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Abstract

The object of the present paper is to obtain several fuzzy di�eren-
tial subordinations associated with Linear operator Dm

n;�;gf(z) = z +
1P
j=2

[1 + (j � 1) cn(�)]m ajbjzj : Using the operator Dm
n;�;g; we also intro-

duce a class HF
n;m;� (�; g) of univalent analytic functions for which we give

some properties.
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1 Introduction

Let 
� C; H(
) the class of holomorphic functions on 
 and denote by
Hd(
) the class of holomorphic and univalent functions on 
. In this paper,
we denote by H(�) the class of holomorphic functions in the open unit disk
� = fz 2 C : jzj < 1g with B� = fz 2 C : jzj = 1g the boundary of the unit
disk. For � 2 C and d 2 N, we denote

H [�; d] =

(
f 2 H(�) : f(z) = � +

1P
j=d+1

ajz
j ; z 2 �

)
;

Ad =

(
f 2 H(�) : f(z) = z +

1P
j=d+1

ajz
j ; z 2 �

)
with A1 = A;
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and,
S = ff 2 A : f is a univalent function in �g :

We denote by

C =
(
f 2 A : <

 
1 +

zf
00
(z)

f 0(z)

!
> 0; z 2 �

)
;

is convex functions in �.

De�nition 1.1 [2, 9] Let f1 and f2 are analytic function in �, then f1 is
subordinate to f2, written f1 � f2 if there exists a Schwarz function w, which
is analytic in � with w(0) = 0 and jw(z)j < 1 for all z 2 �; such that f1(z) =
f2(w(z)): Furthermore, if the function f2 is univalent in �; then we have the
following equivalence:

f1(z) � f2(z), f1(0) = f2(0) and f1(�) � f2(�):

In order to introduce the notion of fuzzy di�erential subordination, we use
the following de�nitions and propositions:

De�nition 1.2 [6] Assume that the set Y 6= ?. Application F : Y ! [0; 1] is
fuzzy subset. Apair (B;FB) ; where FB : Y ! [0; 1] and

A = fx 2 Y : 0 < FB(x) � 1g = sup (B;FB) ; (1.1)

is said fuzzy subset. A function FB is said to be the fuzzy set (B;FB) :

Proposition 1.1 [10] (i) If (B;FB) = (U ;FU ), then we have B = U ; where
B = sup (B;FB) and U = sup (U ;FU ) ;
(ii) If (B;FB) � (U ;FU ), then we have B � U ; where B = sup (B;FB) and

U = sup (U ;FU ) :

Let f; g 2 H(
), we denote by

f (
) =
�
f(z) : 0 < Ff(
)f(z) � 1; z 2 


	
= sup

�
f (
) ;Ff(
)

�
; (1.2)

and,

g (
) =
�
g(z) : 0 < Fg(
)g(z) � 1; z 2 


	
= sup

�
g (
) ;Fg(
)

�
: (1.3)

De�nition 1.3 [10] Let z0 2 
 be a �xed point and let the functions f; g 2
H(
): The function f is said to be fuzzy subordinate to g and write f �F g or
f(z) �F g(z); which is satis�ed the following conditions:
(i) f(z0) = g(z0)
(ii) Ff(
)f(z) � Fg(
)g(z); z 2 
:

Proposition 1.2 [10] Assume that z0 2 
 is a �xed point and the functions
f; g 2 H(
): If f(z) �F g(z); z 2 
; then
(i) f(z0) = g(z0)
(ii) f (
) � g (
) ; Ff(
)f(z) � Fg(
)g(z); z 2 
;

where f (
) and g (
) are de�ned by (1.2) and (1.3), respectively.
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De�nition 1.4 [11] Assume that � : C3��! C and h 2 S, with � (�; 0; 0; 0) =
h(0) = �: If p is analytic in �, with p(0) = � and satis�es the second order
fuzzy di�erential subordination

F�(C3��)�
�
p(z); zp

0
(z); z2p

00
(z); z

�
� Fh(�)h(z);

i.e. �
�
p(z); zp

0
(z); z2p

00
(z); z

�
�F h(z); z 2 �. (1.4)

Then p is said to be a fuzzy solution of the fuzzy di�erential subordination, the
univalent function q is called a fuzzy dominant of the fuzzy solutions for the
fuzzy di�erential subordination if

Fp(�)p(z) � Fq(�)q(z); i.e. p(z) �F q(z); z 2 �

for all p satisfying (1.4).
A fuzzy dominant eq that satis�es

Feq(�)eq(z) � Fq(�)q(z); i.e. eq(z) �F q(z); z 2 �

for all fuzzy dominants q of (1.4) is called the fuzzy best dominant of (1.4).

Making use the binomial series

(1� �)n =
nP
i=0

�
n
i

�
(�1)i �i (n 2 N = f1; 2; :::g) :

For f 2 A; we introduced the linear di�erential operator as follows:

D0n;�;gf(z) = (f � g) (z);

D1n;�;gf(z) = Dn;�;gf(z) = (1� �)n (f � g) (z) + [1� (1� �)n] z (f � g)
0
(z)

= z +
1P
j=2

[1 + (j � 1) cn(�)] ajbjzj

:

:

:

Dmn;�;gf(z) = Dn;�;g
�
Dm�1n;�;gf(z)

�
= (1� �)nDm�1n;�;gf(z) + [1� (1� �)

n
] z
�
Dm�1n;�;gf(z)

�0
= z +

1P
j=2

[1 + (j � 1) cn(�)]m ajbjzj (1.5)

(� > 0; n 2 N; m 2 N0 = N [ f0g) ;

where

cn(�) =
nP
i=1

�
n
i

�
(�1)i+1 �i (n 2 N) :
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From (1.5), we obtain that

cn(�) z
�
Dmn;�;gf(z)

�0
= Dm+1n;�;gf(z)� [1� c

n(�)]Dmn;�;gf(z):

By specializing the parameters n; � and bj ; we note that
(i) Putting bj = 1 (or g(z) =

z
1�z ); then D

m
n;�; z

1�z
= Dmn;� de�ned by Yousef et

al.[14];
(ii) Putting bj = 1 (or g(z) =

z
1�z ) and n = 1; then D

m
1;�; z

1�z
= Dm� de�ned by

Al-Oboudi [1];
(iii) Putting bj = 1 (or g(z) =

z
1�z ) and n = � = 1; then Dm1;1; z

1�z
= Dm de�ned

by Salagean.[13];

(iv) Putting bj =
�
`+1
`+j

��
(� > 0; ` > �1) and n = 1; then Dm1;�;g = I

m;�
`;� f(z)

de�nd by El-Deeb and Oros [5];

(v) Putting bj =
(�1)k�1�(�+1)

4k�1(k�1)!�(k+�) �
[k;q]!

[�+1;q]k�1
, (� > 0; � > �1; 0 < q < 1)

studied by El-Deeb and Bulboac�a [3], we obtain the operator Nm;�;q
�;n;� , de�ned

as follows:

Nm;�;q
�;n;� f(z) = z +

1P
j=2

[1 + (j � 1) cn(�)]m (�1)j�1�(� + 1)
4j�1(j � 1)!�(j + �)ajz

j

(� > �1; 0 < q < 1; �; � > 0; n 2 N; m 2 N0) ;

(vi) Putting bj =
�
`+1
`+j

��
� [k;q]!
[�+1;q]k�1

, (� > 0; n � 0; � > �1; 0 < q < 1)

studied by El-Deeb and Bulboac�a [4], we obtain the operatorMm;�;q
`;n;�;�, de�ned

as follows:

Mm;�;q
`;n;�;�f(z) = z +

1P
j=2

[1 + (j � 1) cn(�)]m
�
n+ 1

n+ k

��
[k; q]!

[�+ 1; q]k�1
ajz

j

(� > 0; � > �1; ` � 0; 0 < q < 1; � > 0; n 2 N; m 2 N0) :

2 Preliminary

To prove our results, we need the following lemmas.

Lemma 2.1 [9] Let  2 A and G(z) = 1
z

zR
0

 (t)dt; z 2 �. If <
�
1 + z 

00
(z)

 
0
(z)

�
>

�1
2 ; z 2 �, then G 2 K.

Lemma 2.2 [12, Theorem 2.6] Let  be a convex function with  (0) = � and
� 2 C� = Cnf0g with < (�) � 0: If p 2 H [�; d] with p(0) = �; � : C2��! C,
�
�
p(z); zp

0
(z); z

�
= p(z) + 1

� zp
0
(z) is analytic function in � and

F�(C2��)
�
p(z) +

1

�
zp

0
(z)

�
� Fh(�)h(z) ! p(z) +

1

�
zp

0
(z) �F h(z); z 2 �;
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then

Fp(�)p(z) � Fq(�)q(z) � Fh(�)h(z) ! p(z) �F q(z); z 2 �,

where

q(z) =
�

dz
�
d

zZ
0

 (t)t
�
d�1dt; z 2 �:

The function q is convex and is the fuzzy best dominant.

Lemma 2.3 [12, Theorem 2.7] For g be a convex function in � and  (z) =
g(z) + d
zg

0
(z); where z 2 �; d 2 N and 
 > 0: If

p(z) = g(0) + pd z
d + pd+1 z

d+1 + :::

belongs to in H(�), and

Fp(�)
�
p(z) + 
zp

0
(z)
�
� F (�) (z) ! p(z) + 
zp

0
(z) �F  (z); z 2 �,

then
Fp(�) (p(z)) � Fg(�)g(z) ! p(z) �F g(z); z 2 �.

This result is sharp.

For the general theory of fuzzy di�erential subordination and its applications,
we refer the reader to [7, 8].
In the next section is to obtain several fuzzy di�erential subordinations as-

sociated with the diferential operator Dmn;�;gf(z) by using the method of fuzzy
di�erential subordination.

3 Main results

Assume that � 2 [0; 1), � > 0; n 2 N; m 2 N0; � > 0 and z 2 � are
mentioned through this paper:
By using the integral operator Dmn;�;g; we de�ne a class of analytic functions

and we derive several fuzzy di�erential subordinations for this class.

De�nition 3.1 Let the function f 2 A belongs to the class HF
n;m;� (�; g) for

all � 2 [0; 1), n 2 N0; m > 0 and � � 0 if it satis�es the inequality:

F
(Dm

n;�;gf)
0
(�)

�
Dmn;�;gf(z)

�0
> �; (z 2 �) :

Theorem 3.1 Let k belongs to C in � and suppose that h(z) = k(z)+ 1
�+2zk

0
(z):

If f 2 HF
n;m;� (�; g) and

G(z) = I�f(z) =
�+ 2

z�+1

zZ
0

t�f(t)dt; (3.1)
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then

F
(Dm

n;�;gf)
0
(�)

�
Dmn;�;gf(z)

�0
� Fh(�)h(z) !

�
Dmn;�;gf(z)

�0
�F h(z);

(3.2)
implies

F
(Dm

n;�;gG)
0
(�)

�
Dmn;�;gG(z)

�0
� Fk(�)k(z) !

�
Dmn;�;gG(z)

�0
�F k(z);

and this result is sharp.

Proof. Since

z�+1G(z) = (�+ 2)

zZ
0

t�f(t)dt;

by di�erentiating, we obtain

(�+ 1)G(z) + zG
0
(z) = (�+ 2) f(z);

and,

(�+ 1)Dmn;�;gG(z) + z
�
Dmn;�;gG(z)

�0
= (�+ 2)Dmn;�;gf(z); (3.3)

and also, by di�erentiating (3.3) we obtain�
Dmn;�;gG(z)

�0
+

1

(�+ 2)
z
�
Dmn;�;gG(z)

�00
=
�
Dmn;�;gf(z)

�0
(3.4)

By using (3.4), the fuzzy di�erential subordination (3.2) is

F
(Dm

n;�;gf)
0
(�)

��
Dmn;�;gG(z)

�0
+

1

(�+ 2)
z
�
Dmn;�;gG(z)

�00�
�

Fh(�)

�
k(z) +

1

(�+ 2)
zk

0
(z)

�
: (3.5)

We denote
q(z) =

�
Dmn;�;gG(z)

�0
; so q 2 H [1; n] : (3.6)

Putting (3.6) in (3.5), we have

F
(Dm

n;�;gf)
0
(�)

�
q(z) +

1

(�+ 2)
zq

0
(z)

�
� Fh(�)

�
k(z) +

1

(�+ 2)
zk

0
(z)

�
; (3.7)

and applying Lemma( 2.3), we have

Fq(�)q(z) � Fk(�)k(z); i.e F
(Dm

n;�;gG(z))
0
(�)

�
Dmn;�;gG(z)

�0
� Fk(�)k(z);

therefore
�
Dmn;�;gG(z)

�0
�F k(z); and k be the fuzzy best dominant.
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Theorem 3.2 Assume that h(z) = 1+(2��1)z
1+z ; � 2 [0; 1) ; � > 0 and I� is given

by (3.1), then
I�
�
HF
n;m;� (�; g)

�
� HF

n;m;� (�
�; g) ; (3.8)

where

��= 2� � 1+(�+ 2) (2� 2�)
1Z
0

t�+2

t+ 1
dt : (3.9)

Proof. A function h belongs to C and using the same technique in the proof
of Theorem 3.1, we obtain from the hypothesis of Theorem 3.2 that

Fq(�)

�
q(z) +

1

(�+ 2)
zq

0
(z)

�
� Fh(�)h(z);

where q(z) is de�ned in (3.6). By using Lemma 2.2, we obtain

Fq(�)q(z) � Fk(�)k(z) � Fh(�)h(z);

which implies

F
(Dm

n;�;gG)
0
(�)

�
Dmn;�;gG(z)

�0
� Fk(�)k(z) � Fh(�)h(z);

where

k(z) =
�+ 2

z�+2

zZ
0

t�+1
1 + (2� � 1) t

1 + t
dt

= (2� � 1) + (�+ 2) (2� 2�)
z�+2

zZ
0

t�+1

1 + t
dt:

k belongs to C and k (�) is symmetric with respect to the real axis, so we
conclude

F
(Dm

n;�;gG)
0
(�)

�
Dmn;�;gG(z)

�0
� min

jzj=1
Fk(�)k(z) = Fk(�)k(1); (3.10)

and �� = k(1) = 2� � 1 + (�+ 2) (2� 2�)
1R
0

t�+2

t+1 dt:

Theorem 3.3 Let k belongs to C in �; k(0) = 1; and h(z) = k(z) + zk
0
(z): If

f 2 A and satis�es the fuzzy di�erential subordination

F
(Dm

n;�;gf)
0
(�)

�
Dmn;�;gf(z)

�0
� Fh(�)h(z) !

�
Dmn;�;gf(z)

�0
�F h(z);

(3.11)
then

FDm
n;�;gf(�)

Dmn;�;gf (z)
z

� Fk(�)k(z) !
Dmn;�;gf (z)

z
�F k(z): (3.12)

The result is sharp.
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Proof. For

q(z) =
Dmn;�;gf (z)

z
=

z +
1P
j=2

[1 + (j � 1) cn(�)]m ajbjzj

z

= 1 +
1P
j=2

[1 + (j � 1) cn(�)]m ajbjzj�1;

and we obtain that q(z) + zq
0
(z) =

�
Dmn;�;gf (z)

�0
; so

F
(Dm

n;�;gf)
0
(�)

�
Dmn;�;gf(z)

�0
� Fh(�)h(z)

implies

Fq(�)

�
q(z) + zq

0
(z)
�
� Fh(�)h(z) = Fk(�)

�
k(z) + zk

0
(z)
�
:

Applying Lemma 2.3, we have

Fq(�)q(z) � Fk(�)k(z) ! FDm
n;�;gf(�)

Dmn;�;gf (z)
z

� Fk(�)k(z);

and we get
Dmn;�;gf (z)

z
�F k(z):

The result is sharp.

Theorem 3.4 Consider h 2 H(�) with h(0) = 1; which satis�es <
�
1 + zh

00
(z)

h0 (z)

�
> �1

2 : If f 2 A and the fuzzy di�erential subordination

F
(Dm

n;�;gf)
0
(�)

�
Dmn;�;gf(z)

�0
� Fh(�)h(z) !

�
Dmn;�;gf(z)

�0
�F h(z);

(3.13)
then

FDm
n;�;gf(�)

Dmn;�;gf (z)
z

� Fk(�)k(z) i.e
Dmn;�;gf (z)

z
�F k(z); (3.14)

where

k(z) =
1

z

zZ
0

h(t)dt ;

the function k is convex and it is the fuzzy best dominant.

Proof. Let

q(z) =
Dmn;�;gf (z)

z
= 1 +

1P
j=2

[1 + (j � 1) cn(�)]m ajbjzj�1; q 2 H [1; 1] ;

8
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where <
�
1 + zh

00
(z)

h0 (z)

�
> �1

2 : From Lemma 2.1, we have

k(z) =
1

z

zZ
0

h(t)dt

belongs to the class C; which satis�es the fuzzy di�erential subordination (3.13).
Since

k(z) + zk
0
(z) = h(z);

is the fuzzy best dominant.

We have q(z) + zq
0
(z) =

�
Dmn;�;gf (z)

�0
; then (3.13) becomes

Fq(�)

�
q(z) + zq

0
(z)
�
� Fh(�)h(z):

Applying Lemma 2.3, we have

Fq(�)q(z) � Fk(�)k(z); i.e. FDm
n;�;gf(�)

Dmn;�;gf (z)
z

� Fk(�)k(z);

then
Dmn;�;gf (z)

z
�F k(z):

Putting h(z) = 1+(2��1)z
1+z in Theorem 3.4, we obtain the following corollary:

Corollary 3.5 Let h = 1+(2��1)z
1+z a convex function in �; with h(0) = 1; 0 �

� < 1: If f 2 A and veri�es the fuzzy di�erential subordination

F
(Dm

n;�;gf)
0
(�)

�
Dmn;�;gf(z)

�0
� Fh(�)h(z); i.e

�
Dmn;�;gf(z)

�0
�F h(z);

then

k(z) = 2� � 1 + 2 (1� �)
z

ln (1 + z) ;

the function k is convex and it is the fuzzy best dominant.

Concluding, all the above results give us information about fuzzy di�eren-
tial subordinations for the operator Dmn;�;g, we give some properties for the class
HF
�;m (n; �) of univalent analytic functions.
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