, respectively. Let A : Hy — Hy be a bounded linear opera-
tor, and let {S;} be a countable family of k;-strictly pseudo-contractive multi-
valued mappings of C into CB(C). Let F1,¢1 : CXxC = R, Fo, ¢2 : @xQ — R
be bifunctions satisfying Assumptions 2.5. Suppose ¢1,do are monotone, ¢1
18 upper hemicontinuous, and Fo and ¢o are upper semicontinuous in the
first argument. Let B : Hi — Hy be an L—Lipschitz continuous monotone
mapping and D : H, — 27 be a mazimal monotone operator such that
I'= SGEP(F1,¢17F2,¢2) N m:r;l F(Sz) NnQ 7£ @, where ) = (B + D)il(O)
and S;p = {p} for each p € N2 F(S;). Let {zn} be a sequence generated by
Algorithm 3.1 such that conditions (C1) and (C2) hold. Then, the sequence
{xn} converges strongly to ¢ = Prxy.

Proof. We divide the proof of the strong convergence Theorem 4.4 into vari-
ous steps as follows:

Step 1: We show that sequence {z,} generated by Algorithm 3.1 is bounded
and well defined.

Let p € T, then we have p = Tr(fl’d)l)p and Ap = Tr(fl’(bl)Ap7 S;p = p, for all
i=1,2,..m.

Since Tﬁfl’(m)

is nonexpansive, then by Lemma 2.1 we have

ln = pIP = ITSE) w0 — A A* (T = TH=%) Aw) = pl?
< lwn = 7 A (I = T %2)) Aw, — pl|?

= lJwn = p|* + 12| A*(I = TF>%)) Aw, ||*

— 29, (w, —p, A*(I — Tr(fz’¢2))Awn). (4.12)
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By the firmly nonexpansivity of I — Tﬁf 2:92)
<wn - Db A*(I - T7§527¢2))Awn> = <Awn - A]L (I - Tr(f2’¢2))Awn>
= (Aw

n — Ap, (I — TﬁfQ’d’Q))Awn

, we get

(I~ T) Ap)
> [|(1 = T 7292)) Aw, || (4.13)
By substituting (4.13) in (4.12) and applying the condition on 7,,, we have
2 = PI? < llwn — Pl + 2 A% (I — TF9) Auw, |
= 29all(1 = T7%) Aw, |
= [lwn = plI* = [20(I = T 92)) Aw,||?
= Yl AT (L = T292)) Ay | 7]
= [lwn = plI* =7 (2 = 7o) = T 92)) Aw,|* (4.14)
< Jlwn = pl*. (4.15)

By Lemma 2.3 and applying the fact that S;, ¢ = 1,2,...,m is strictly
pseudo-contractive together with condition (C2), we get

m
1y = pI* = llan,02n + D n,ittni — plI”
=1

m
= anollzn = pl> + Y anilluni — pll?
=1
m
2 2
> amomilluni = zalP = D anicn jlluni — |
i=1 1<i<j<m

m
2
< anollzn = pI* + Y ani(H(Sizn, Sip))
=1
m

- Z Qn 0Qn i||Un,; — Zn||2 - Z O‘n,ian,j”un,i - u"aj”2

i=1 1<i<j<m

m
< anollzn = pl* + D ani(lza = pI? + killuni — zall?)

=1
m
- E Qp, 0Qn i
=1

— > anianlung — un gl

1<i<j<m

Un,i — Zn||2

<lzn =2l =D anilano = ki)|[tni — 2l (4.16)
1=1
< llzn = plP?, (4.17)
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which implies that
1y =PIl < ll2n = pl|- (4.18)
By applying (4.17) and (4.15) into (4.11), we get

2

e =17 < =51 = (14232 Yl — vl €T, (29
8n+1

By Lemma 2.4, we have that C,4; is closed and convex. Furthermore, from

(4.19) it follows that p € C),+1. Hence, we have I C C,,41 C C,, for all n and

thus z,41 = Pc,,, %o is well defined. Therefore, {x,} is well defined.

We now show that {x,} is bounded. It is known that I" is a nonempty closed

convex subset of Hi, then there exists a unique q € T" such that ¢ = Prxg.

From z,, = Pc,xo and 41 € Cpyq for all n € N, we obtain

lzn — 2ol < || Zny1 — on, VneN.
On the other hand, since I' C C),, we get
lzn, — zo| <|lg — zol|, ¥V neN.

This implies that {||z, — xo||} is bounded. Hence, {z,} is bounded. Con-
sequently {wy,}, {t,}, {2} and {y,} are bounded. Thus, lim, _ ||z, — 20|
exists.

Step 2: We claim that lim, . z,, = ¢, for some g € C.

It is clear from the definition of C,, that x,,, = P¢c,, xo € Cy, C Cpym >n > 1.
By Lemma 2.2, we obtain

lm = @all® < lzm — @ol* = l|lan — zo]l*. (4.20)

Since limy, —, 0 |5 — o] exists, then it follows from (4.20) that ||z, —z,| — 0
as n — oo. Thus, {z,} is a Cauchy sequence. Since H; is complete and C' is
closed, there exists ¢ € C such that x,, — ¢ as n — oo.

Step 3: We now show that ¢ € T.

From (4.20), we obtain

nll)rréo |Xnt1 — x| = 0. (4.21)

From the definition of w,, and by applying (4.21), we get
lwn — zn|| = Onlllzn — -1l < 10|20 — -1 = 0, n—oc0. (4.22)

From (4.21) and (4.22), we obtain

lwn, — Zpgi|l = 0, n— oo. (4.23)

We known that x,1 € Cp 1. Then, from the definition of C),; we obtain

l[tn — anrlHQ < |lwn — $n+1H2-
Combining this with (4.23) gives

nh_}n;o ltn — Zpni1]l = 0. (4.24)
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From (4.21) and (4.24), we obtain

li_>m ltn, — zn| = 0. (4.25)
From (4.22) and (4.25), we obtain
HILII;O It — wy] = 0. (4.26)

By applying (4.17) and (4.15) into Remark 4.3, we have

ltn = pI* < llwn = plI* = ellyn — vall*.
From which we get

ellyn = vnll* < llwn —plI* = [ltn —pl®
< lwn = tall(lwn = pll + l[tn = I,
which together with (4.26) implies that

lyn — vl =0, n— oc. (4.27)
Applying Lemma 4.1 together with (4.27) to (4.4), we have

It — vnl] =0, n— oo. (4.28)
From (4.26)-(4.28), we obtain

lyn — wn|l = 0, n— . (4.29)
From (4.15) and (4.16), we obtain

m
lyn =PI < llwn = pl* =Y anilano = ki) lun — 2l
i=1

From this we have

m
ni(@n,0 = ki)l[tni = 2all* <D anilano = ki)llun,i — 2
i=1

< Nwn = pl* = llyn = pII?
< (lwn = yal)(lwn = Il + [lyn — D))
By applying Condition (C2) and (4.29), we get

[uni = znll =0, n— oo (4.30)

From the definition of y,, and by applying (4.30), we get

m
Zn — Zn|| + Zanzﬂunz — 2zl =0, n—oo. (4.31)
i=1

Hyn - Zn” < Qn 0
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Also, by applying (4.22), (4.29) and (4.31), we obtain

lim ||w, — 2z, =0; lim |z, —x,| =0. (4.32)
n—roo n—roo

From (4.14), we have
20 = plI* < llwn = p* = 7a(2 = W) |1 = T 9) Aw, )%,
which implies that
V(2 =) | = T9) Awy||* < [lwy = plI* |20 —pl?
< lwn = 2znl[(lwn = pll + 120 = pII)-

Using the definition of ~,,, the condition on 7,, and applying (4.32), it follows
that
(2 = ) = T3> %)) Aw, |

A= (1 = T4 Aw, |2

From which we get
I — 7)) Aw, |2
| A1 — TE29)) Aw, |

Since ||A*(I — Tr(fzm))AwnH is bounded, then it follows that

—0 asn— oo.

—0 asn — oo.

(I = T F292)) Aw,|| — 0, n — oo. (4.33)
Consequently, we have

IA* (1 = T5™2) Awn)|| < A = T>%2)) Aw,) |

= [|A| (I = TF292)) Aw,)|| — 0 as n — oc.
(4.34)

Since t, = v, — Sn(Bv, — By,) and B is Lipschitz continuous, then by
applying (4.27) we have

ltn — vnll = ||vn — S$n(Bvy — Bypn) — Un|| = $nl|Byn — Bug|| = 0, n — oo.

Since {x,} is bounded, then w,(x,) is nonempty. Let ¢ € w,(z,) be an
arbitrary element. Then there exists a subsequence {x,, } of {z,} such that
Tp, — qas k — oo. Let 2z € w,(x,) and {xy;} C {z,} be such that x,, — z
as j — oo. From (4.32), we get z,, — ¢ and z,, — z. Since I —S; is
demiclosed at zero for each ¢ = 1,2,...,m, then it follows from (4.30) that
q,z € F(S;) for all i = 1,2,...,m, which implies that ¢,z € N, F(S;).
Next, let (g,h) € Graph(B + D), that is h — Bg € Dg. Since v,, = (I +
$n, D) (I = $p, B)yn,, we have

(I - SﬂkB)ynk € (I + SnkD)Unm
which implies that

1
7(ynk — Un, — SnkBynk) S Dvnk-

Sny
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Since D is maximal monotone, we get

1
<g'Unk,th T(ynk 7'Unk - SnkBynk)> Z O

Nk

From this we obtain

(ynk - Unk - SnkBynk)>

(Ui — vnk)>

vntg Bv’nk> <g_vnkavn1« _Bynk>

=9
+ < ~ Uiy ynk Uny, )>
> (g

1
— Uny, B'Unk Bynk> + <g — Unys s (ynk - vnk)>
Nk

1
<Q—Unk,h> Z <g_vnkaBg+ 87

ng

1
= (9 — vn,,Bg — Byn,) + <g—vnk,$

Nk

Since B is Lipschitz continuous and lim, e ||[vn — yn|| = 0, we have
limy,—, 00 || BUn,, — Byn, || = 0. Applying this together with lim,, o s, = s >

min< s1, ¥ ¢, we get

(9 —¢q,h) = lim (g — vy, ,h) > 0. (4.35)
k—o0

Following similar argument, we obtain

(9 —2,h) = lim (g —v,,,h) > 0. (4.36)

A)OO
By the maximal monotonicity of (B + D), it follows from (4.35) and (4.36)
that ¢,z € (B+ D)~1(0).
Next, since z,, = Tr(f;l ¢1)(I — Y A" (I = TF292) Ayw,,, then by applying
Lemma 2.6, we get *

Fl(znka y) + (bl(znkay)

+

1 *
<Z-,I T Bngs Bng, — Wy — 7”1«4 (I - Tr(f:’(ﬁﬁ)Awnﬁ

Nk

>0, Vy e C,
which implies that
Fl (an ) y) + d’l(znk ) y)

1
+ <y_ Zny sy Znyg _wnk>
Ty

1

Tng

>0, Vy e C.



A modified inertial shrinking projection algorithm 19

From the monotonicity of F} and ¢1, it follows that

1
<y T Zngs Rng T w’ﬂk>
Tny,

1

<y — Zngs Vg A* (I - T£$’¢2))Awnk>

Tng

Z Fl(yvznk) + ¢1(y7znk)v Vy € C

By (4.32) and z,, — ¢, we obtain z,, — ¢. Applying condition (C1), (4.32),
(4.34) and Assumption 2.5 (A1)-(AT), we obtain

0> Fi(y,q) + ¢1(y,q), Yy € C.

Suppose y; = ty+ (1 —t)q, vt € (0,1] and y € C. Then, y; € C and Fi(yt, q)+
©1(yt,q) < 0. Therefore, by Assumption 2.5 (A1)-(A7), we get

0 < Fi(ye, yt) + é1(ve, ye)
<t(Fi(yey) + o1y, ) + (1 — ) (Fi(ye, @) + o1(ye, q))
< t(Fi(ye, y) + ¢1(ye,v))-
Thus, we have

Fi(ye,y) + é1(ye,y) >0, Vy € C.

Letting ¢t — 0, and applying condition (A3) together with the upper hemi-
continuity of ¢1, we have

Fi(q,y) + ¢1(q,y) > 0, Yy € C. (4.37)

By similar argument, we have

Fi(z,y) + ¢1(2,y) 20, Yy € C. (4.38)

It follows from (4.37) and (4.38) that ¢,z € GEP(Fy, ¢1).
Next, we show that Aq, Az € GEP(Fy,¢2). Since A is a bounded linear
operator, then by (4.22) we have Aw,,, — Aq. Hence, from (4.33), we obtain

TF2%) Aw,, — Ag, k= oc. (4.39)
By the definition of Tr(,f;’¢2)Awnk, we have
F2 (Tygf7¢2)Awnk ’ y)

=+ ¢2 (T£$’¢2)Awnk ) y)
1
+ —(y = T Aw,,, , T2 Aw,,, — Awy,)

MK
>0, Vy € Q.
Since Fy and ¢o are upper semicontinuous in the first argument, then by

(4.33), (4.39) and liminfy_,o 7y, > 0, we have

F3(Aq,y) + ¢2(Aq,y) 2 0, Vy € Q. (4.40)
Following similar argument, we have
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Fy(Az,y) 4+ ¢2(Az,y) > 0, Vy € Q. (4.41)

From (4.40) and (4.41), it follows that Aq, Az € GEP(Fs, ¢2). Therefore
q,z € SGEP(Fy, ¢1, Fa, ¢2). By Invoking Lemma 2.7, we get ¢ = z. Hence,
we have that g € T'.

Step 4. Lastly, we show that ¢ = Przg.

Since z,, = Pg,xzo and I' C C,,, we have (xg — x,,,x,, —p) > 0 for all p € .
By taking limit as n — oo, we have (zg — ¢,¢ —p) > 0 for all p € I". This
shows that ¢ = Prxg.

Therefore, we can conclude by the steps above that {z,} converges strongly
to ¢ = Prxg. This completes the proof. O

If 1 = ¢ = 0 in (1.3)-(1.4), then the split generalized equilibrium problem
reduces to split equilibrium problem. Hence from Theorem 3.1 , we obtain
the following consequent result.

Corollary 4.5. Let C and Q be nonempty closed convex subsets of real Hilbert
spaces Hi and Hs, respectively. Let A : Hi — Hs be a bounded linear oper-
ator, and let {S;}™, be a countable family of k;-strictly pseudo-contractive
multivalued mappings of C' into CB(C') such that I —S; is demiclosed at zero
foreachi=1,2,...,m, S;p = {p} for each p € N, F(S;) and k = max{k;}.
Let Fy : CxC — R, Fy : QX Q — R be bifunctions satisfying Assumptions 2.5
such that Fy is upper semicontinuous in the first argument. Let B : Hy — H,
be L-Lipschitz continuous and monotone and D : Hy — 271 be a mazimal
monotone operator such that T = SGEP(Fy, F2)N™, F(S;) (B+D)~1(0) #
0. Let {z,} be a sequence generated as follows:

Algorithm 4.6.

Initialization: Select xo,x1 € Hy, p € (0,1),0,, € [—0,60] for some 6 > 0
and C1 = C.

Iterative Step: Given the current iterate x,, calculate the next iterate as
follows:

Step 1 : Compute

Wy, = Ty + Op(Ty, — Tp—1).

Step 2 : Compute
zn = TSI — 7, A" (I — TF?) A)w,.

Step 3 : Compute

m
Yn = Qn,0Zn + § Qn ilni, Uni € Sizn.
1=1
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Step 4 : Compute
vp = (I +8,D) (I — 5,B)yn
t, = vy — Sn(Bv, — Byy)
Coy1={p€Cyp: |ty _pH2 < @y, —p||2 — 20, (T — P, Tp—1 — T)
+0721||33n—1 - xn‘lz}
ZTni1 = P, ., %o,

Step 5 : Compute

min M, Sn if By, — Bv, # 0.
— [1Byn—Bun||
Sn+1 =

(4.42)
Sn otherwise,
Set n:=n+ 1 and return to Step 1. where
|(I=T{E2) Aw| | (P2
v = 4 At A A0 7 Tr " A
v otherwise (v being any non-negative real number.)

Suppose other conditions of Theorem 3.1 hold. Then, the sequence {x,} con-
verges strongly to ¢ = Prxg.

5. Applications
5.1. Split Minimization Problem

Let Hy, H> be two real Hilbert spaces, and let C' C H; and Q C Hs be
nonempty, closed, and convex subsets. Let f : C — R, g : @ — R be
two operators and A : H;y — Hy be a bounded linear operator. The split
minimization problem (SMP) is formulated as finding

z* € C such that f(z*) < f(x), Vo € C, (5.1)

and

y* = Az™ such that g¢(y*) <g(y), y € Q. (5.2)

y*
Let Q denote the set of solution of SMP (5.1)-(5.2), and we assume Q # (.
Let ¢1 = qf)z = 0, and

Fi(xz,y):= f(y) — f(z) forall z,y € C;

and
Fy(u,v) :=g(v) —g(u) for all u,v € Q.

Suppose f and g are convex and lower semi-continuous on C' and @, respec-
tively. Then, Fi, F5, ¢1 and ¢ satisfy all the conditions of Assumption 2.5.
Consequently, from Theorem 3.1 we obtain a strong convergence theorem for
approximating a common solution of split minimization problem, monotone
variational inclusion problem and fixed point problem for a countable family
of strict pseudo-contractive multivalued mappings in Hilbert spaces.
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5.2. Split Variational Inequality Problem

Let C' be a nonempty closed convex subset of a real Hilbert space H, and
f : H — H be a single-valued mapping. The variational inequality prob-
lem (VIP) introduced independently by Fichera [19] and Stampacchia [43] is
formulated as follows:

find z* € C such that (y — 2™, fz*) > 0, VyecC. (5.3)

The VIP can be modelled to solve several optimization problems and has vast
applications in different fields, such as in physics, engineering, economics, etc,
(see [4, 8, 12, 16, 31, 34, 42]).

The split variational inequality problem (SVIP), which was first introduced
by Censor et al. [12] is defined as finding a point:

x* € C such that (z — 2™, f(z*)) >0 Vaed, (5.4)
and

y* = Az* € Q solves (y — y*,g(y*)) >0 YVyeQ, (5.5)

where C' and @) are nonempty, closed, convex subsets of real Hilbert spaces H;
and H,, respectively, f : Hi — Hy and g : H, — Hs are monotone mappings,
and A : Hy — H is a bounded linear operator, see [25]. Let £ # 0 denote
the set of solution of SVIP (5.4)-(5.5). By setting ¢1 = ¢ = 0, and

Fi(z,y) = (y—=, f(z)) forallz,yeC;
and
Fy(u,v) == (v —u,g(u)) forall u,ve@.

Then, Fi, F3, ¢1 and ¢ satisfy all the conditions of Assumption 2.5. Hence,
from Theorem 3.1, we obtain a strong convergence theorem for approximating
a common solution of split variational inequality problem, monotone varia-
tional inclusion problem and fixed point problem for a countable family of
strict pseudo-contractive multivalued mappings in Hilbert spaces.

6. Numerical Examples

In this section, we present a numerical experiments to illustrate the perfor-
mance of our Algorithm 3.1 as well as comparing it with Algorithm (1.14),
Algorithm (1.15), Algorithm (1.16) and Algorithm (1.17) in the literature.

In our computation, we choose o, 2n’jr1 s Oln i (gntil) T =
1,2,...,5, 7, = 1.5, an19 ranO 50f()land,ufO'?mourAlgorlthm
_ _ 2n . n+1 _
31 Gx—fx fr = 3o, Kz = %u, ), = Bnt109n _2n+3’5”_2n+3’77
5,’y 0.2, Tjx = (3+ e in Algorlthm (1.14),8, =&, = (1 ), 0p = 2n+1

in Algorithm (1.15) while in Algorithm (1.16) and Algorithm (1.17). Let the
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sequences {0, ;} be defined as follows for each j € NU {0} and n € N :

a7 (729); n> j,
Oonj =41— 5000 ) n=j (6.1)
0, n<j,

where b > 1.

Example 6.1. Let H; = Hy = Rand C = @ = [0,10]. Let A : H; — Hy
be defined by Az = £ for all x € H;. Then, we have that A*y = ¥ for all
y € Hy. Forx € C,j e Nand i = 1,2,...,5, let P;,S; : C — CB(C) be
multivalued mappings defined as follows:

Pj(z) = [0, 1?)7]} S(z) = {o, 19601] (6.2)
One can easily verify that P; and S; are nonexpansive and strictly pseudo-
contractive, respectively. Define mappings B : H; — H; by Bx = 2z, D :
Hy — H; by Dx = 3z, and let the bifunctions Fj,¢; : C x C — R be
defined by Fi(z,y) = y? + 3zy — 422 and ¢y (z,y) = y*> — 22 for x,y € C,
and Fy, ¢2 : Q X Q — R by Fy(w,v) = 202 +wv — 3w? and ¢o(w,v) = w — v
for w,v € Q. It is easy to verify that all the conditions of Theorem 4.4 are
satisfied. Next, we compute TT(Fl’d)l)(x). We find u € C such that for all z € C

0 < Fi(u,2) + ¢1(u,2) + %(z—u,u—@

:2z2+3u2—5u2+%<z—u,u—x>
=
0 < 2r2? + 3ruz — 5ru? + (2 — u)(u — x)
=2r2% + 3ruz — 5ru® +uz — 2z — v +ux
=2r22 + (3ru+u — x)z + (=5ru? — u? + ux).
Suppose h(z) = 2rz? + (3ru + u — x)z + (=5ru? — u? + ux). Then, h(z)

is a quadratic function of z with coefficients a = 2r,b = 3ru + u — z, and
¢ = —5ru? — u? + uz. We determine the discriminant A of h(z) as follows:

A = (3ru+u—x)? —4(2r)(=5ru?® — u? + ux)
= 49r2u? + 14ru® — 14rux + u? — 2uz + 22
= ((7r + Du —z)2. (6.3)

By Lemma 2.6, 7o) g single-valued. Thus, it follows that h( ) has at most
one solution in R. Hence, from (6.3), we have that u = This implies

that T, (y) =
that for all d € Q

T
Similarly, we compute T(F2’¢)2)( ). Find w € @ such

7T+1

TF2)(y) = {w € Q: Fa(w,d) + ool d) + - {d—ww—y) >0, Vde Q}.
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_ ytr
— Br41-

By following similar procedure as above, we obtain w

Fa,¢2
that T.72? )(y) = —;’T':Tl.

In this example, we set the parameter b on {0, ;} in (6.1) to be b = 40,v = 3.5
and we choose different initial values as follows:

Case I: xqg = 7,21 = 3;

Case II: xg = 6,11 = 2;

Case III: xog = 8,11 = 4;

Case IV: g = 9,21 = 5.

This implies

We compare the performance of our Algorithm 3.1 with Algorithms
(1.14), (1.15), (1.16) and (1.17). The stopping criterion used for our com-
putation is |r,41 — x,| < 1071 We plot the graphs of errors against the
number of iterations in each case. The numerical results are reported in
Figure 1 and Table 1.

TABLE 1. Numerical results for Example 6.1

Alg. Alg. Alg. Alg. Alg. 3.1
(1.14) (1.15) (1.16) (1.17)
Case I No. of Iter. 9 20 4 9 2
CPU time (sec) | 0.0057 | 0.0078 | 1.6693 | 0.3383 | 0.0032
Case II | No. of Iter. 8 20 4 8 2
CPU time (sec) | 0.0051 | 0.0059 | 1.6884 | 0.3124 | 0.0039
Case IIT | No. of Iter. 9 20 4 9 2
CPU time (sec) | 0.0053 | 0.0057 | 1.6625 | 0.3566 | 0.0041
Case IV | No. of Iter. 9 20 4 9 2
CPU time (sec) | 0.0054 | 0.0067 | 1.6623 | 0.3449 | 0.0039

Example 6.2. Let H; = Hy = Lo([0,1]) with the inner product defined as

1
(z,5) = / ()y(D)dt, Va,y € Ly([0, 1))

Let

C:={z € H :{a,z) >d},
where a = 2t? and d = 0. Here, we have

d—{a,x)

Felo) =4+
Also, let

Q:={x € Hy: {(c,z) < e},
where ¢ = %, e = 1 and we have

Po(x) = = + max {o, ‘Wc}
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FiGURE 1. Top left: Case I ; Top right: Case II; Bottom left:
Case III ; Bottom right: Case IV.

Let F1 : CxC — Rand Fy : @ xQ — R be defined as Fy(z,y) = (L1z,y—x)
and Fy(z,y) = (Lex,y — x), where Liz(t) = % and Lox(t) = #. It
can easily be verified that F} and Fy satisfy conditions (A1)-(A4). Also, let
¢1 = ¢o = 0. Furthermore, define B : Hy — H, by Bx = 3z, D : H| — H;
by Dz = Tz, and let A : L5([0,1]) — La([0,1]) be defined by Ax(t) = “1
and A*y(t) = ¥) Then, A is a bounded linear operator. We consider the

3
case for which the multivalued mappings {S;} and {S;} are single-valued.

Let Sj,S; : L2([0,1]) — L2([0,1]) be defined by
(S;z)(t) = /0 t'x(s)ds and (Siz)(t) = /0 t'z(s)ds for all t € [0,1].

Note that S; and S; are nonexpansive for each ¢,j. Select r, = 22%, 0, =
0.8, 7, = 0.7. It can easily be checked that all the conditions of Theorem 4.4
are satisfied. Now, we compute TT(F1’¢1)(:U). We find z € C such that for all
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yel
1
Fl(z,y)+¢1(z7y)+;<y—z,z—x> 20

1
@(E,y—z>+;<y—z,z—x>20

2
@g(y —2)+ %(y— 2)(z—x) 20
<y—2)rz+3(z—2)] >0

<(y—2)[(r+3)z—3z] >0. (6.4)

By Lemma 2.6, we obtain
1
1@ = { € C R+ o) + 1y -5z -a) 20, ¥y el

(V x € Hy), is single-valued. Thus, from (6.4) we obtain z = % This implies

that TT(F1’¢1)(x) = T?’% Similarly, we compute TT(F2’¢2)(v). We find w € Q
such that for all d € @

1

ﬂ&me{w€@ﬂﬂm@+¢mu@+wmwwzo,VdeQ}
S

By using similar approach as above, we obtain w = %. This implies that

TS(F27¢2)(U) _ fﬁ'
Here, we set the parameter b on {4, ;} in (6.1) to be b = 3,v = t? and we

choose different initial values as follows:
Case I xog =t*, 21 =2+t + 5+ 3;
Case II: xo = t°, 21 = t? + 12 4+ 2;

Case III: xg = t*, 2y =3 + 15 + 17 +2;
Case IV: xog =t°, 21 =t +t2 + 1.

We compare the performance of our Algorithm 3.1 with Algorithms
(1.14), (1.15), (1.16) and (1.17). The stopping criterion used for our com-
putation is ||z,11 — x,|| < 107 We plot the graphs of errors against the
number of iterations in each case. The numerical results are reported in
Figure 2 and Table 2.

7. Conclusion

In this article, we proposed a new modified inertial shrinking projection algo-
rithm for finding common solution of split generalized equilibrium problem,
monotone inclusion problem and fixed point problems for a countable family
of strictly pseudo-contractive multivalued mappings. We established strong
convergence result for the proposed method. We applied our results to study
related optimization problems and presented some numerical examples to
demonstrate the efficiency of our proposed method in comparison with other



A modified inertial shrinking projection algorithm 27

TABLE 2. Numerical results for Example 6.2

Alg. Alg. Alg. App. Alg. 3.1
(1.14) | (1.15) | (1.16) | (1.17)
Case I No. of Iter. 10 14 10 6 6
CPU time (sec) | 0.7297 | 0.7237 | 1.2541 | 0.2548 | 0.3256
Case II | No. of Iter. 9 14 9 6 6
CPU time (sec) | 0.6743 | 0.7004 | 1.1791 | 0.2628 | 0.3091
Case III | No. of Iter. 9 14 9 6 6
CPU time (sec) | 0.6507 | 0.6825 | 1.1474 | 0.2599 | 0.3087
Case IV | No. of Iter. 9 13 8 6 6
CPU time (sec) | 0.6353 | 0.6458 | 1.1130 | 0.2631 | 0.3166

) “Alg. 1.14 10° ~Alg. 1.14
10 Alg. 1.15| Alg. 1.15)
——Alg. 1.16 ——Alg. 1.16|
Alg. 1.17 Alg. 1.17|
=—Alg. 3.1 =—Alg. 3.1
@ @191
810t g0
i i
102 102
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Iteration number (n) Iteration number (n)
10° ——Alg. 1.14] 10°
Alg. 1.15 A:g’ 114
- Alg. 1.16 +Alg' 115
Alg. 1.17 ‘/:Ig- iig
|=-Alg. 3.1 g. 1.
=Alg. 3.1
0. 1
E 10" g 10
u i
102 102
0 2 4 6 8 10 12 14 0 10 12 14
Iteration number (n) Iteration number (n)

FI1GURE 2. Top left: Case I; Top right: Case II; Bottom left:
Case III; Bottom right: Case IV.

existing methods. Our results extend and improve several existing results in
this direction in the current literature.
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