Stud. Univ. Babes-Bolyai Math. 77(77), No. 7?7, 1-4

Fuzzy Differential Subordinations Con-
nected with Convolution
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Abstract. The object of the present paper is to obtain several fuzzy
differential subordinations associated with Linear operator D5 , f(2) =

n,8,97

o0 .
z4+ Y [14+ (G —1)c*(8)]™ a;bjz’. Using the operator D)5 ., we also
j=2
introduce a class HY . 5 (1, g) of univalent analytic functions for which
we give some properties.
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1. Introduction

Let QC C, H(Q) the class of holomorphic functions on 2 and denote by
H,(Q) the class of holomorphic and univalent functions on 2. In this paper,
we denote by H(A) the class of holomorphic functions in the open unit disk
A={z€eC:|z| <1} with BA = {z € C: |z] = 1} the boundary of the unit
disk. For § € C and d € N, we denote

H[Bd =S feHA): f(z)=B+ Y a2, z€A},
j=d+1

Ag={feH(A): f(z)=2+ > a;2), z€A})  with A=A,
j=d+1
and,
S={f€A: fisa univalent function in A}.

We denote by

C:{feA: %<1+ZJ{,”(S)>>0, zeA},
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is convex functions in A.

Definition 1.1. [2, 11] Let fi and fo are analytic function in A, then fi
is subordinate to fo, written fi < fo if there exists a Schwarz function w,
which is analytic in A with w(0) = 0 and |w(z)| < 1 for all z € A, such that
f1(2) = fa(w(z)). Furthermore, if the function fo is univalent in A, then we
have the following equivalence:

f1(2) < f2(2) © f1(0) = f2(0) and fi(A) C f2(A).

In order to introduce the notion of fuzzy differential subordination, we
use the following definitions and propositions:

Definition 1.2. [8] Assume that the set Y #* &. Application F : Y —[0,1]
is fuzzy subset. A pair (B, Fg), where Fg:)Y —[0,1] and

A={z e} :0< Fp(z) <1} =sup (B, Fp), (1.1)
is said fuzzy subset. A function Fg is said to be the fuzzy set (B, Fg) .
Proposition 1.3. [12] (i) If (B, Fg) = (U, Fu), then we have B = U, where
B =sup (B, Fg) and U = sup (U, Fu);
(i1) If (B, Fi) C (U, Fu), then we have B C U, where B = sup (B, Fg)
and U = sup (U, Fu) .
Let f,g € H(), we denote by

FEO) ={f(2): 0< Fpayf(z) <1, z€Q} =sup (f (), Fra), (1.2)

and,
g(Q) = {g(z) 0 < Feag(z) <1, z € Q} = sup (g () 7.7-'9(9)) . (13)

Definition 1.4. [12] Let zp € Q be a fized point and let the functions f,g €
H(Q). The function f is said to be fuzzy subordinate to g and write f <r g
or f(z) <r g(z), which is satisfied the following conditions:

(1) f(z0) = g(20)

(i) Fr)f(2) < Fyayg(z), z€Q.
Proposition 1.5. [12] Assume that zp € Q is a fized point and the functions
frg€ HQ). If f(2) <7 g(2), z € Q, then

(4) f(20) = g(20)

(i) f(Q) Cg(Q), Fraf(z) < Fgag(z), z€Q,
where f(Q) and g () are defined by (1.2) and (1.3), respectively.

Definition 1.6. [13] Assume that ® : C3 x A — C and h € S, with
D (a,0,0;0) = h(0) = «. If p is analytic in A, with p(0) = « and satis-
fies the second order fuzzy differential subordination

Fasxn)® (P(Z)’ 2p (2), 2% (2); Z) < Frayh(z),

ie. @ (p(z), 2p (2),2%p (2); z) <r h(z), z€A. (1.4)
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Then p is said to be a fuzzy solution of the fuzzy differential subordination,
the univalent function q is called a fuzzy dominant of the fuzzy solutions for
the fuzzy differential subordination if

Fpayp(2) < Faayq(z), de p(z) <rq(z), z€A
for all p satisfying (1.4).
A fuzzy dominant q that satisfies
Fan)d(z) < Fanya(z), de q(z) <rq(z), z€A
for all fuzzy dominants q of (1.4) is called the fuzzy best dominant of (1.4).

Making use the binomial series
(1—6)":2( " )(—1)i 5 (neN={1,2,..}),

i
i=0
for f € A, we introduced the linear differential operator as follows:

DY 5, f(2) = (f x9) (2),
Dhsof(2) = Dusgf(z)=(1=8)"(f*g)(2)+[1—(1-38)"2(f*9) (2)

= z+ Z 1+ (J—1)c™(9)] ab;z’
=2

Paf(2) = Dus, (Prsat ()
- (1-o" Dyl (z)+[1—(1—5)"}z(pgf;; (z))/

- z+Z[1+(j— 1) ¢ (6)]™ a b,z (1.5)

(6 >0, neN, meNy=NU{0}),
where
o)=Y < " ) (-1 6 (neN).
i=1
From (1.5), we obtain that

"(0) z (D5 of(2)) =Dpggf(2) = [L = c"(O]Dys o f(2)-
By specializing the parameters n, ¢ and b;, we note that
(i) Putting b; = 1 (or g(z) = =), then D5 = =Dyls defined by Yousef
et al.[17];
(ii) Putting b; = 1 (or g(2) = %) and n = 1, then DY, = = D" defined
by Al-Oboudi [1];
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(iii) Putting b; = 1 (or g(z) = t%5) and n = ¢ = 1, then DYy - =D"
defined by Salagean.[15];

(iv) Putting b; = (%) (>0, £>—1)and n =1, then Di’; . = 7,3 f(2)
defind by El-Deeb and Lupas [6];

(v) Putting b; = (g—i;) (TJ 1)1,6 ™ (m,a > 0, n € Ng) and m = 0, then
D) 5., = Mt f(2) defind by El-Deeb and Oros 7];

. —1)*1r(v k.,q]!
(vi) Putting b; = pdpnsy © g (0 >0, A > —1, 0 < g < 1)

studied by El-Deeb and Bulboaca [4] and El-Deeb [3], we obtain the operator
N2 defined as follows:

vné’

J

v m 1)’ (v +1
N n)\é = z+ Z 1+ (Jj c"(9)] 4j(1(; - 1)!(F(j +)U) 47

()\>—1,0<q<1, 0,v>0; neN; meNy);
[e3
(vi)Puttingbj:(fi.) ka0 >0, A > —1, 0<g<1)

£+j A1,qlk—1"
studied by El-Deeb and Bulboacé [5] and Srivastava and El-Deeb [16], we

obtain the operator /\/lz " 6 ', defined as follows:

m,\,q _ . m(n+1 “ [k7(ﬂ! J
Menéaf = Z+Zl+] 1) c™(9)] <n+k:) [A+1,Q]k71ajz

(a>0, A>-10>0;0<¢g<1;0>0; neN; meNy).

2. Preliminary

To prove our results, we need the following lemmas.

Lemma 2.1. [11] Let v € A and G(z) = L [u@)dt, = € A If
0

%{1+2j((§>}>, 2 €A, then G € K.

Lemma 2.2. [14, Theorem 2.6] Let ¢ be a convex function with ¥(0) =
and v € C* —(C\{O} wzth@? (v) > 0. prEH[Bd] with p(0) = B, ®

C?xA—=C, o (p ) =p(z)+Lzp '(2) is analytic function in A
and

Faeresy () + izp%z)) < Fuaph(s) = p(e) 450 (2) < h(2), =€ A,
then

Fpa)p(2) < Fyaya(z) < Frpayh(z) — p(2) <r q(2), z € A,

where

Y(t)tadt, z € A.

<
—
S
Na
|
U
Q|
alv
o,
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The function q is convex and it is the fuzzy best dominant.

Lemma 2.3. [14, Theorem 2.7] Let g be a convex function in A and ¥(z) =
9(2) 4+ dyzg (2), where z € A, d € N and v > 0. If

p(2) = 9(0) +pa 2%+ par1 27+ .
belongs to H(A), and

Fo(a) (p(z) + vzp/(Z)) S Fpa(z) = p(2) +72p (2) < 9(2), 2 € A,
then
Fpa) (P(2)) < Faayg(z) — p(z) <rg(2), z€A.

This result is sharp.

For the general theory of fuzzy differential subordination and its appli-
cations, we refer the reader to [9, 10].

In the next section, we obtain several fuzzy differential subordinations
associated with the diferential operator D}'; ' f(z) by using the method of
fuzzy differential subordination.

3. Main results

Assume that n € [0,1),0 >0, n € N, m € Ng, A > 0 and z € A are
mentioned through this paper:

By using the integral operator D}}'s . we define a class of analytic func-
tions and we derive several fuzzy dlfferentlal subordinations for this class.

Definition 3.1. Let the function f € A belongs to the class Hf,m,é (n,9)
for allm €10,1), n € Ng, m > 0 and o > 0 if it satisfies the inequality:

F(Dma f)/(A) (D:Z(;’gf(z)) >, (€ A).

Theorem 3.2. Let k belongs to C in A and suppose that h(z) = k(z) +
%HZIC ( ) ]ff EHnm6(n7g> and

A+2 |
G:) = PfG) =2 [P roa, (3.1)
0
then
F(DZLJ f)'(A) ( rnf,a,gf(z)), < Fhayh(z)  — (Dzl,s,gf(z)), =<F h(z),
- (3.2)
implies
TN (D5, G(2) < Fuak(z) = (DI%,G(2)) <r k(2),

and this result is sharp.
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Proof. Since
AMGG) = (A +2) /t’\f(t)dt,
0

by differentiating, we obtain
(A +1)G(2) + 2G (2) = (A +2) f(2),
and,
A+ 1) Dy Ge) +2 (Diis G(2) = A+2) D, f(2), (33)
and also, by differentiating (3.3) we obtain

m ! 1 m " m !
( n,a,gG(Z)) + mz( n,§,gG(Z)) = ( n,a,gf(z)) (3.4)
By using (3.4), the fuzzy differential subordination (3.2) is
’ 1 "
' mn —_ m <
HGCON <( masG@) + gy (PasG) ) =
1 /
We denote )
q(z) = ( Zf&gG(z)) , so g€ H[l,n]. (3.6)

Putting (3.6) in (3.5), we have

1 7 1
Fion, gy o (100 g 9) < s (K61 (ot 9).

and applying Lemma (2.3), we have

Fyaya(z) < Fyak(z), ie F(D,TZ(;,HG(Z))/(A)( me.gG(2)) < Frayk(2),
therefore (D;Z[;)QG(Z)) <r k(z), and k is the fuzzy best dominant. O

Theorem 3.3. Assume that h(z) = W, n€1[0,1), A >0 and ™ is
given by (3.1), then

IA [Hg,m,ﬁ (7779)] - Hi,m,é (77*, g) 9 (38)
where
A2
= 277—1+()\+2)(2—277)/t+1dt. (3.9)

0

Proof. A function h belongs to C and using the same technique in the proof
of Theorem 3.2, we obtain from the hypothesis of Theorem 3.3 that

’

Fya) <q(z) + (/\%2)2(1 (z)) < Frayh(z),
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where ¢(z) is defined in (3.6). By using Lemma 2.2, we obtain
Fyaq(2) < Fayk(z) < Frayh(z),
which implies

F / (D:Z(;,gG(Z)) < Fk(A)k(Z) < Fh(A)h(z),

(DZI,S,QG) (A)
where
A2 [ 14 (2 -1t
K = T [0
0
(A+2)(2—2p) [ M
= (2n—-1)+ A2 1+tdt'

0

k belongs to C and k (A) is symmetric with respect to the real axis, so we
conclude

F(DZ’,'a,gG),(A) (Dy'5.,G(2) > |rzr|ﬂ:an’“(A)k(z) = Fra)k(1), (3.10)
% F e
and n* = k(1) =2n— 1+ (A +2)(2-2n) [ FGrdt. O
0

Theorem 3.4. Let k belongs to C in A, k(0) = 1, and h(z) = k(z) + 2k (2).
If f € A and satisfies the fuzzy differential subordination

F(D;né_ f)/(A) (IDTT(s,gf(Z))/ < Fh(A)h(Z) — ( ;’f&gf(z))/ <7 h(2),

(3.11)
holds, then
Dy f(2) Disgf (2)
FD%M)% < Fyak(z) = 5% <r k(z). (3.12)
The result is sharp.
Proof. For
" e S (1 (G- 1) e (d)]" by
Dn,ﬁ}gf (Z) j=2 7
q(z) = . = .
= 14+ ) [T+ —1)e"(0)]" a2’
=2

/

we obtain that q(z) + z¢ (2) = (D?Za,gf (z)) , 80

m ! n,8,g = Lh(A)
Flo 1Y (Prsaf(2)) < Fuayh(z)

n,8,9

implies

Fyy (a(2) + 24 (2)) < Fuayh(2) = Fia) ((2) + 2K (2))
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Applying Lemma 2.3, we have

Fya)a(2) < Fyayk(z)  — FDgﬁsygf(A)%f(Z) < Fiya)k(2),
and we get
Lﬁ‘g’zf ) < k(2).
The result is sharp. (I

Theorem 3.5. Consider h € H(A) with h(0) = 1, which satisfies

R <1 +Z W7 ((§)> > _71 If f € A and the fuzzy differential subordination

Fiop, sya Prsal @) SFaahs) = (D5,0(2) <r h2),
(3.13)
then
Dy's of (2) - Dpsof(2)
FDmgf(A)% < Frayk(z) e 5% <r k(z), (3.14)
where
1
k(z) = f/h(t)du
z
0
the function k is convex and it is the fuzzy best dominant.
Proof. Let
Dm > .
02 = 25l S s oy e @ et ge R,

j=2

where R <1 + Z:/(S)> > = From Lemma 2.1, we have

belongs to the class C, which satisfies the fuzzy differential subordination
(3.13). Since

k(z) + 2k (2) = h(2),
it is the fuzzy best dominant.

’

We have ¢(z) + 2¢ (z) = (DZfé)gf (z)) , then (3.13) becomes

Fya) (4(2) + 24 (2)) < Fua)h(2).
Applying Lemma 2.3, we have

P . Dyts o f (2)
a(8)4(2) < Frayk(z), ie. FD;”&gf(A)f < Fiyak(2),
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then
D z
n’6’if( ) <F I{/’(Z)

O

Putting h(z) = W in Theorem 3.5, we obtain the following corol-
lary:

Corollary 3.6. Let h = % a convex function in A, with h(0) = 1,
0<p <1 If f € A and verifies the fuzzy differential subordination

Fiop. 1y Pisaf () € Pua)h(a). i (Diis,f(2) <z h(z).
then
k(z)=28—-1+

the function k is convex and it is the fuzzy best dominant.

Mln(l—kz)

Concluding, all the above results give us information about fuzzy dif-
ferential subordinations for the operator Dy’ 4> We give some properties for

the class HE . (n,n) of univalent analytic functions.
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