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1. Introduction

In this paper, we propose this system of viscoelastic wave equations with
degenerate damping and strong nonlinear source terms:

utt −∆u+m1u
2 +

∫ t

0

g (t− s) ∆u (x, s) ds+
(
a |u|k + b |v|l

)
|ut|m−1ut = f1(u, v),

vtt −∆v +m2v
2 +

∫ t

0

h (t− s) ∆v (x, s) ds+
(
c |v|θ + d |u|%

)
|vt|r−1vt = f2(u, v),

(1.1)
where m, r > 0, k, l, θ, % ≥ 1 and the two functions f1 (u, v) and f2 (u, v) are
given by

f1(u, v) = a1|u+ v|2(ρ+1)(u+ v) + b1|u|ρu|v|(ρ+2)

f2(u, v) = a1|u+ v|2(ρ+1)(u+ v) + b1|u|(ρ+2)|v|ρv, a1, b1 > 0,
(1.2)

where ρ > −1. In (1.1), u = u (x, t) , v = v (x, t) , wherex ∈ Ω is a
bounded domain of RN , (N ≥ 1) with a smooth boundary ∂Ω and t > 0,
a, b, c, d,m1,m2 > 0.
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To above system (1.1) , we add the initial conditions given by

(u(0), v(0)) = (u0, v0), (ut(0), vt(0)) = (u1, v1), x ∈ Ω (1.3)

and boundary conditions given by

u(x) = v(x) = 0, x ∈ ∂Ω. (1.4)

This kind of problems is generally faced in viscoelasticity and Dafermos
was the first to study it in [5], where the general decay was spoken about. In
the last decades the problem that was linked to (1.1) draw a lot of attention
, and many results appeared on the existence and long time behavior of
solutions. See in this directions ([1, 2, 3, 4, 6, 7, 8, 9]) and references therein.

In the absence of viscoelastic term, some special cases of the single wave
equations with nonlinear damping and nonlinear source terms in the form

utt −∆u+ a|ut|m−1ut = b|u|p−1u (1.5)

With nonlinear damping and source terms are faced in the quantum-field and
used to describe the movement of charged electromagnetic fields. Equation
(1.5) equiped with initial and limit conditions of Dirichlet type has been ex-
tensively studied and many authors studied existence,blow up and asymptotic
attitude of smooth and feable solutions. Many authors have examined the
single wave equations in the presence of variuos mechanisms of dissipation,
damping and non-linear sources and also the results which are related to exis-
tence, nonexistence and asymptotic attitude of solutions have been formed.A
lot of results can be found in literature; See ([10, 11, 12, 17, 21, 18, 24, 27, 29])
and references therein.

In the work [18], authors considered the nonlinear viscoelastic system:
utt −∆u+

∫ t

0

g(t− s)∆u(x, s)ds+ |ut|m−1
ut = f1 (u, v) ,

vtt −∆v +

∫ t

0

h(t− s)∆v(x, s)ds+ |vt|r−1
vt = f2 (u, v) ,

, x ∈ Ω, t > 0

(1.6)
where

f1(u, v) = a|u+ v|2(ρ+1)(u+ v) + b|u|ρu|v|(ρ+2)

f2(u, v) = a|u+ v|2(ρ+1)(u+ v) + b|u|(ρ+2)|v|ρv,
(1.7)

The global nonexistence theorem for some solutions with positive energy was
proved and they used a metho applied in [24].

The work by Said-Houari, Messaoudi and Guesmia, in [25] wich studied
the nonlinear viscoelastic system in (1.6)is related to the study of the decay of
solutions equations.And under some restrictions practised on the nonlinearity
of damping and source terms, they proved that for some class of relaxation
functions and some restrictions which are practised on the initial data, the
rate of decay of relaxation functions affects the rate of decay of total energy.

In this paper, we consider system (1.1) and proved a global nonexistence
result of the solution. We extended to result in [18] to the more general
problem (1.1).
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2. Preliminaries

In this section, we present some notations and some specialized lemmas to
be utilised all throughout this part.

We assume that the relaxation functions g, h : R+ −→ R+ are of class
C1 and nonincreasing differentiable satisfying:

1−
∫ ∞

0

g(s)ds = l′ > 0, g(t) ≥ 0, g′(t) ≤ 0,

1−
∫ ∞

0

h(s)ds = k′ > 0, h(t) ≥ 0, h′(t) ≤ 0,

t ≥ 0. (2.1)

We introduce the ”modified” energy functional E associated to our sys-
tem:

2E (t) = ‖ut‖22 + ‖vt‖22 + 2
(
m2

1‖u‖22 +m2
2‖v‖22

)
+ J (u, v)− 2

∫
Ω

F (u, v) dx,

(2.2)
where F (u, v) is defined

Lemma 2.1. There exists a function F (u, v) to such an extent that, for all
(u, v) ∈ R2,

F (u, v) =
1

2 (ρ+ 2)
[uf1 (u, v) + vf2 (u, v)] ,

=
1

2 (ρ+ 2)

[
a5 |u+ v|2(ρ+2)

+ 2a6 |uv|ρ+2
]
≥ 0,

where in Lemma 2.1

∂F

∂u
= f1 (u, v) ,

∂F

∂v
= f2 (u, v) .

and

J (u, v) =

(
1−

∫ t

0

g (s) ds

)
‖∇u‖22 +

(
1−

∫ t

0

h (s) ds

)
‖∇v‖22

+ (g ◦ ∇u) + (h ◦ ∇v) , (2.3)

where 
(g ◦ u) (t) =

∫ t

0

g (t− τ) ‖u (t)− u (τ)‖22 dτ,

(h ◦ v) (t) =

∫ t

0

h (t− τ) ‖v (t)− v (τ)‖22 dτ.
(2.4)

As previously, we suppose that ρ satisfies{
−1 < ρ, if N = 1, 2,

−1 < ρ ≤ 4−N
N−2 if N ≥ 3.

(2.5)

Lemma 2.2. [24] There exist two positive constants c0 and c1 with the end
goal that

c0
2 (ρ+ 2)

(
|u|2(ρ+2)

+ |v|2(ρ+2)
)
≤ F (u, v) ≤ c1

2 (ρ+ 2)

(
|u|2(ρ+2)

+ |v|2(ρ+2)
)
.
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Lemma 2.3. Assume that (2.5) holds. At that point there exists η > 0 with
the end goal that for any (u, v) ∈ H1

0 (Ω)×H1
0 (Ω) the inequality

2(ρ+ 2)

∫
Ω

F (u, v) dx ≤ η
(
‖∇u‖22 + ‖∇v‖22

)ρ+2
(2.6)

holds.

Lemma 2.4. Let ν > 0, be a real positive number and let L (t) be a solution
of the ordinary diffenrential inequality

dL (t)

dt
≥ ξL1+ν (t) (2.7)

defined in [0,∞).

If L (0) > 0, then the solution does not exist for t ≥ L (0)
−ν
ξ−νν−1.

Proof. We beging by simple integration of (2.7), we have

L−ν (0)− L−ν (t) ≥ ξνt.
Accordingly, we obtain the following estimate:

Lν (t) ≥ [L−ν (0)− ξνt]−1. (2.8)

Anmistakably the right-hand side of (2.8) is unbounded for

ξνt = L−ν (0) .

�

The proof is completed

3. Blow up result

Lemma 3.1. Assume that (2.5) holds. Let (u, v) be the solution of the system
(1.1)−(1.4) then the energy functional is a non-increasing function; that is,
for all t ≥ 0,

E′ (t) = −
∫

Ω

(
|u (t)|k + |v (t)|l

)
|ut (t)|m+1

dx−
∫

Ω

(
|v (t)|θ + |u (t)|%

)
|vt (t)|r+1

dx

+
1

2
(g′ ◦ ∇u) +

1

2
(h′ ◦ ∇v)− 1

2
g (s) ‖∇u‖22 −

1

2
h (s) ‖∇v‖22 . (3.1)

Lemma 3.2. Suppose that (2.5) holds. Let (u, v) be the solution of the system
(1.1)-(1.4), then the energy functional is a non-increasing function; that is,
for all t > 0,

dE (t)

dt
= −

∫
Ω

(
|u (t)|k + |v (t)|l

)
|ut (t)|m+1

dx−
∫

Ω

(
|v (t)|θ + |u (t)|ϑ

)
|vt (t)|r+1

dx

(3.2)

The proof of Lemma 3.1 can be done as we explained previously after
the statement of Lemma 3.2. We omit the details.

Our main result reads as follows
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Theorem 3.3. Suppose that (2.5) holds. Assume further that

ρ > max

(
k +m− 3

2
,
l +m− 3

2
,
θ + r − 3

2
,
%+ r − 3

2

)
, (3.3)

and that there exists p such that 2 < p < 2 (ρ+ 2) , for which

max

(∫ ∞
0

g (s) ds,

∫ ∞
0

h (s) ds

)
<

(p/2)− 1

(p/2)− 1 + 1/ (2p)
, (3.4)

holds. Then any solution of problem (1.1)−(1.4), with initial data satisfying

‖∇u0‖22+‖∇v0‖22+m2
1 ‖u0‖22+m2

2 ‖v0‖22 > α2
1, and E (0) < E2 (3.5)

blows up in finite time, where the constants α1 and E2 are defined in (3.6).

We take a = b = c = d = 1, a1 = b1 = 1 for convenience. We introduce
the following:

B = η
1

2(ρ+2) , α1 = B
−ρ+2
ρ+1 , E1 =

(
1

2
− 1

2 (ρ+ 2)

)
α2

1,(3.6)

E2 =

(
1

p
− 1

2 (ρ+ 2)

)
α2

1,

where η is the optimal constant in (2.6).

Lemma 3.4. [24] Suppose that (2.5), (3.3) and (3.4) hold. Let (u, v) be a
solution of (1.1)−(1.4). Assume further that E (0) < E2 and

‖∇u0‖22 + ‖∇v0‖22 +m2
1 ‖u0‖22 +m2

2 ‖v0‖22 > α2
1. (3.7)

Then there exists a constant α2 > α1 such that

J(t) > α2
2, (3.8)

and

2(ρ+ 2)

∫
Ω

F (u, v) dx ≥ (Bα2)
2(ρ+2)

, ∀t ≥ 0. (3.9)

Proof of Theorem 3.3. The proof of this theorem is similar to the one given
in [7] with the necessary modification imposed by the nature of our problem.
We assume that the solution exists forever and we get into a contradiction.
For this reason, we have set

H (t) = E2 − E (t) . (3.10)

By utilising the definition of H(t), we obtain

H ′(t) = −E′(t)

=

∫
Ω

(
|u (t)|k + |v (t)|l

)
|ut (t)|m+1

dx+

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|vt (t)|r+1

dx

−1

2

(
g

′
◦ ∇u

)
− 1

2

(
h

′
◦ ∇v

)
+

1

2
g (s) ‖∇u‖22 +

1

2
h (s) ‖∇v‖22

≥ 0,∀t ≥ 0. (3.11)

Therefore, because E′ is absolutely continuous

H(0) = E2 − E(0) > 0. (3.12)
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Then,

0 < H (0) ≤ H (t)

= E2 −
1

2

(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
− J (t)

2

+
1

2 (ρ+ 2)

[
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

]
. (3.13)

Note that from (2.1) and (3.8), we get

E2 −
1

2

(
‖ut‖22 + ‖vt‖22

)
− J (t)

2
< E2 −

1

2
α2

2

< E2 −
1

2
α2

1

< E1 −
1

2
α2

1

= − 1

2 (ρ+ 2)
α2

1 < 0, ∀t ≥ 0.(3.14)

Thus, by using (3.14) and Lemma 2.2, we get

0 < H (0) ≤ H (t) ≤ 1

2 (ρ+ 2)

[
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

]
≤ c1

2 (ρ+ 2)

(
‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2)

)
,∀t ≥ 0. (3.15)

At that point the function M is defined by

M(t) =
1

2

∫
Ω

(
u2 + v2

)
(x, t) dx. (3.16)

We present

L (t) = H1−σ (t) + εM ′(t), (3.17)

for ε small to be chosen later and

0 < σ ≤ min

{
1

2
,

2ρ+ 3− (k +m)

2 (m+ 1) (ρ+ 2)
,

2ρ+ 3− (l +m)

2 (m+ 1) (ρ+ 2)
,

2ρ+ 3− (%+ r)

2 (r + 1) (ρ+ 2)
,

2ρ+ 3− (θ + r)

2 (r + 1) (ρ+ 2)
,

2ρ+ 2

4 (ρ+ 2)

}
. (3.18)
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By differentiation of (3.17) with respect to time and using (1.1), we get

L′ (t) = (1− σ)H−σ (t)H
′
(t) + ε

(
‖ut‖22 + ‖vt‖22

)
−ε
(
‖∇u‖22 + ‖∇v‖22

)
−ε
∫

Ω

u
(
|u (t)|k + |v (t)|l

)
|ut|m−1

utdx

−ε
∫

Ω

v
(
|v (t)|θ + |u (t)|%

)
|vt|r−1

vtdx

+ε

∫
Ω

(uf1 (u, v) + vf2 (u, v)) dx

+ε

∫
Ω

∇u (t)

∫ t

0

g (t− s)∇u (τ) dxds

+ε

∫
Ω

∇v (t)

∫ t

0

h (t− s)∇v (τ) dxds. (3.19)

Then,

L′ (t) = (1− σ)H−σ (t)H
′
(t) + ε

(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
−ε
(
‖∇u‖22 + ‖∇v‖22

)
−ε
∫

Ω

u
(
|u (t)|k + |v (t)|l

)
|ut|m−1

utdx

−ε
∫

Ω

v
(
|v (t)|θ + |u (t)|%

)
|vt|r−1

vtdx

+ε
(
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

)
+ε

(∫ t

0

g (s) ds

)
‖∇u‖22 +

(∫ t

0

h (s) ds

)
‖∇v‖22

+ε

∫ t

0

g (t− s)
∫

Ω

∇u (t) . [∇u (τ)−∇u (t)] dxds

+ε

∫ t

0

h (t− s)
∫

Ω

∇v (t) . [∇v (τ)−∇v (t)] dxds. (3.20)

By using Cauchy-Schwarz and Young’s inequalities, we obtain the following
estimate ∫ t

0

g (t− s)
∫

Ω

∇u (t) . [∇u (τ)−∇u (t)] dxds

≤
∫ t

0

g (t− s) ‖∇u‖2 ‖∇u (τ)−∇u (t)‖2 dτ

≤ λ (g ◦ ∇u) +
1

4λ

(∫ t

0

g (s) ds

)
‖∇u‖22, λ > 0 (3.21)
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and ∫ t

0

h (t− s)
∫

Ω

∇v (t) . [∇v (τ)−∇v (t)] dxds

≤ λ (h ◦ ∇v) +
1

4λ

(∫ t

0

h (s) ds

)
‖∇v‖22, λ > 0. (3.22)

Adding and inserting pE(t) and using the definition of H(t) and E2 lead to

L′ (t) ≥ (1− σ)H−σ (t)H
′
(t) + ε

(
1 +

p

2

)(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
+ε
(p

2
− λ
)

[(g ◦ ∇u) + (h ◦ ∇v)] + pεH (t)− pεE2

−ε
∫

Ω

u
(
|u (t)|k + |v (t)|l

)
|ut|m−1

utdx

−ε
∫

Ω

v
(
|v (t)|θ + |u (t)|%

)
|vt|r−1

vtdx

+ε

(
1− p

2 (ρ+ 2)

)(
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

)
+ε

[(p
2
− 1
)
−
(
p

2
− 1 +

1

4λ

)∫ ∞
0

g (s) ds

]
‖∇u‖22

+ε

[(p
2
− 1
)
−
(
p

2
− 1 +

1

4λ

)∫ ∞
0

h (s) ds

]
‖∇v‖22, (3.23)

for some λ such that

a1 =
p

2
− λ > 0,

and

a2 =

[(p
2
− 1
)
−
(
p

2
− 1 +

1

4λ

)
max

(∫ ∞
0

g (s) ds,

∫ ∞
0

h (s) ds

)]
> 0.

Then, (3.23) can be estimated as follows

L′ (t) ≥ (1− σ)H−σ (t)H
′
(t) + ε

(
1 +

p

2

) (
‖ut‖22 + ‖vt‖22

)
+εa1 [(g ◦ ∇u) + (h ◦ ∇v)] + pεH (t)− pεE2

−ε
∫

Ω

u
(
|u (t)|k + |v (t)|l

)
|ut|m−1

utdx

−ε
∫

Ω

v
(
|v (t)|θ + |u (t)|%

)
|vt|r−1

vtdx

+ε

(
1− p

2 (ρ+ 2)

)(
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

)
+εa2

(
‖∇u‖22 + ‖∇v‖22

)
. (3.24)
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By taking c3 = 1 − p

ρ+ 2
− 2E2 (Bα2)

−2(ρ+2)
> 0, since α2 > B

−
2(ρ+2)
ρ+1 .

Consequently, (3.24) takes the form

L′ (t) ≥ (1− σ)H−σ (t)H
′
(t) + ε

(
1 +

p

2

)(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
+εa1 [(g ◦ ∇u) + (h ◦ ∇v)]

+εa2

(
‖∇u‖22 + ‖∇v‖22

)
+ pεH (t)

+εc3

(
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

)
−ε
∫

Ω

u
(
|u (t)|k + |v (t)|l

)
|ut|m−1

utdx

−ε
∫

Ω

v
(
|v (t)|θ + |u (t)|%

)
|vt|r−1

vtdx. (3.25)

By using Young inequality, we have

XY ≤ δαXα

α
+
δ−βY β

β
, (3.26)

where X,Y ≥ 0, δ > 0, and α, β > 0 such that 1/α+ 1/β = 1, we obtain

∣∣∣u |ut|m−1
ut

∣∣∣ ≤ δm+1
1

m+ 1
|u|m+1

+
m

m+ 1
δ
−(m+1)/m
1 |ut|m+1

,∀delta1 ≥ 0

(3.27)
and ∫

Ω

(
|u (t)|k + |v (t)|l

) ∣∣∣u |ut|m−1
ut

∣∣∣ dx ≤ δm+1
1

m+ 1

∫
Ω

(
|u (t)|k + |v (t)|l

)
|u|m+1

dx

+
m

m+ 1
δ
−(m+1)/m
1

∫
Ω

(
|u (t)|k + |v (t)|l

)
|ut|m+1

dx. (3.28)

Similarly, for any δ2 > 0,

∣∣∣v |vt|r−1
vt

∣∣∣ ≤ δr+1
2

r + 1
|v|r+1

+
r

r + 1
δ
−(r+1)/r
2 |vt|r+1

, (3.29)

which gives

∫
Ω

(
|v (t)|θ + |u (t)|%

) ∣∣∣v |vt|r−1
vt

∣∣∣ dx ≤ δr+1
2

r + 1

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|v|r+1

dx

+
r

r + 1
δ
−(r+1)/r
2

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|vt|r+1

dx. (3.30)
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Then, we obtain

L′ (t) ≥ (1− σ)H−σ (t)H
′
(t) + ε

(
1 +

p

2

)(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
+εa1 [(g ◦ ∇u) + (h ◦ ∇v)]

+εa2

(
‖∇u‖22 + ‖∇v‖22

)
+ pεH (t)

+εc3

(
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

)
−ε δ

m+1
1

m+ 1

∫
Ω

(
|u (t)|k + |v (t)|l

)
|u|m+1

dx

−ε m

m+ 1
δ
−

(m+1)
m

1

∫
Ω

(
|u (t)|k + |v (t)|l

)
|ut|m+1

dx

−ε δ
r+1
2

r + 1

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|v|r+1

dx

−ε r

r + 1
δ
−

(r+1)
r

2

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|vt|r+1

dx. (3.31)

Let us choose δ1 and δ2 such that

δ
−

(m+1)
m

1 = M1H (t)
−σ

, δ
−

(r+1)
r

2 = M2H (t)
−σ

, (3.32)

for M1 and M2 large constants to be fixed later. Thus, by using (3.32), we
obtain

L′ (t) ≥ ((1− σ)−Mε)H−σ (t)H
′
(t) + ε

(
1 +

p

2

)(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
+εa1 [(g ◦ ∇u) + (h ◦ ∇v)]

+εa2

(
‖∇u‖22 + ‖∇v‖22

)
+ pεH (t)

+εc3

(
‖u+ v‖2(ρ+2)

2(ρ+2) + 2‖uv‖ρ+2
ρ+2

)
−εM−m1 Hσm (t)

∫
Ω

(
|u (t)|k + |v (t)|l

)
|u|m+1

dx

−ε m

m+ 1
δ
−

(m+1)
m

1

∫
Ω

(
|u (t)|k + |v (t)|l

)
|ut|m+1

dx

−εM−r2 Hσr (t)

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|v|r+1

dx

−ε r

r + 1
δ
−

(r+1)
r

2

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|vt|r+1

dx, (3.33)

where M = m/ (m+ 1)M1 + r/ (r + 1)M2. Therefore, we have∫
Ω

(
|u (t)|k + |v (t)|l

)
|u|m+1

dx = ‖u‖k+m+1
k+m+1 +

∫
Ω

|v|l |u|m+1
dx (3.34)

and ∫
Ω

(
|v (t)|θ + |u (t)|%

)
|v|r+1

dx = ‖v‖θ+r+1
θ+r+1 +

∫
Ω

|u|% |v|r+1
dx. (3.35)
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Also by using Young’s inequality, we obtain∫
Ω

|v|l |u|m+1 ≤ l

l +m+ 1
δ

(l+m+1)/l
1 ‖v‖l+m+1

l+m+1 +
m+ 1

l +m+ 1
δ
−(l+m+1)/(m+1)
1 ‖u‖l+m+1

l+m+1 ,∫
Ω

|u|% |v|r+1 ≤ %

%+ r + 1
δ

(%+r+1)/%
2 ‖u‖%+r+1

%+r+1 +
r + 1

%+ r + 1
δ
−(%+r+1)/(r+1)
2 ‖v‖%+r+1

%+r+1 .

Therefore,

Hσm (t)

∫
Ω

(
|u (t)|k + |v (t)|l

)
|u|m+1

dx

= Hσm (t) ‖u‖k+m+1
k+m+1 +

l

l +m+ 1
δ

(l+m+1)/l
1 Hσm (t) ‖v‖l+m+1

l+m+1

+
m+ 1

l +m+ 1
δ
−(l+m+1)/(m+1)
1 Hσm (t) ‖u‖l+m+1

l+m+1 (3.36)

and

Hσr (t)

∫
Ω

(
|v (t)|θ + |u (t)|%

)
|v|r+1

dx

= Hσr (t) ‖v‖θ+r+1
θ+r+1 +

%

%+ r + 1
δ

%+r+1
%

2 Hσr (t) ‖u‖%+r+1
%+r+1

+
r + 1

%+ r + 1
δ
−

(%+r+1)
r+1

2 Hσr (t) ‖v‖%+r+1
%+r+1 . (3.37)

Since (3.3) holds, we get by using (3.18)
Hσm (t) ‖u‖k+m+1

k+m+1 ≤ c5
(
‖u‖2σm(ρ+2)+k+m+1

2(ρ+2) + ‖v‖2σm(ρ+2)
2(ρ+2) ‖u‖k+m+1

k+m+1

)
,

Hσr (t) ‖v‖θ+r+1
θ+r+1 ≤ c6

(
‖v‖2σr(ρ+2)+θ+r+1

2(ρ+2) + ‖u‖2σr(ρ+2)
2(ρ+2) ‖v‖θ+r+1

θ+r+1

)
.

(3.38)
This implies

l
l+m+1δ

l+m+1
l

1 Hσm (t) ‖v‖l+m+1
l+m+1

≤ c7 l
l+m+1δ

l+m+1
l

1

(
‖v‖2σm(ρ+2)+l+m+1

2(ρ+2) + ‖u‖2σm(ρ+2)
2(ρ+2) ‖v‖l+m+1

l+m+1

)
(3.39)

and

%
%+r+1δ

%+r+1
%

2 Hσr (t) ‖u‖%+r+1
%+r+1

≤ c8 %
%+r+1δ

%+r+1
%

2

(
‖u‖2σr(ρ+2)+%+r+1

2(ρ+2) + ‖v‖2σr(ρ+2)
2(ρ+2) ‖u‖%+r+1

%+r+1

)
.

(3.40)

Using (3.18) and the algebraic inequality, we get

zν ≤ (z + 1) ≤
(

1 +
1

a

)
(z + a) , ∀z ≥ 0, 0 < ν ≤ 1, a > 0, (3.41)
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we have, for all t ≥ 0,
‖u‖2σm(ρ+2)+k+m+1

2(ρ+2) ≤ d
(
‖u‖2(ρ+2)

2(ρ+2) +H (0)
)
≤ d

(
‖u‖2(ρ+2)

2(ρ+2) +H (t)
)
,

‖v‖2σr(ρ+2)+θ+r+1
2(ρ+2) ≤ d

(
‖v‖2(ρ+2)

2(ρ+2) +H (t)
)
, ∀t ≥ 0,

(3.42)
where d = 1 + 1/H (0) . Similarly
‖v‖2σm(ρ+2)+l(m+1)

2(ρ+2) ≤ d
(
‖v‖2(ρ+2)

2(ρ+2) +H (0)
)
≤ d

(
‖v‖2(ρ+2)

2(ρ+2) +H (t)
)
,

‖u‖2σr(ρ+2)+%(r+1)
2(ρ+2) ≤ d

(
‖u‖2(ρ+2)

2(ρ+2) +H (t)
)
, ∀t ≥ 0.

(3.43)
Also, since

(X + Y )
s ≤ C (Xs + Y s) , X, Y ≥ 0, s > 0, (3.44)

by utilising (3.18) and (3.41) we infer

‖v‖2σm(ρ+2)
2(ρ+2) ‖u‖k+m+1

k+m+1 ≤ c9

(
‖v‖2(ρ+2)

2(ρ+2) + ‖u‖2(ρ+2)
k+m+1

)
(3.45)

≤ c10

(
‖v‖2(ρ+2)

2(ρ+2) + ‖u‖2(ρ+2)
2(ρ+2)

)
,

similarly

‖u‖2σr(ρ+2)
2(ρ+2) ‖v‖θ+r+1

θ+r+1 ≤ c11

(
‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2)

)
, (3.46)

‖u‖2σm(ρ+2)
2(ρ+2) ‖v‖l+m+1

l+m+1 ≤ c12

(
‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2)

)
(3.47)

and

‖v‖2σr(ρ+2)
2(ρ+2) ‖u‖%+r+1

%+r+1 ≤ c13

(
‖v‖2(ρ+2)

2(ρ+2) + ‖u‖2(ρ+2)
2(ρ+2)

)
. (3.48)

Taking into account (3.36)-(3.48), then ( 3.33) writes on the form

L
′
(t) ≥ ((1− σ)−Mε)H−σ (t)H

′
(t) + 2ε

(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
+ε

[
2− CM−m1

(
1 +

l

l +m+ 1
δ
l+m+1

l
1 +

m+ 1

l +m+ 1
δ
−

(l+m+1)
m+1

1

)

− CM−r2

(
1 +

%

%+ r + 1
δ

%+r+1
%

2 +
r + 1

%+ r + 1
δ
−

(%+r+1)
r+1

2

)]
H (t)

+ε

[
c4 − CM−m1

(
1 +

l

l +m+ 1
δ
l+m+1

l
1 +

m+ 1

l +m+ 1
δ
−

(l+m+1)
m+1

1

)

− CM−r2

(
1 +

%

%+ r + 1
δ

%+r+1
%

2 +
r + 1

%+ r + 1
δ
−

(%+r+1)
r+1

2

)]
×
(
‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2)

)
. (3.49)
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At this point, and for large values of M1 and M2, we can find positive con-
stants Λ1 and Λ2 such that (3.49) becomes

L
′
(t) ≥ ((1− σ)−Mε)H−σ (t)H

′
(t) + 2ε

(
‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

)
+εΛ1

(
‖u (t)‖2(ρ+2)

2(ρ+2) + ‖v (t)‖2(ρ+2)
2(ρ+2)

)
+ εΛ2H (t) . (3.50)

Once M1 and M2 are fixed (hence, Λ1 and Λ2), we choose ε small enough so
that ((1− σ)−Mε) ≥ 0 and

L (0) = H1−σ (0) + ε

∫
Ω

[u0.u1 + v0.v1] dx > 0. (3.51)

Therefore, there exists Γ > 0 such that (3.50) can be write

L
′
(t) ≥ εΓ

(
H (t) + ‖ut‖22 + ‖vt‖22 + ‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2)

)
. (3.52)

In this way, we have L (t) ≥ L (0) > 0, for all t ≥ 0. Next, by using Holder’s
and Young’s inequalities, we have the estimate(∫

Ω

u.ut (x, t) dx+

∫
Ω

v.vt (x, t) dx

) 1
1−σ

≤ C

(
‖u‖

τ
1−σ
2(ρ+2) + ‖ut‖

s
1−σ
2 + ‖v‖

τ
1−σ
2(ρ+2) + ‖vt‖

s
1−σ
2

)
, (3.53)

for 1/τ + 1/s = 1. We takes s = 2 (1− σ) , to get
τ

1− σ
=

2

1− 2σ
. From

(3.10) and (3.41) we see that

‖u‖
2

1−2σ
2(ρ+2) ≤ d

(
‖u‖2(ρ+2)

2(ρ+2) +H (t)
)

(3.54)

and

‖v‖
2

1−2σ
2(ρ+2) ≤ d

(
‖v‖2(ρ+2)

2(ρ+2) +H (t)
)
, ∀t ≥ 0. (3.55)

Consequently, (3.53) can be writed on the form(∫
Ω

uut (x, t) dx+

∫
Ω

vvt (x, t) dx

) 1
1−σ

≤ c14

(
‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2) + ‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2 +H (t)

)
, ∀t ≥ 0.

Also, we can write

L
1

1−σ (t) =

(
H1−σ (t) + ε

∫
Ω

(u.ut + v.vt) (x, t) dx

) 1
(1−σ)

≤ c15

H (t) +

∣∣∣∣∫
Ω

(u.ut (x, t) + v.vt (x, t)) dx

∣∣∣∣
1

(1−σ)

 (3.56)

≤ c16

[
H (t) + ‖u‖2(ρ+2)

2(ρ+2) + ‖v‖2(ρ+2)
2(ρ+2) + ‖ut‖22 + ‖vt‖22 +m2

1 ‖u‖
2
2 +m2

2 ‖v‖
2
2

]
, ∀t ≥ 0,
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from (3.56) and (3.52), we get

L
′
(t) ≥ a0L

1
1−σ (t) , ∀t ≥ 0. (3.57)

Finally, a simple integration of (3.57) gives the desired result. �
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